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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
31 ]. This is test number [ 149 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.3 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was run directly in Python not via sagemath.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (31) | 0.00 (0)
Maple 96.77 (30) | 3.23(1)
Mathematica | 87.10 (27 ) | 12.90 (4)
Mupad | 45.16 (14) | 54.84 (17)
Maxima 45.16 (14) | 54.84 (17)
Fricas 38.71 (12) | 61.29 (19)
Sympy | 35.48 (11) | 64.52 (20)
Giac 19.35 (6 ) | 80.65 (25 )

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 93.548 0.000 0.000 6.452
Mathematica 70.968 3.226 6.452 19.355
Maple 54.839 6.452 29.032 9.677
Maxima, 41.935 0.000 0.000 58.065
Fricas 19.355 9.677 3.226 67.742
Sympy 16.129 6.452 12.903 64.516
Giac 12.903 0.000 0.000 87.097
Mupad 0.000 38.710 0.000 61.290

Table 1.3: Antiderivative Grade distribution of each CAS



The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in the CAS itself. This type of

error requires more investigation to determine the cause.



System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00

Maple 100.00 0.00 0.00
Mathematica | 4 75.00 25.00 0.00

Maxima, 17 82.35 11.76 5.88

Mupad 17 0.00 100.00 0.00

Sympy 20 60.00 40.00 0.00

Fricas 19 84.21 5.26 10.53

Giac 25 88.00 12.00 0.00

Table 1.4: Faijlure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.




System Mean time (sec)
Maxima 0.31

Rubi 0.35

Mupad 1.50

Giac 241

Sympy 5.86

Fricas 6.49
Mathematica 13.67

Maple 15.04

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Giac 180.00 1.03 210.00 1.05
Maxima 223.64 1.20 223.00 1.16
Rubi 352.74 1.00 270.00 1.00
Mupad 463.86 1.78 238.00 1.43
Mathematica | 464.67 1.19 297.00 1.10
Sympy 1409.45 7.86 345.00 1.82
Maple 2087.07 3.76 300.00 1.27
Fricas 206765.25 | 631.35 230.00 1.62

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to

solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps

Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.



12

1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on

leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time. This
should also be taken into account when looking at the timing of these three CAS systems.
Direct calls not using sagemath would result in faster timings, but current implementation
uses sagemath as this makes testing much easier to do.
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1.9 list of integrals with no known antideriva-
tive

(126,27

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {[25[}

Maple

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.
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1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.
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Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

& J

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib ‘
‘ maxima_lib.set('extra_definite_integration_methods', '[]') ‘
L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-

[from-using-maxima/| for reference.

Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath]|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
Ry
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)

expr = SR(expr)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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X, aa = expr.operator(), expr.operands|() ‘
if x is None: ‘
return 1 |
else: |
return 1 + sum(tree_size(a) for a in aa) |

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert [ Maple script + grading+ verification r_’. >
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

[ Mathematica script + grading +verification ]4>
[ Rubi script + grading + verification POST

PROCESSOR
PROGRAM

[ Python script to run sympy + grading ]—’@—’
> Generate Program that
l Matlab script for Mupad/SymboIictoolbox’—> sQL generates the

database 1 Latex reports

and analysis
using input
from the SQL

database

grading

SageMath/Python

o [l —
| SageMath
Maxima, Fricas +

script to test

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma’separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

WoONOUMEWN PR

@~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx Designvsdx

So

©
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CHAPTER 2

DETAILED SUMMARY TABLES OF
RESULTS
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2.1 List of integrals sorted by grade for each

CAS
Rubi . . . . e e 22
Mma . . . . e e 27
Maple . . . . . e e e 23]
Fricas . . . . . . e e e e e 23
Maxima . . . . . . . e e e e e
GIaC . . . e
Mupad . . . . . . e e 24
SYMPY . . o o o e e e e e e e e e 24

Rubi

A gre@@
30,81

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade { 1255678010, 374 516,17 23, 22,24 23 20,61
B grade {25}

C grade {[23,30}

F normal fail {[12}[19,[20] }
F(-1) timedout fail {[1§}
F(-2) exception fail { }
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Maple

A grade {}BBEEBMEH/ B EELE 28 )
B grade {[L0}2§}

C grade { 2151617 5/ [5,20,2360}

F normal fail {[25}

F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade {[L2B[4[622 }

B grade {[1[821] }

C grade {24}

F normal fail { 5)5I0) 1) (12 I3, 815167} 15,19, 20 B3 25,80
F(-1) timedout fail {[31]}

F(-2) exception fail {[28,[29]}

Maxima

A grade {[125/A67BELE324E8 06 )
B grade {}

C grade { }

P mormal fail { B0 72 315,16, 5 [0 53.25,60
F(-1) timedout fail {[14[20 }
F(-2) exception fail {[27]}

Giac

A grade {[21[22)128[29] }

B grade { }

C grade { }

F normal fail { H3EA560 5012 EHE506E3EE5EE)

F(-1) timedout fail { [18}[19}[20] }
F(-2) exception fail { }



Mupad

A grade { }

B grade {123ABMEIE2ELEEEE])
C grade { }

F normal fail { }

P(-1) timedout fail { F)F0)10) T 12 13,1567 S, I, 20,23, 25,80
F(-2) exception fail { }

Sympy

A grade {[3[421,2829}

B grade {[I[2]}

C grade {[6,[7[8[22 }

F normal fail { 5,601 123 1516 17 IS 923
F(-1) timedout fail {[14][20][23]24,26]27}[30}[31] }
F(-2) exception fail { }

24
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time

is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is

given as F(-2) if the failure was due to an exception being raised, which could indicate a

bug in the system. If the failure was due to integral not being evaluated within the time

limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size’
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 184 184 255 246 252 264 345 0 273
N.S. 1 1.00 1.39 1.34 1.37 1.43 1.88 0.00 1.48
time (sec) N/A 0.129 0.516 2.574 0.299  0.255 0.451 0.000 0.922

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 144 144 218 191 186 196 262 0 197
N.S. 1 1.00 1.51 1.33 1.29 1.36 1.82 0.00 1.37
time (sec) N/A 0.083 0.475 1.485 0.289  0.257 0.371 0.000 0.868

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 103 103 163 119 126 133 160 0 127
N.S. 1 1.00 1.58 1.16 1.22 1.29 1.55 0.00 1.23

time (sec) N/A 0.064 0.395 1.224 0.289 0.247 0323 0.000 0.378
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 76 76 7 69 71 71 87 0 67
N.S. 1 1.00 1.01 0.91 0.93 0.93 1.14 0.00 0.88
time (sec) N/A 0.042 0.009 0.418 0.266  0.250 0.249 0.000 0.438
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 138 138 138 156 0 0 0 0 0
N.S. 1 1.00 1.00 1.13 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.071 0.076  3.097 0.000  0.000 0.000 0.000 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 98 98 111 110 107 116 658 0 112
N.S. 1 1.00 1.13 1.12 1.09 1.18 6.71 0.00 1.14
time (sec) N/A 0.040 0.232 1.576 0.281 0.268 1.503 0.000 3.760
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B C F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 146 146 192 153 214 313 2866 0 591
N.S. 1 1.00 1.32 1.05 1.47 214 19.63 0.00 4.05
time (sec) N/A 0.086 0.356 1.623 0.285 0.346 3.271 0.000 4.808
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B C F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 206 206 254 204 374 642 9202 0 0
N.S. 1 1.00 1.23 0.99 1.82 3.12 44.67  0.00 0.00
time (sec) N/A 0.127 0.678 1.947 0.278 0.639 7.693 0.000 0.000
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 376 376 472 667 0 0 0 0 0
N.S. 1 1.00 1.26 1.77 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.400 0.951 3.124 0.000  0.000 0.000 0.000 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 270 270 312 503 0 0 0 0 0
N.S. 1 1.00 1.16 1.86 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.272 0.605 2.078 0.000  0.000 0.000 0.000 0.000
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 171 171 172 292 0 0 0 0 0
N.S. 1 1.00 1.01 1.711 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.203 0.482 1.333 0.000  0.000 0.000 0.000 0.000
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F C F F F F F(-1)
verified N/A Yes N/A No TBD TBD TBD TBD TBD
size 223 223 0 1199 0 0 0 0 0
N.S. 1 1.00  0.00 5.38 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.034 0.000 68.260 0.000  0.000 0.000 0.000 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 341 341 300 513 0 0 0 0 0
N.S. 1 1.00 0.88 1.50 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.279 3.199 21.774 0.000  0.000 0.000 0.000 0.000
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-1) F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 496 496 479 729 0 0 0 0 0
N.S. 1 1.00 0.97 1.47 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.384 6.540 28.132 0.000  0.000 0.000 0.000 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 652 652 855 3122 0 0 0 0 0
N.S. 1 1.00 1.31 4.79 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.826 2.007 93.443 0.000  0.000 0.000 0.000 0.000
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 411 411 621 2633 0 0 0 0 0
N.S. 1 1.00 1.51 6.41 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.540 1.163 32.974 0.000 0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 264 264 342 3886 0 0 0 0 0
N.S. 1 1.00 1.30 14.72 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.396 0.978 7.927 0.000  0.000 0.000 0.000 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F(1) C F F F  F(1) F(1)
verified N/A Yes N/A No TBD TBD TBD TBD TBD
size 320 320 0 2398 0 0 0 0 0
N.S. 1 1.00  0.00 7.49 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.039 0.000 18.202 0.000  0.000 0.000 0.000 0.000




29

Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F C F F F F(-1) F(-1)
verified N/A Yes N/A No TBD TBD TBD TBD TBD
size 499 499 0 2398 0 0 0 0 0
N.S. 1 1.00  0.00 4.81 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.376 0.000 22.853 0.000  0.000 0.000 0.000 0.000
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F C F(-1) F F(-1) F(-1) F(-1)
verified N/A Yes N/A No TBD TBD TBD TBD TBD
size 936 936 0 40258 0 0 0 0 0
N.S. 1 1.00 0.00 43.01 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.750 0.000 93.310 0.000  0.000 0.000 0.000 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 250 250 252 303 323 1013 403 304 419
N.S. 1 1.00 1.01 1.21 1.29 4.05 1.61 1.22 1.68
time (sec) N/A 0.189 3.220 2.214 0.298  0.278 10.176 1.052 3.590
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 192 192 153 146 168 274 1266 184 203
N.S. 1 1.00  0.80 0.76 0.88 1.43 6.59 0.96 1.06
time (sec) N/A 0.126 0.112 0.569 0300 0.256 6.616 0.461 2.689
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 501 501 326 138 0 0 0 0 0
N.S. 1 1.00 0.65 0.28 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.639 21.058 1.266 0.000  0.000 0.000 0.000 0.000
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Problem 24 Optimal | Rubi MMA Maple Maxima  Fricas Sympy Giac Mupad
grade N/A A A A A C F(-1) F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 328 328 321 297 287 2478078 0 0 883
N.S. 1 1.00 0.98 0.91 0.88 7555.12  0.00 0.00 2.69
time (sec) N/A 0.335 0.756  1.395 0.278 74.552  0.000 0.000 0.702
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 1325 1325 4824 0 0 0 0 0 0
N.S. 1 1.00 3.64 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.579 36.630 0.000 0.000  0.000 0.000 0.000 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 47 36 0 22 22
N.S. 1 1.00 1.10 1.00 2.35 1.80 0.00 1.10 1.10
time (sec) N/A 0.020 51.612 0.450 0.618 0.230 0.000 0.280 0.385
Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A F(-2) N/A F(-1) N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 0 47 0 22 22
N.S. 1 1.00 1.10 1.00 0.00 2.35 0.00 1.10 1.10
time (sec) N/A 0.019 108.058 1.016 0.000  0.247 0.000 2.098 0.491
Problem 28 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A F(-2) A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 315 315 297 503 280 0 151 312 988
N.S. 1 1.00 0.94 1.60 0.89 0.00 0.48 0.99 3.14
time (sec) N/A 0.470 106.475 33.358 0.296  0.000 22.953 9.729  0.588
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A F(-2) A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 285 285 310 305 232 0 104 236 485
N.S. 1 1.00 1.09 1.07 0.81 0.00 0.36 0.83 1.70
time (sec) N/A 0.416 0.076  0.698 0.305 0.000 10.826 0.825 0.478
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 739 739 522 172 0 0 0 0 0
N.S. 1 1.00 0.71 0.23 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.922 11.976 1.235 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A F(-1) F(-1) F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 906 906 536 862 464 0 0 0 2105
N.S. 1 1.00  0.59 0.95 0.51 0.00 0.00 0.00 2.32
time (sec) N/A 0.911 10.475 1.727 0.314  0.000 0.000 0.000 0.836




32

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf
number of rules
integrand size
is, the harder the integral is to solve. In this test file, problem number [25] had the largest

ratio of [1.44399999999999995]

size of the integrand. Finally the ratio is also given. The larger this ratio

Table 2.1: Rubi specific breakdown of results for each integral

number of num.ber of n(Trma?lize.d integrand umber of rules
# | grade i“:é); uzﬁ;e antlfa(}r:i/jzlve leaf size integrand leaf size
1 A 6 5 1.00 16 0.312
2 A 6 ) 1.00 16 0.312
3 A 6 5 1.00 16 0.312
4 A 6 5 1.00 14 0.357
5! A 4 4 1.00 16 0.250
6 A 6 6 1.00 16 0.375
7 A 7 6 1.00 16 0.375
3 A 7 6 1.00 16 0.375
9 A 19 14 1.00 18 0.778
10 A 15 12 1.00 18 0.667
11 A 12 9 1.00 16 0.562
12 A 1 1 1.00 18 0.056
13 A 13 9 1.00 18 0.500
14 A 19 15 1.00 18 0.833
15 A 29 15 1.00 18 0.833
16 A 20 13 1.00 18 0.722
17 A 14 10 1.00 16 0.625
18 A 1 1 1.00 18 0.056
19 A 10 8 1.00 18 0.444
20 A 23 12 1.00 18 0.667
21 A 17 13 1.00 18 0.722
22 A 16 12 1.00 16 0.750
23 A 19 8 1.00 18 0.444
24] A 18 13 1.00 18 0.722
Continued on next page




Table 2.1 — continued from previous page

33

number of

number of

normalized

# | gade| s | i | ancerimive | CEO | R,
25 A [ 26 1.00 18 1.444
26/ | N/A 0 1.00 20 0.000
N/A 0 1.00 20 0.000
28| A 24 15 1.00 18 0.833
29| A 22 12 1.00 16 0.750
30| A 25 8 1.00 18 0.444
31 A 34 15 1.00 18 0.833
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3.1 [(d + ex)*(a + barctan(cz)) dx

Optimal result . . . . . . . . . . . . e 37
Rubi [A] (verified) . . . . . . . . 38
Mathematica [A] (verified) . . . . . . . . . .. 39
Maple [A] (verified) . . . . . . . .. A0
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... .... 40
Sympy [B] (verification not implemented) . . . ... ... ... ... ... ... . 4Tl
Maxima [A] (verification not implemented) . . . . . . . . ... ... .. L. 41
Giac [F] . . . o o 42
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 43

Optimal result

Integrand size = 16, antiderivative size = 184

bde(2c*d® — e*)x  be?(10c*d® — e*) 2 bde’z?

/(d + ex)*(a + barctan(cz)) dz = —

c3 10¢? 3c
_ be'z*  bd(c'd* — 10c*d%e” + 5e?) arctan(cz)
20c Scte
(d + ex)5(a + barctan(cz))
+ de
_ b(5ctd! —10c*de” + ¢*) log (1 + c*2?)
10¢®

[Out] -bxd*e*(2*xc~2xd"2-e72)*x/c~3-1/10%b*xe”~2*% (10*c~2*xd"2-e"2) *x~2/c~3-1/3*b*d*e”
3*x"3/c-1/20*bxe~4*x~4/c-1/5%b*d* (c"4*d"4-10*%c”~2*xd"2*xe~2+5*e~4) *arctan (c*x)
/c”4/e+1/5%(exx+d) “5x (atb*arctan(c*x))/e-1/10*bx (5xc~4*d~4-10*c~2*d"2*e"2+e
~4)*1n(c”2*x"2+1)/c”5
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Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 184, normalized size of antiderivative = 1.00,
number of steps used = 6, number of rules used = 5 number of rules _ 0.312, Rules used

' integrand size
= {4972, 716, 649, 209, 266}

(d+ ex)*(a + barctan(cz))
oe
bd arctan(cz) (c*d* — 10c2d?e? + 5e?)
5cte
_ be’z*(10c%d® — €*)  bdex(2c*d® — €?)
10c3 c3
b(5ctd* — 102 d?e? + e*) log (c?z? + 1)
10¢3

/(d + ex)*(a + barctan(cz)) dz =

bde®z®  be*z*

3c 20c

[In] Int[(d + e*x)~4x*(a + b¥ArcTan[c*x]),x]

[Out] -((bxd*xex(2*xc~2*%d"2 - e"2)*x)/c”3) - (b*xe™2x(10*%c™2*%d"2 - e~2)*x~2)/(10*c~3
) - (bxd*e~3%x~3)/(3*c) - (b*e~4*x~4)/(20*%c) - (b*d*(c~4*xd"~4 - 10*c”2%d"2*e

~2 + bxe~4)xArcTan[c*x])/(5xc~4xe) + ((d + e*x)~5%(a + bxArcTan[c*x]))/(5xe

) — (b*x(5%xc~4%d”4 - 10*%c™2xd"2*e”2 + e~4)*Log[l + c~2xx~2])/(10%c~5)

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 0]1)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 649

Int[((d)) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && 'NiceSqrtQ[(-a)x*c]

Rule 716

Int[((d)) + (e_.)*x(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*xx~2, x], x] /; FreeQ[{a, c, d, e}, x] & NeQ[
cxd”"2 + a*e”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])
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Rule 4972

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]

:> Simp[(d + exx)~(q + 1)*((a + bxArcTan[c*x])/(e*x(q + 1))), x] - Dist[bx(
c/(ex(q + 1)), Int[(d + exx)~(q + 1)/(1 + c~2*x"2), x], x] /; FreeQl[{a, b,
c, d, e, qt, x] && NeQ[q, -1]

Rubi steps

(d + ex)°(a + barctan(cr)) (be) [ ({1:0629225 dz

integral =

oe oe
_ (d+ex)°(a + barctan(cz))
B oe
02 (26242 — 2 3(10c2d?—e2) z o S AdP—10c2d3e2+-5det +-e(5ctdt —10c2d2e2 +-et) o
) (be) [ (Sd (2c4d ) n (10 cc‘ll ) n 5dc; 2 L i—f | cidP-10c%d +5(z4(:_-|-c(25932()1 10c2d%e?+et) ) dx
oe

_bde(2c?d® —e*)x be?(10c’d® — e*) 2 bde’z®  be's?

- 03 1003 4 2 332C 4 20404 2 72,2 4
Cc 5_ C € € e(oC —1Uc € € )T
N (d +ex)°(a + barctan(cr)) p [ LRt 1102(22 L L
5e 5cie

_bde(2?d? — *)z be*(10c*d® — €*)z®  bde’z®  be's? N (d+ ex)*(a + barctan(cz))

B c3 10¢3 3c 20c 5e
(b(5ctd* —10c%d*e® + €*)) [ sz do (bd(c'd* — 10c*d?e? + 5e?)) [ 1riamz da

B 5¢3 B 5c3e

_bde(2c?d® —e*)xz be*(10c’d® — €*) 2 bde’z?
B c3 10¢3 3c

_betz*  bd(c*d* —10c*d?e? + be?) arctan(cx)

20c 5cte
N (d+ex)’(a+barctan(cz))  b(5c*d* —10c*d*e? + e*) log (1 + c*z?)
5e 10c?

Mathematica [A] (verified)

Time = 0.52 (sec) , antiderivative size = 255, normalized size of antiderivative = 1.39

/(d + ex)*(a + barctan(cz)) dz

(d " eq;)5 (a b a,rcta,n(cx)) _ b (0262:5 (—6€2(10d+ex)+c? (120d3+60d?ex+20de2z2+3e323) ) +6 (—1002d262 (V —02d+e> +et (5\/:

5e

[In] Integrate[(d + e*x)~4*(a + b*ArcTan[c*x]),x]
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[Out] ((d + e*x)"5*x(a + b*ArcTan[c*x]) - (b*x(c™2%e"2xx*x(-6*%e~2*x(10*d + e*x) + c~2
*(120*%d"3 + 60*d"2*exx + 20*d*e”2*xx"2 + 3*e"3%x73)) + 6%(-10*c~2*d"2*e” 2% (S
qrt[-c”2]*d + e) + e"4x(5*Sqrt[-c~2]*d + e) + c"4xd"4x(Sqrt[-c~2]*d + 5xe))
*xLog[1 - Sqrt[-c~2]*x] - 6%(c™4*d~4*(Sqrt[-c~2]*d - 5%e) - 10*c~2*d~2*(Sqrt
[-c™2]*d - e)*xe”2 + (5*Sqrt[-c~2]*d - e)*e~4)*Logl[l + Sqrt[-c~2]*x]))/(12*c
~5))/(5%e)

Maple [A] (verified)

Time = 2.57 (sec) , antiderivative size = 246, normalized size of antiderivative = 1.34

method result

c arc

4 5
b % +ce3 arctan(cz)z*d+2c e? arctan(cx)z3d?+2ce arctan(cz)z2d3+-arctan(cx)cx d*+
a(ez+d)°
parts se T

55 4
b *Siarctan(cex)c d +arctan(cz)05d4z+2e arctan(cm)05d33:2+262 arctan(cac)csd2m3+e3 arctan(cm)csd m4+*57e arctan(cz)
a(cem+cd)5+

derivativedivides scle

545 4
% +arctan(cz)c'5 dtazt2e arcta.n(cz)c5 d3z2 4262 arctan(cz)c5 d2z3+e3 arctan(cz)c5d x4+ %ans(cm)(

b (
a(cem+cd)5 +
default el

—122° arctan(cz)b cPet —12z5a c®e* —60z* arctan(cx)b c®d e3—60z%a c®d €3 —120x2 arctan(cz )b c5d2e?+3z%b ctet —12

parallelrisch

. ibd® In(c2z2+1 . . i d)%bIn(icz+1 ibd4x In(—icz+-1 5,4 ie3bd
risch % +iebd3z21n (_,ch + 1) _ e+ )10:(zcx+ ) 4 ibdle n(2 icz+1) Lz ; a y ic'bds

[In] int((ex*x+d) 4x(at+b*arctan(c*x)),x,method=_RETURNVERBOSE)

[Out] 1/5%a*(e*x+d) ~5/e+b/c*(1/5*c*e”4*arctan(c*x)*x~5+cxe”~3*arctan (c*x) *x~4*d+2x*
cxe”2xarctan (c*x)*x~3*xd"2+2xc*exarctan (c*x) *x~2*xd"3+arctan(c*x) *xc*x*xd~4+1/5
*xc/e*arctan(c*x)*d~5-1/5/c~4/e* (10*c~4*d " 3*e” 2kx+5*c~4*d " 2*xe~3*x~2+5/3*%c " 4*
d*e”4xx"3+1/4%e"5*xcTAxx"4-5%c"2xd*e " 4*x~1/2*xe”"5*c"2*%x"2+1 /2% (5%c~4*d"4*e-10
*Cc~2xd"2%e"3+e”"5) *1n(c"2*%x"2+1) +(c"5*%d"5-10*c~3*d~3*e”2+5*c*d*e”~4) *arctan(c

*x)))

Fricas [A] (verification not implemented)

none

Time = 0.26 (sec) , antiderivative size = 264, normalized size of antiderivative = 1.43

(d + ex)*(a + barctan(cz)) dz
_ 12ac’e*a® + 3 (20 ac’de® — betet)z* + 20 (6 ac’d?e® — betde®)z® + 6 (20 ac®dPe — 10 bed?e? + beet)z® + ¢
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[In] integrate((exx+d) 4*(at+b*arctan(c*x)),x, algorithm="fricas")

[Out] 1/60%(12*a*c”5*xe”4*x~5 + 3*(20*a*c”5xd*xe”3 - bxc~4*e”4)*x~4 + 20*(6*a*xc”5*d
~2%e"2 - b*c"4*xd*e~3)*x~3 + 6% (20*a*c”5%d"3*%e - 10*bxc~4*d"2*e"2 + b*c"2%e”
4)*x”2 + 60x(axc”5*%d"4 - 2%b*c”4*d"3*e + bxc"2xd*e"3)*x + 12*(b*c”"5*e~4*x"5

+ Bxb*c~5kd*e"3*%x"4 + 10*b*c~5*d"2%e"2*xx"3 + 10*b*c”5xd"3*e*xx"2 + 5*bxc”5*
d"4*x + 10*b*c”3*d"3*e - 5*b*cxd*e”3)*arctan(c*x) - 6x(5xbxc™4*d~4 - 10*b*c
~2xd"2%e”2 + b*e”4)*log(c”2*x~2 + 1))/c”5

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 345 vs. 2(170) = 340.

Time = 0.45 (sec) , antiderivative size = 345, normalized size of antiderivative = 1.88

/(d + ex)*(a + barctan(cz)) dz

ad'z + 2ad’ez? + 2ad?e®s® + adex* + %2 + bd'z atan (cz) + 2bd%ex? atan (cz) + 2bd%e?z? atan (cz,

a<d4x + 2d3ex? + 2d%e%x® + dedzt + %)

[In] integrate((e*xx+d)**4*(a+b*atan(c*x)),x)

[Out] Piecewise((axd*x*x4*x + 2xaxdk*k3ke*x**x2 + 2kard**x2xex*k2*x**3 + axdkre**3*xxx*x4
+ axexx4xx**5/5 + bxdxk4dkx*atan(ckxx) + 2¥bxdx*x3ke*x**x2xatan(c*x) + 2xbkxd**2
xexx2kx*k*k3*atan (ckx) + bxdxex*k3*kx**4xatan(c*x) + bxexkd*x**5xatan(c*x)/5 -
bxdx*4*log(x**2 + cx*(-2))/(2%c) - 2xbxd**3*ke*xx/c — bkd**2xex*2*x**2/c - b*
dxexx3xx*x*x3/(3*%c) - bre**dkx*k*4d/(20%c) + 2xbxd**x3kxexatan(c*x)/c**2 + bxd*x*2
xex*k2xlog (x**2 + c**(-2))/cx*3 + bxd*e**3*x/c**3 + bkex*k4xxx*2/(10%c**3) -
bxd*e**3*atan (c*x) /c*x4 — bkex*4d*xlog(x*x*2 + c**x(-2))/(10*c**5), Ne(c, 0)),

(ax (d**4*x + 2%d*k3kexx*k*2 + 2kdrxkQkex*2*xx**3 + dkexk3kx*k*kd + exxdxx*xx5/5),
True))

Maxima [A] (verification not implemented)

none
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Time = 0.30 (sec) , antiderivative size = 252, normalized size of antiderivative = 1.37

/(d + ex)*(a + barctan(cz)) dz

1 t
=z ae*z’ +ade3r* 42 ad’e®x3 + 2 adPex® 42 (x2 arctan (cx) — ¢ (:—2 — %g(cx)) ) bd’e
2 oo (222 + 1
+ (2 z3 arctan (cz) — c(i—2 - %) ) bd*e?

1 23 — 32 | 3 arct
+ = | 3z*arctan (cz) — ¢ °e T oamen (c2) bde?
3 ct c®

1 224 — 222 2 log (2a® + 1
+%(4x5arctan(cx)—c<cx o i og(ccﬁx * )))be4
2 cr arctan (cx) — log (c?x? + 1))bd*
d4 (
+adx + 9 ¢

[In] integrate((e*x+d) ~4*(atb*arctan(c*x)),x, algorithm="maxima")

[Out] 1/5*%a*e”~4*x~5 + axd*e~3*x"4 + 2¥axd”~2xe”2%x"3 + 2*ka*d"3*exx”"2 + 2k (x"2*arct
an(cxx) - c*(x/c”2 - arctan(c*x)/c”3))*bxd"3*e + (2*x"3*arctan(c*x) - c*x(x~
2/c”2 - log(c™2xx"2 + 1)/c”4))*bxd"2*%e”2 + 1/3%(3*x"4*arctan(c*x) - c*x((c"2

*x~3 - 3%x)/c”4 + 3*arctan(c*x)/c”5))*bxd*e~3 + 1/20*%(4*x"5*arctan(c*x) - ¢
*((c™2*xx"4 - 2*xx72)/c”4 + 2¥log(c™2%x"2 + 1)/c”6))*b*e™4 + axd™4*x + 1/2%(2
xckx*arctan(cxx) - log(c™2*x"2 + 1))*bxd"4/c

Giac [F]
/(d + ex)*(a + barctan(cz)) dr = / (ex + d)*(barctan (cz) + a) dz

[In] integrate((e*x+d) “4*(a+b*arctan(c*x)),x, algorithm="giac")

[Out] sageO*x
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Mupad [B] (verification not implemented)

Time = 0.92 (sec) , antiderivative size = 273, normalized size of antiderivative = 1.48

4,5 4 2,2 4 2,2
/(d-l-em)4(a+barctan(cx))dg;= ae*x tadio— bd*In(c*z*+1) be'ln(c’z°+1)
2¢c 10¢?
betat  bet g2
+2ad*e®z® — ;0: + 1%; + bd* ratan(cx)
+2ad’ex® +ade®z* + be4x5a;an(cx) — Zbdjex
bde3z 2bd3eatan(cz) bdedatan(cx)
+ st 5 — "
c c c
3.3
+2bd®ex? atan(cz) + bded z* atan(cz) — bd?)ecm

bd’e* In(c’2* +1) bd*e*a?
c3 c

+2bd?e? 2 atan(cx) +

[In] int((a + b*atan(c*x))*(d + e*x) 4,x)

[Out] (a*e”4%x75)/5 + a*d™4*x - (bxd~4xlog(c™2xx~2 + 1))/(2*c) - (b*e~4*log(c™2*x
~2 + 1))/(10%c”5) + 2*xaxd"2*xe"2*%x"3 - (b*e"4*x"4)/(20*c) + (b*xe~4*xx~2)/(10%*

c~3) + b*d~4x*xx*atan(cxx) + 2*a*d~3*exx”2 + a*d*e”~3*x"4 + (b*e~4*x"5xatan(c*

x))/5 - (2*b*d"3*exx)/c + (b*d*e~3*x)/c”3 + (2*b*d"3*exatan(c*x))/c"2 - (b*
dxe~3xatan(c*x))/c”4 + 2%b*d"3*exx"2*atan(c*x) + b*d*e”3*x"4*atan(c*x) - (b
*xd*e~3*x"3)/(3*%c) + 2xbxd"2xe"2*x"3xatan(c*x) + (b*d~2*e~2*log(c™2*x"2 + 1)

)/c”3 - (bxd"2xe”2%x"2)/c
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3.2 [(d + ex)*(a + barctan(cz)) dx

Optimal result . . . . . . . . . . . e e 44
Rubi [A] (verified) . . . . . . . . 44
Mathematica [A] (verified) . . . . . . . . . .. 161
Maple [A] (verified) . . . . . . . .. L 16
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., 47
Sympy [B] (verification not implemented) . . . ... ... ... ... ... ... .. 48
Maxima [A] (verification not implemented) . . . . . . . .. .. ... ... ... .. 48
Giac [F] . . . o o 49
Mupad [B] (verification not implemented) . . .. . ... ... ... ... ...... 49

Optimal result

Integrand size = 16, antiderivative size = 144

272 2 2,.2 3,.3
/(d—l— ex)®(a + barctan(cz)) dz = _be(6c’d” —e’)z _ bdes®  be'w

4¢3 2c 12¢
_ b(cd* — 6c°d?e? + e*) arctan(cz)
Acte
(d + ex)*(a + barctan(cz))
+ 4e
_ bd(cd — e)(cd + e) log (1 + c*z?)
2¢3

[Out] -1/4xbxe*x(6*xc~2*xd~2-e"2)*x/c~3-1/2*%bxd*e”~2*xx~2/c-1/12%b*xe~3*x"3/c-1/4*xb*(c~
4xd~4-6%c”2xd"2*xe"2+e"4) *arctan(c*x) /c"4/e+1/4* (exx+d) ~4* (atb*arctan(c*x))/
e-1/2*b*xd* (c*d-e) * (cxd+e)*1n(c~2*x"2+1)/c”3

Rubi [A] (verified)

Time = 0.08 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.00,
number of steps used = 6, number of rules used = 5, Lumber of rules _ ( 379 Ryles used

' integrand size
= {4972, 716, 649, 209, 266}

d + ex)*(a + barctan(cz))

/(d + ex)®(a + barctan(cz)) dz = (

4e
__ barctan(cz) (c'd* — 6c’d?e® +e!)  bex(6c’d® — €?)
4cte 4¢3
_ bd(cd —e)(cd +e)log (Pz® +1)  bde*x®  be’s?
2c3 2c 12¢

[In] Int[(d + e*x)~3*(a + b¥ArcTan[c*x]),x]



45

[Out] -1/4*(bxex(6*%c”~2%d"2 - e~2)*x)/c”3 - (b*d*e~2*%x"2)/(2%c) - (b*e~3*x"3)/(12x%

c) - (b*(c™4*d"4 - 6%c”2xd"2%e"2 + e~4)*ArcTan[c*x])/(4*xc~4*e) + ((d + e*x)
“4x(a + bxArcTan[c*x]))/(4*e) - (bxd*(cxd - e)*(cxd + e)xLogl[l + c~2%x~2])/
(2%c~3)

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 01)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 649

Int[((d)) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*x72), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && 'NiceSqrtQ[(-a)x*c]

Rule 716

Int[((d)) + (e_.)*x(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*xx~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd™2 + a*e”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2]1)

Rule 4972

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]

:> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x])/(ex(q + 1))), x] - Dist[b*(
c/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 + c~2*x~2), x], x] /; FreeQ[{a, b,
c, d, e, q}, x] && NeQ[q, -1]

Rubi steps
d+ex)*
integral = (d+ex)*(a —Zebarctan(cx)) _ (be) [ (Z;sz)z dz
_ (d+ ex)*(a+ barctan(cz))
4e
(be) f <e2(6¢2;i2_e2) 4 4d;3z i (i—f n c4d4_602d232_L_f(éll_:i:c;jz()cd—e)e(cd-i-e)z) dr

4e
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be(6c’d® — e*)x  bde’z®  be’z? N (d + ex)*(a + barctan(cz))

4c? 2 12¢ de
ctd*—6c2d?e? +e*+4c?d(cd—e)e(cd+e)z
_bf 6 +1:;4212(d Je(cd+e)e ..
4c3e
_ be(6’d® —e*)x  bde*z®  be’x® N (d + ex)*(a + barctan(cz))
4¢3 2c 12¢ 4e
B (bd(cd — e)(cd + €)) [ 155z dz B (b(c*d* — 6c*d?e? + €*)) [ oz du
c 4c3e
_ be(6Pd® — )z bde’z®  bePz®  b(c*d* — 6c’d’e? + e*) arctan(cx)
B 4¢3 2c 12¢ dcte
N (d+ ex)*(a+barctan(cz))  bd(cd — e)(cd + e) log (1 + *2?)
4e 2c3

Mathematica [A] (verified)

Time = 0.48 (sec) , antiderivative size = 218, normalized size of antiderivative = 1.51

/(d + ex)®(a + barctan(cz)) dx

be(2v/—c2e?z(—3e24c? (18d%+6dex+e22?)) —3 ( ctdi4-€3 (4v/—c2d+e ) —2c2d%e( 2v/—c2d+3e) ) log(1
(d + ex)4(a’ + barctan(cm)) _ C( cee :E( € C ( ETT€e°T )) (C € ( C e) C 6( 06(_0232/)2 Og(

4e

[In] Integrate[(d + e*x)~3*(a + b*ArcTan[c*x]),x]

[Out] ((d + exx)~4x(a + b*ArcTan[c*x]) - (bxcx(2xSqrt[-c~2]*e 2*xx*(-3%e”2 + c~2x(
18%d~2 + 6*d*exx + e”2*%x"2)) - 3%(c"4*d"4 + e"3*(4xSqrt[-c”2]*d + e) - 2x%c”
2xd~2*e* (2xSqrt [-c~2]*d + 3%e))*Logl[l - Sqrt[-c™2]*x] + 3*x(c™4*d™4 + 2%c™2%
d~2*(2xSqrt [-c"2]*d - 3*e)*e + e~ 3*(-4*Sqrt[-c~2]*d + e))*Logl[l + Sqrt[-c~2

1*¥x])) /(6% (-c~2)~(5/2)) )/ (4*e)

Maple [A] (verified)

Time = 1.48 (sec) , antiderivative size = 191, normalized size of antiderivative = 1.33
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method result
3 4 22 4 6c3d2e2z4
bl ce arctzn(cm)m +c €2 arctan(cm)x3d+ 3ce arctag(cw)x d +a,rctan(c$)cx d3+carctare(cm)d _ be e‘x
a(ex+d)*
parts e T A
3,2 2
b arctan(cew)c4d4 +arctan(cz)c4d3z+ 3e arctan(cm)c4d2:c2 +e2 arctan(cm)c4da:3+63 arctaril(cw)c‘lw‘l _66 d“e“z+2e
| sty :
derivativedivides ee —=
32,2
b arctan(z;a:)c4d4 +arctan(cz)c4dsz+ 3e arctan(cm)c4d2m2 Te2 arctan(cm)c4d13+e3 arctal:l(cm)c4x4 76‘: dea+2e
a(czx—:;—cd)4+ 5
default ce —
. —3z* arctan(cx)b c*e’ —3x*a c*e’—12x° arctan(cz)bc e —l1lz2x~ac e“—18x“ arctan(cx)bc e+z°bc’e’—18x“a
parallelrlsch 3 4 b 4.3 3 4. .4,3 1223 b 4d 2_192z3a ctde2—18z2 b 4d2 3pc3e3—1822
. 3iebd?z? In(—icxz+1) ie3bxt In(—icz+1) ibd3z In(—icz+1) i(ex+d)*bIn(icz+1) ibd* In(c2z2+1)
risch + 8 + 2 - 8e + 16¢ -

4

[In] int((exx+d) 3*(at+b*arctan(c*x)),x,method=_RETURNVERBOSE)

[Out] 1/4*a*(e*x+d) ~4/e+b/c*(1/4*c*e”3*arctan(c*x)*x"4+c*e”2*arctan(c*x) *x~3*d+3/
2*c*e*xarctan(c*xx)*x~2*xd"2+arctan (c*x) *cxx*xd~3+1/4*c/e*arctan(c*x) *d~4-1/4/c

~3/ex (6*c™3xd"2xe”2*x+2*%e 3% C”3xd*x"2+1/3*xe”"4*Cc"3*x"3-c*e"4*x+1/2% (4xc”3xd”
3ke-4*xckd*e~3) *1n(c™2*%x"2+1)+(c"4*d"4-6*%c”2xd"2*xe"2+e"4) *arctan(c*x)))

Fricas [A] (verification not implemented)

none

Time = 0.26 (sec) , antiderivative size = 196, normalized size of antiderivative = 1.36

(d+ ex)?(a + barctan(cz)) dz

_ 3acte®z? + (12ac'de? — b’e?)z® + 6 (3 ac'd?e — bcPde?)a? + 3 (4actd® — 6 bcPd®e + bee®)x + 3 (be'ea?

124

[In] integrate((exx+d) ~3*(atb*arctan(c*x)),x, algorithm="fricas")

[Out] 1/12*%(3*a*c”4*xe”3*x"4 + (12*a*c™4xd*xe”2 - b*c~3*e”3)*x"3 + 6*x(3*a*c™4*xd"2*e
- bxc"3*d*e”2)*x"2 + 3*(4xaxc”4*d"3 - 6xbkxc”3*d"2*e + b*c*e~3)*x + 3*(bxc”
4xe”3*%x"4 + 4xbxc”4*d*e”2*%x"3 + 6xbkxcT4*d " 2%e*x"2 + 4xbxcT4*xd"3*x + 6%bkc”2
*d"2%e - bxe”"3)*arctan(c*x) - 6*(b*c~3*d"3 - bkckd*e~2)*log(c™2*xx~2 + 1))/c

~4
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 262 vs. 2(129) = 258.

Time = 0.37 (sec) , antiderivative size = 262, normalized size of antiderivative = 1.82

/(d + ex)(a + barctan(cz)) dz

bd®
ad®z + 39Le2” | gde?sd 4 # + bd3z atan (cz) + w + bde?z? atan (cx) + bea atan (cz) atan (cx) 22

a<d3x + —3d22”2 + de?z3 + %)

[In] integrate((exx+d)**3*(a+b*atan(c*x)),x)

[Out] Piecewise((axd**3*x + 3xaxd*x*2*e*xx**2/2 + akxdkxexx2xx**3 + axex*k3*x**4/4 + b
*dxx3kx*katan(cxx) + 3*bxdx*x2ke*xx**2xatan(c*x)/2 + bkdke**2xx*x*x3*katan(cxx) +
bxex*3xx**4xatan(c*x) /4 — b*d**3*log(x*x*2 + c**x(-2))/(2xc) - 3*b*d**2*e*x/

(2%c) - b*d*e**2*x**2/(2%c) — bxexx3xx**x3/(12%c) + 33*bkd**x2*xexatan(c*xx)/(2*

c**2) + bxdke*x*2*log(x**2 + cx*(-2))/(2xc**3) + bkex*3xx/(4*cx*3) — bkex*3*
atan(c*xx)/(4*c*xx4), Ne(c, 0)), (a*x(d**3xx + 3*kd**2xexx**2/2 + dxex*x2*x**3 +
e**3*x**4/4), True))

Maxima [A] (verification not implemented)

none

Time = 0.29 (sec) , antiderivative size = 186, normalized size of antiderivative = 1.29

/(d + ex)3(a + barctan(cz)) dz

1 3 3 t
=~ ae’z? + ade®*s® + > ad’ex’® + 2 (x2 arctan (cz) — c(£2 - w) ) bd’e
c

4 2 c3
1 5 2 log(c?z? +1) )
+ 3 (2x arctan (cz) — C(C—Q - bde
1 4 c®z® —3z 3 arctan (cx) 5
+ T2 <3z arctan (cx) — c( - + = be
(2 cx arctan (cx) — log (c2x? + 1))bd3

+ ad®z +
2¢c

[In] integrate((e*x+d) ~3*(at+b*arctan(c*x)),x, algorithm="maxima")

[Out] 1/4*axe”3*x"4 + a*dxe”2*x~3 + 3/2*axd"2*xexx"2 + 3/2x(x"2*arctan(c*xx) - c*(x
/c”2 - arctan(c*x)/c~3))*b*d"2xe + 1/2*%(2*xx"3*arctan(c*x) - c*x(x"2/c"2 - lo
g(c™2%x72 + 1)/c”4) ) *bxd*e”2 + 1/12x(3*x"4*arctan(c*x) - c*((c™2*%x"3 - 3*x)

/c”4 + 3*xarctan(c*x)/c”5))*b*e”3 + a*d~3*x + 1/2*%(2*c*x*arctan(c*x) - log(c
~2*x72 + 1))*b*d~3/c
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Giac [F]
/(d + ex)?(a + barctan(cz)) dz = / (ex + d)®(barctan (cz) + a) dz

[In] integrate((exx+d) ~3*(atb*arctan(c*x)),x, algorithm="giac")

[Out] sageO*x

Mupad [B] (verification not implemented)

Time = 0.87 (sec) , antiderivative size = 197, normalized size of antiderivative = 1.37

Szt b In(2z2+1) bedsd
/(d—i-e:c)?’(a—i—barc‘can(cac))d:zc=a6 T oradiz— n(ca”+1) be's
2c 12¢

3ad?ez? bedr

3 2 3
+bd xatan(cx)+T+ade T+ 3

_ be’atan(cx)  be’z'atan(cw) 3bd’ew

4ct 4 2¢c
3bd%’eatan(cr) 3bd%ez?atan(cr)
2¢" 2 22 2 2.2
bde® 1 1 bd
+bde? z® atan(cx) + ez +1) bdee
273 2¢

[In] int((a + b*atan(c*x))*(d + e*x)"3,x)

[Out] (a*e™3xx74)/4 + a*d™3xx - (b*d~3*log(c™2*x"2 + 1))/(2*c) - (bxe~3*x73)/(12x
c) + bxd"3xx*atan(c*x) + (3*a*d~2*e*xx”2)/2 + axd*e 2*xx"3 + (b*xe”3*x)/(4*xc”3

) - (bxe~3*atan(c*x))/(4*c”4) + (bxe~3*x"4*atan(c*x))/4 - (3xbxd~2xexx)/(2*

c) + (3*b*d"2xexatan(c*x))/(2*c”2) + (3*bxd"2*exx"2*atan(c*x))/2 + b*d*e~2x*
x"3xatan(c*x) + (bxd*e~2*log(c™2*x"2 + 1))/(2xc~3) - (bxd*e~2*x"2)/(2*c)
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3.3 [(d + ex)*(a + barctan(cz)) dx

Optimal result . . . . . . . . . . . . e B0
Rubi [A] (verified) . . . . . . . . 50
Mathematica [A] (verified) . . . . . . . . . .. 52
Maple [A] (verified) . . . . . . . .. 52
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 53
Sympy [A] (verification not implemented) . . . . .. ... ... ... .. ... ... 53]
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... B3l
Giac [F] . . o o !
Mupad [B] (verification not implemented) . . . . .. ... ... ... ... ...... !

Optimal result

Integrand size = 16, antiderivative size = 103

bdex be?z? bd <d2 - 3%22) arctan(cz)
¢ 6c 3e
(d + ex)*(a + barctan(cz))
* 3e
b(302d2 — 62) log (1 + szz)
6¢c3

/(d + ex)*(a + barctan(cz)) dz =

[Out] -bxd*e*x/c-1/6%bxe~2%xx~2/c-1/3*b*d*(d~2-3*%e~2/c”2)*arctan(c*x)/e+1/3*(e*xx+d
) ~3*(atb*arctan(c*x))/e-1/6%bx(3*xc~2*%d~2-e"2) *1n(c~2*x~2+1)/c”3

Rubi [A] (verified)

Time = 0.06 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.00,
number of steps used = 6, number of rules used = 5, Bumber of rules _ 5 379 Ryles uged

' integrand size
= {4972, 716, 649, 209, 266}

(d + ex)*(a + barctan(cz)) bd arctan(cz) (d2 - %)

/(d + ex)?(a + barctan(cz)) dz =

3e 3e
_ b(3c?d® —e*)log (®z® +1)  bdexr  be*z?
6¢c3 c 6c

[In] Int[(d + e*x)~2*(a + b¥ArcTan[c*x]),x]

[Out] -((bxd*exx)/c) - (b*e~2%x"2)/(6*c) - (b*d*(d"2 - (3*e”2)/c”2)*ArcTan[c*x])/
(3%e) + ((d + e*x)~3*(a + bxArcTan[c*x]))/(3xe) - (b*(3%c~2*%d"2 - e~2)*Logl[
1 + c™2%x72])/(6%c~3)
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Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0]1)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 649

Int[((d)) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && 'NiceSqrtQ[(-a)*c]

Rule 716

Int[((d) + (e_.)*x(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*xx~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd”2 + a*e”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])

Rule 4972

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]

:> Simp[(d + exx)~(q + 1)*((a + bxArcTan[c*x])/(e*x(q + 1))), x] - Dist[bx(
c/(ex(q + 1))), Int[(d + exx)"(q + 1)/(1 + c~2%x"2), x], x] /; FreeQ[{a, b,
c, d, e, qf, x] && NeQ[q, -1]

Rubi steps
3 be) [ 4 dg
integral = (d + ex)*(a + barctan(cz)) (be) | Tz
3e 3e
de? e3z c2d3—3de?+e(3c2d2—e?)x
_ (d+ex)’(a+ barctan(cz)) (be) | (302 Tzt 2(1+c22?) > dz
B 3e 3e
c2d3—3de?+e(3c2d?—e?)x

__bdez be2x? N (d+ ex)*(a + barctan(cz)) b [ cL2 110532 L AL

c 6c 3e 3ce
__bdez _ be2z? N (d + ex)3(a + barctan(cz))

c 6c 3e

3 e c 1+ 3c

— 1<bd(£ — %)) / 1 da (bBcd? — €2)) [ 1oz da
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bdex belz2 bd <d2 — 3%;) arctan(cz)

c 6c 3e
N (d + ex)®(a + barctan(cz))  b(3c*d? — €?)log (1 + c2x?)

3e 6¢c3

Mathematica [A] (verified)

Time = 0.40 (sec) , antiderivative size = 163, normalized size of antiderivative = 1.58

/(d + ex)*(a + barctan(cz)) dx

(d n ex)?’ (a, b arctan(cm)) . b<c2ezx(6d+ex)+ (—62 (3\/—702d+e> +c2d? (\/—702d+3e)> log(l—;c/?x) — (02d2 (\/—7ch—3<3> +e? (

3e

[In] Integrate[(d + e*x)~2*(a + b*ArcTan[c*x]),x]

[Out] ((d + exx)~3x(a + bxArcTan[c*x]) - (b*x(c"2*e"2xx*(6xd + e*xx) + (-(e"2*(3*Sq
rt[-c2]*d + e)) + c”2*%d"2*(Sqrt[-c~2]*d + 3*e))*Log[l - Sqrt[-c~2]*x] - (c
~2xd"2%(Sqrt [-c"2]*d - 3*e) + e"2x(-3xSqrt[-c~2]*d + e))*Logl[l + Sqrt[-c~2]
*x]))/(2%c”3)) / (3%e)

Maple [A] (verified)

Time = 1.22 (sec) , antiderivative size = 119, normalized size of antiderivative = 1.16

method result
arts a(ex+d)3 + be? arctan(cx)x> + bearctan (Cl') z2d + barctan (C.’IJ) rd? — be?z? _ bdex bd?In(c’
p 3e 3 (7 c 2
3 2 3 2 2 bln(c?2241)d? be?ln(c2z2+1
. . . . %—i—barctan(cz)d%z—i—bce aurctaun(cac)dﬁ—i-bce arc?n(c"”)m _beda:_beﬁm _ n(c ﬂ; ) + ° “S:zz )+,
derivativedivides 3cte _ c
2.2 2 21 ( 2,2
a(cex+cd)3 2 2 be e2 arctan(ca:)ms _ _b62z2 _bln(c x +1)d be ln(c T +1) b
default T—i—barctan(cz)d cx+bee arctan(cz)d z2+ 3 bedxz 5 = + o2
c
. —223 arctan(cz)b c3e? —2x3a c3e2 —6z? arctan(cx)b c*de—6z2a c3de—6x arctan(cz)b 3 d2+x2b c2e2 —6a c3d2z+3 In(
parallelrisch — 63
: i(ex+d)3bIn(icz+1 3¢2 242 | iebdz? In(—icz+1 ibd?z In(—icz:
risch _'L(ex-l-)6en(zcx+)+ad6x2+xd2a_bdjx_'_:l:ga_be&:x 4 iebdz n2( icz+1) 4 ¢ ar;n(2 icx

[In] int((exx+d) 2*x(at+b*arctan(c*x)),x,method=_RETURNVERBOSE)

[Out] 1/3*%a*(e*xx+d) ~3/e+1/3*bxe~2%arctan(c*x)*x"3+b*e*xarctan(c*x)*x~2*d+b*arctan/(
c*x) *xx*d"2-1/6*b*e~2*%x~2/c-b*d*e*xx/c-1/2/cxbxd"2*1n(c"2*x"2+1)+1/6/c~3*e~ 2%
b*1n(c~2%x~2+1)+1/c~2*exb*d*arctan (c*xx)
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Fricas [A] (verification not implemented)

none

Time = 0.25 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.29

(d+ ex)?*(a + barctan(cz)) dz

_ 2ac®e’z® + (6 actde — bc*e?)x? + 6 (ac’d® — bcPde)x + 2 (bPex® + 3bcPdex? + 3bc*d?x + 3 bede) arctan
B 6¢c3

[In] integrate((exx+d) 2*(atb*arctan(c*x)),x, algorithm="fricas")

[Out] 1/6%(2%a*xc~3*e”~2xx"3 + (6*axc~3*d*e — b*c™2x%e"2)*x"2 + 6x(a*xc~3*%d"2 - b*c~2
*dkxe)*x + 2% (b*c~3%e"2%x"3 + 3xb*xc " 3kd*e*x"2 + 3*xbxc~3*%d"2*x + 3*xbkxckdxe)*a
rctan(c*x) - (3%b*c™2*d"2 - b*e~2)*log(c™2*x"2 + 1))/c”3

Sympy [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.55

/(d + ex)*(a + barctan(cz)) dx

2 2 1
2.3 be2z3 at bd“log ( z“+ -5 2 2
ad’z + adex? + 92° + bd®z atan (cz) + bdex? atan (cz) + 2-2-2enlen) gc 2) _ bdez _ be-a” 4

a<d2x + dex?® + %)

[In] integrate((e*x+d)**2*(atb*atan(c*x)),x)

[Out] Piecewise((axd**2xx + akd*exx**2 + a*e**x2*x**x3/3 + bxdx*2xx*atan(c*x) + bx*d
xexx**x2xatan(c*x) + b¥e*xx2*x*x3*atan(c*x)/3 - bxdx*2xlog(x**2 + c*x(-2))/(2
*C) — bxd*e*x/c - bxe*x2xx*x2/(6%c) + bxdxe*atan(c*x)/c**2 + bkex*2*log(x**
2 + cxx(=2))/(6xcx*x3), Ne(c, 0)), (a*x(d**x2xx + d*exx**2 + e**2*xx**x3/3), Tru

e))

Maxima [A] (verification not implemented)

none
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Time = 0.29 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.22

/(d + ex)?(a + barctan(cz)) dr = % ae’z® + adex?
+ (x2 arctan (cx) — c(£2 - M) ) bde
c c
z?  log(c’x® +1)

1 3 ’
+ 5 <2;1; arctan (Cl') - C(g T))be

_ 2,2 2
+ ad’z + (2 cx arctan (cx) 2clog (c*z® +1))bd

[In] integrate((e*xx+d) 2*(atb*arctan(c*x)),x, algorithm="maxima")

[Out] 1/3*axe”2%x"3 + axd*e*x~2 + (x"2*arctan(c*x) - c*(x/c”2 - arctan(c*x)/c”3))
xbxd*e + 1/6x(2*xx"3*arctan(c*x) - c*(x72/c”2 - log(c™2*x~2 + 1)/c”4))*bxe~2
+ axd"2*x + 1/2*(2xcxx*arctan(c*x) - log(c™2*x"2 + 1))*b*d~2/c

Giac [F]
/(d + ex)?(a + barctan(cz)) dz = / (ex + d)*(barctan (cz) + a) dz

[In] integrate((e*x+d) 2*(a+b*arctan(c*x)),x, algorithm="giac")

[Out] sageO*x

Mupad [B] (verification not implemented)

Time = 0.38 (sec) , antiderivative size = 127, normalized size of antiderivative = 1.23

3 bd?In(*a? +1)  be’ In(c?a®+1)
2 = ‘z—
/(d+ez) (a+ barctan(cz)) dr = 3 tad'z 2¢ * 6¢?

b 9 o b 2 .3 t

%: +adexr® +bd® ratan(cx) + =t 33311(093)

bdex bdeatan(cx)

+bdex?atan(cz)

Cc

[In] int((a + b*atan(c*x))*(d + e*x)~2,x)

[Out] (axe”2*x73)/3 + axd~2*x - (b*d"2xlog(c”2*x"2 + 1))/(2%c) + (bxe~2*log(c™2+*x
"2 + 1))/(6%c”3) - (b*e~2xx"2)/(6%c) + a*d*exx"2 + b*d"2*xx*atan(c*x) + (b*e
~2xx~3*atan(c*x))/3 - (bxdxexx)/c + (bxdxexatan(c*x))/c”2 + bxd*xexx 2*atan(

c*x)
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3.4 [(d+ ex)(a + barctan(cz)) dz

Optimal result . . . . . . . . . . e %!
Rubi [A] (verified) . . . . . . ... . 5%
Mathematica [A] (verified) . . . . . . . . ... L 57
Maple [A] (verified) . . . . . . . .. 57
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ...... bY
Sympy [A] (verification not implemented) . . . . ... ... ... ... ... ... . 58]
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. B
Giac [F] . . . o o o bY¢)
Mupad [B] (verification not implemented) . . . . .. ... .. ... .. ....... 59

Optimal result

Integrand size = 14, antiderivative size = 76

b(d2 — ﬁ) arctan(cz)

bex 2
/(d + ex)(a + barctan(cz)) dx = o >
4 (d + ex)?(a + barctan(cz)) _ bdlog (1 + x?)

2e 2c

[Out] -1/2*bxe*xx/c-1/2*b*(d"2-e"2/c~2)*arctan(c*x)/e+1/2* (exx+d) ~2* (at+b*arctan (cx*
x))/e-1/2%b*xd*1n(c”~2*xx"2+1) /c

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 5, Bumber of rules _ () 357 Ryjeg ysed = {4972,

' integrand size
716, 649, 209, 266}

(d + ex)?(a + barctan(cz))

/(d + ex)(a + barctan(cz)) dx =

2e
barctan(cz) <d2 - i—2> bdlog (2 +1)  bex
2e 2c 2c

[In] Int[(d + exx)*(a + bxArcTan[c*x]),x]

[Out] -1/2x(bxexx)/c - (b*(d"2 - e~2/c”2)*ArcTan[c*x])/(2*%e) + ((d + exx) 2x(a +
bxArcTan[c*x]))/(2%e) - (bxd*Logl[l + c~2*x~2])/(2%c)

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
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, 01 |l GtQ[b, 01)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 649

Int[((d)) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*x~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && !'NiceSqrtQ[(-a)x*c]

Rule 716

Int[((d_) + (e_.)*(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*x~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
c*d™2 + a*e”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])

Rule 4972

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]

:> Simp[(d + exx)~(q + 1)*((a + b*ArcTan[c*x])/(ex(q + 1))), x] - Dist[bx(
c/(ex(q + 1))), Int[(d + exx)"(q + 1)/(1 + c~2*x~2), x], x] /; FreeQ[{a, b,
c, d, e, q}, x] && NeQ[q, -1]

Rubi steps

2 be (d—l—ezac)22 dr
integral = (d+ex)*(a '|2‘eb arctan(cz)) B (be) [ ;—‘;c z

&2 2d?—e?42c%dex
(d + ex)*(a + barctan(cr)) (be) | (c_2 + 02(14—1_2212) ) dx

2e %2
_ber  (d+ex)’(a+tbarctan(cz)) b[ THEEE " da
2 2e 2ce
_ _bex (d+ex)’(a+barctan(cr) ., / v (bed=e)(ed+e)) [l do
2c 2e 1+ c2x2 2ce

2c 2e 2e 2c

bex b<d2 - z_2> arctan (cz) N (d + ex)*(a + barctan(cr))  bdlog (1 + c*z?)
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Mathematica [A] (verified)
Time = 0.01 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.01
1 t
/(d + ex)(a + barctan(cz)) de = adz — bex + 5ae 4+ ba%;n(cx) + bdx arctan(cx)

2c
bdlog (1 + *z?)
2c

1
+ 5bea:2 arctan(cz) —

[In] Integrate[(d + e*x)*(a + b*ArcTan[c*x]),x]

[Out] axd*x - (bxe*xx)/(2*%c) + (axexx~2)/2 + (bk*exArcTan[c*x])/(2*%c”2) + b*xd*x*Arc
Tan[c*x] + (bxe*x~2*ArcTan[c*x])/2 - (b*d*Log[l + c~2*x~2])/(2%c)

Maple [A] (verified)

Time = 0.42 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.91

method result
barct bd1n(c2z2+1 t b
parts a(3ex?® +dz) + M + barctan (cx) xd — % — ez gy %c(;z)e
. —arctan(cz)bc?ex?—a ce x2—2bdz arctan(cz)c?—2a c2dz+bed In (c2x24-1) +-beex—arctan(cx)be
parallelrisch — (co) ( )202 (Fa?+1) (co)
I n(cxr EC2$2 dCIn 62124—1 € ar n(cr
a(de2et Jees?) +b(arctan<cw>dc2w+a ctan(eglecta? g 2en(e41) | carctan >)
derivativedivides s . ¢
2, arctan(cz)e a2 cex deln 02’72+1) earctan(cz)
a(dc :v+2c ez2)+b arctan(cz)d c®z+ 2 T2 2 + 2
default ¢ - ¢
. ib(e z2+2dz) In(icz+1 ibe 2 In(—i 1 ibdz In(—i 1 2 bdln(c?z2+1
risch _ib( 4) ( )+1ex nE1 zar-l-)_'_z :l:n(27,cac+)+a62x +G;dl’—#—b2€;cx—

[In] int((exx+d)*(a+b*arctan(c*x)),x,method=_RETURNVERBOSE)

[Out] a*x(1/2%e*xx~2+d*x)+1/2*%b*arctan(c*x)*x~2%e+b*arctan (c*x)*x*d-1/2*b*d*x1n(c” 2%
x"2+1)/c-1/2xb*xe*x/c+1/2/c”2*%arctan (c*x) *b*e



o8

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.93

/(d + ex)(a + barctan(cz)) dz
_ac’ex® — bedlog (®z? 4 1) + (2ac’d — bee)x + (bc’ex® + 2bc?dx + be) arctan (cx)
N 2c2

[In] integrate((e*x+d)*(atb*arctan(c*x)),x, algorithm="fricas")
[Out] 1/2*%(a*c™2*exx"2 - bxcxd*log(c™2*x"2 + 1) + (2%a*c™2xd - b*cke)*x + (b*c™2x%
e*xx~2 + 2%bkc"2xd*x + bxe)*arctan(c*x))/c”2

Sympy [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.14

/(d + ex)(a + barctan(cz)) dz

n bdlog (22 + % n
adz + %2° 4 bdz atan (cz) + bea® 2 () 278 (20 2) _ bez 4 —beat;cz(cz) forc#0

a(dz + %)

otherwise

[In] integrate((e*x+d)*(at+b*atan(c*x)),x)
[Out] Piecewise((axd*x + a*exx**2/2 + bxd*x*atan(c*x) + bkexx**2xatan(c*x)/2 - bx*
dxlog(x**2 + c**(-2))/(2%c) - bkxexx/(2*c) + bxexatan(c*x)/(2xc**2), Ne(c, 0

), (ax(d*x + exx*%2/2), True))

Maxima [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.93

t
/(d + ex)(a + barctan(cz)) dx = 1 aex® + % (z2 arctan (cz) — c(% _ aantey) ir; (cz) ) ) be

2
©ade 4+ (2 cx arctan (cx) — log (c2x? + 1))bd
2c

[In] integrate((e*x+d)*(at+b*arctan(c*x)),x, algorithm="maxima")
[Out] 1/2*%axexx”2 + 1/2x(x"2*arctan(c*x) - c*(x/c”2 - arctan(c*x)/c~3))*b*xe + a*d
*x + 1/2%(2*c*kx*arctan(c*x) - log(c™2*x~2 + 1))*bxd/c
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Giac [F]
/(d + ex)(a + barctan(cz)) dz = / (ex + d)(barctan (cz) + a) dz

[In] integrate((exx+d)*(atb*arctan(c*x)),x, algorithm="giac")

[Out] sageO*x

Mupad [B] (verification not implemented)

Time = 0.44 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.88

2 bex

/(d + ex)(a + barctan(cz))dr = adz + +bdzatan(cz) — 5o

beatan(cz) bez’atan(cz) bdln(c’z®+1)
2¢? 2 2c

aex

[In] int((a + b*atan(c*x))*(d + e*x),x)
[Out] axd*x + (axe*x~2)/2 + bxd*x*atan(c*x) - (bxexx)/(2xc) + (bxexatan(c*x))/(2x%
c™2) + (b*e*x~2*atan(c*x))/2 - (b*d*log(c™2*x"2 + 1))/(2xc)
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35 f a+barctan(cx) dx

d+ex
Optimal result . . . . . . . . .. . 601
Rubi [A] (verified) . . . . . . ... . 60
Mathematica [A] (verified) . . . . . . . . ... L 62
Maple [A] (verified) . . . . . . . .. 62
Fricas [F] . . . . . o o 63
Sympy [F] . . o 63
Maxima [F] . . . . . . 63}
Giac [F] . . . . o o 63
Mupad [F(-1)] . . . oo 64

Optimal result

Integrand size = 16, antiderivative size = 138

/ a + barctan(cz) dp — (a + barctan(cz)) log (=)
d+ex N e
c(d+ex
(a + barctan(cz)) log <m>
e
. . 2¢(d+ex)
N ibPolyLog (2,1 — =) B ib PolyLog <2’ 1— (cd—i—ie)(l—icm))
2e 2e

[Out] -(at+b*arctan(c*x))*1n(2/(1-I*c*x))/e+(at+b*arctan(c*x))*1n(2*c*(e*xx+d)/(cxd+
Ixe)/(1-Ixc*x))/e+1/2xIxbxpolylog(2,1-2/(1-I*c*x))/e-1/2*I*xb*polylog(2,1-2%
c* (e*x+d) / (cxd+I*xe)/(1-I*xc*x)) /e

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.00,
number of steps used = 4, number of rules used = 4, number of rules _ 0.250, Rules used

integrand size
= {4966, 2449, 2352, 2497}

c(d+ex
(a + barctan(cz)) log <#’chlw))

/ a + barctan(cx) dp —
d+ex e
log (2=) (a + barctan(cz))
B e
ib PolyLog (2, 1- —(cd?fiid;fficw)> ibPolyLog (2,1 — +-2-)
—~ +
2e 2e

[In] Int[(a + bx*ArcTan[c*x])/(d + e*x),x]
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[Out] -(((a + b*ArcTan[c*x])*Log[2/(1 - I*c*x)])/e) + ((a + b*ArcTan[c*x])*Log[(2

xcx(d + exx))/((cxd + I*xe)*(1 - I*c*x))])/e + ((I/2)*b*PolyLogl[2, 1 - 2/(1
- Ixcxx)])/e - ((I/2)*b*PolyLogl[2, 1 - (2*c*x(d + exx))/((cxd + Ixe)*(1 - Ix
cxx))])/e

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQl{c, 4, e}, x] && EqQle + cx*d, 0]

Rule 2449

Int[Logl(c_.)/((d)) + (e_.)*x(x_))1/((f_ ) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + exx)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQlc, 2%d] &k EqQle~2%f + d~2%g, 0]

Rule 2497

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x1)1}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 4966

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> Si
mp[(-(a + bxArcTan([c*x]))*(Log[2/(1 - I*xc*x)]/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 - Ixcxx)]/(1 + c™2*x"2), x], x] - Dist[b*(c/e), Int[Logl[2*cx((d + e
*xx)/((cxd + Ixe)*(1 - Ixc*x)))]1/(1 + c™2*x~2), x], x] + Simp[(a + b*ArcTan[
cxx])*(Log[2%c*((d + e*x)/((c*d + Ixe)*(1 - Ixc*x)))1/e), x]1) /; FreeQl{a,

b, c, d, e}, x] && NeQ[c™2xd"2 + e~2, 0]

Rubi steps
2¢(d+ex)

integral — — (a + barctan(cz))log (=) N (a + barctan(cz)) log (W)

e e

log =7z log( Cor ez
NIk e
e e

_ (a + barctan(cz)) log (ﬁ) N (a + barctan(cz)) log (%)

e e

ib PolyLog (2, 1-— %) . (ib)Subst( % dz, x, 1_1Z.cw>

2e e
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(a + barctan(cz)) log (1 2@) (a + barctan(cz)) log <(cd3-ci(ed)J(rle_2¢z)>

=_ —iez/ 4
e e
. c(d+ex
ibPolyLog (2,1 — =) ib PolyLog (2’ 1- (cdii(e)J(r1—zcw))
+ 2e B 2e

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.00

/ a + barctan(cz) i
d+ex
2a log(d + ex) + iblog(1 — icx) log (c(c‘f;rf:)) iblog(1 + icz) log (cgfiij:)) + b PolyLog (2, egt;f?) — b

2e

[In] Integrate[(a + b*ArcTan[c*x])/(d + e*x),x]

[Out] (2%axLogl[d + e*x] + I*b*Logl[l - Ixc*x]*Log[(cx(d + e*xx))/(cxd - Ixe)] - Ix*b
*xLog[1 + Ixcxx]*Logl[(cx(d + e*x))/(cxd + I*e)] + I*b*PolyLogl[2, (ex(1 - Ixc
*x))/(Ixc*d + e)] - I*b*PolyLogl[2, -((ex(-I + c*x))/(cxd + Ixe))])/(2%e)

Maple [A] (verified)

Time = 3.10 (sec) , antiderivative size = 156, normalized size of antiderivative = 1.13

method result
b < cln(cex+cd) arctan(cz) —e <_ iln(cex+cd) (ln( _chg‘z!’eie ) —ln( ieczdilzz )) _ i(dilog(;s;:’_z‘eie Z_dilog( i‘zﬁtﬁi }
aln(ex+d) © © i
parts e + -
ac 1n(cea:+cd) +be ( ln(cew+cd) arctan(cz) iIln(cex+cd) ( ln( gsijeze ) 41 n( Cimdilzz )) " i (dilog( 76051111:6 ) —dilog( iecal:liz;( )) )
2e 2e
derivativedivides -
acln(cez+cd) +be In(cex+-cd) arctan(cz) iln(cez+cd) (_ ln( —ccsi-i%—eie ) ‘HH( Eecfiizfe )) + % (dilOE( —Ccs_:ﬁ;—eie ) —dilog( iecmd-f:; ))
e e 2e 2e
default -
. . —idcte(—icz+1)—e . . —idcte(—icz+1l)—e . . idc+e (i
risch ib dilog (—ietelzien e ) n ibln(—ica+1) In( Hetelientl=c ) . aln(ide—e(—iczt1)+e) ibdilog (et
2e 2e e 2e

[In] int((atb*arctan(c*x))/(e*x+d),x,method=_RETURNVERBOSE)

[Out] a*1ln(e*x+d)/e+b/c*(c*1ln(ckexx+c*d)/e*xarctan(c*x)-c*(-1/2xI*1n(c*xe*x+c*xd)* (1
n((Ixe-c*e*x)/(cxd+I*e))-1n((I*e+ckxexx)/(I*e-c*xd)))/e-1/2*%I*(dilog((I*e-c*e
*x)/ (c*d+I*e))-dilog((I*e+ckexx)/(I*e-c*xd)))/e))



Fricas [F]

/ a + barctan(cz) dr — / barctan (cz) + a

d+ex er+d dz

[In] integrate((a+b*arctan(c*x))/(e*x+d),x, algorithm="fricas")

[Out] integral((b*arctan(c*x) + a)/(e*x + d), x)

Sympy [F]

/ a + barctan(cx) dp — / a + batan (cr) i
d+ex d+ex

[In] integrate((at+b*atan(c*x))/(exx+d),x)
[Out] Integral((a + b*atan(c*x))/(d + e*x), x)

Maxima [F]

dz

/ a + barctan(cz) / barctan (cz) + a
dxr =
d+ezx ex+d

[In] integrate((a+b*arctan(c*x))/(e*x+d),x, algorithm="maxima")

[Out] 2*b*integrate(l/2*arctan(c#*x)/(exx + d), x) + axlog(e*x + d)/e

Giac [F]

/ a + barctan(cz) dr — / barctan (cx) + a

d+ex er+d dz

[In] integrate((a+b*arctan(c*x))/(exx+d),x, algorithm="giac")
[Out] sageO*x

63



Mupad [F(-1)]

Timed out.

/a + barctan(cx) d — /
d+ex

[In] int((a + b*atan(c*x))/(d + e*x),x)
[Out] int((a + b*atan(c*x))/(d + e*x), x)

a + batan(cx)

d+ex

dzx

64
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3.6 f a+barctan(cx) dx

(d+ex)?
Optimal result . . . . . . . . . . . . e 651
Rubi [A] (verified) . . . . . . . . 65
Mathematica [A] (verified) . . . . . . . . . ... 67
Maple [A] (verified) . . . . . . . . o 67
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 63
Sympy [C] (verification not implemented) . . . ... ... ... ... .. ...... 68
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 69
Giac [F] . . . o o 69
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 70}

Optimal result

Integrand size = 16, antiderivative size = 98

a+barctan(cz) ,  bc’darctan(cz) a+ barctan(cz)
/ (d + ex)? T e (2 +e2)  e(d+ex)
bclog(d +ex) belog (1 + c?z?)
e2+e2  2(3d? +e?)

[Out] b*c~2*d*arctan(c*xx)/e/(c”2*d"2+e"2)+(-a-b*arctan(c*x))/e/ (e*xx+d)+b*c*x1ln(e*xx
+d) /(c”2*%d"2+e"2)-1/2*%b*c*x1n(c"2*x"2+1) / (c~2*%d"2+e~2)

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6, Bumber of rules _ 0.375, Rules used = {4972,

’ integrand size
720, 31, 649, 209, 266}

a+barctan(cz) , a4+ barctan(cr) & bc’darctan(cz)
/ (d + ex)? T e(d + ex) e (c2d? + €2)
bclog (c?z% +1)  bclog(d + ex)
2(Cd? + €?) 2d? + e?

[In] Int[(a + bxArcTan[c*x])/(d + e*xx)"2,x]

[Out] (bxc~2xd*xArcTan[c*x])/(ex(c™2*d"2 + e72)) - (a + bxArcTan[c*x])/(ex(d + ex*xx
)) + (bxcxLogld + exx])/(c”2%d"2 + e72) - (b*cxLogl[l + c™2xx~2])/(2*(c~2*d"
2 +e72))

Rule 31
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Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, xI

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]1*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0]1)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[la + bxx"n, x]11/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 649

Int[((d)) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*x~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && 'NiceSqrtQ[(-a)x*c]

Rule 720

Int[1/C((d)) + (e_.)*(x_))*((a_) + (c_.)*(x_)"2)), x_Symbol] :> Dist[e~2/(c
*d"2 + a*e”2), Int[1/(d + e*x), x], x] + Dist[1/(c*xd"2 + axe”2), Int[(cxd -
cxexx)/(a + c*x72), x], x] /; FreeQ[{a, c, 4, e}, x] && NeQ[c*xd"2 + a*e”2,
0]

Rule 4972

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]

:> Simp[(d + exx)~(q + 1)*((a + bxArcTan[c*x])/(ex(q + 1))), x] - Dist[bx(
c/(ex(q + 1))), Int[(d + exx)"(q + 1)/(1 + c~2*x~2), x], x] /; FreeQ[{a, b,
c, d, e, q}, x] && NeQ[q, -1]

Rubi steps
be) [ iy dT
integral = _a+ barctan(cz) n (bc) (dtex)(1+c22?)

e(d+ ex) e

__a+barctan(cz) (be) [ Ci‘i_cgigx dr  (bee) [ e d
e(d + ex) e(cd? + e?) c2d? + e?

__a+barctan(cz)  belog(d+ex) (bc®) [ Trera? 4% (bc*d) [ 1+c+x2 dzx
e(d + ex) c2d? + e? c2d? + e? e (cd? + €?)

_ bcdarctan(cz) a+barctan(cz)  belog(d +ex) belog (1 + c*a?)
 e(c2d? +e?) e(d+ ex) c2d? + e? 2 (c%d? + €2?)
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Mathematica [A] (verified)

Time = 0.23 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.13

/ a + barctan(cz)
(d+ ex)?
atbarctan(cz) bc((@d—e) log(l— —czw) — (\/—7c2d+(a) 10g(1+ —cQw) +2e log(d+ew))
B d+ex + 2(c2d?+e?)

e

[In] Integrate[(a + bk*ArcTan[c*x])/(d + e*x)~2,x]

[Out] (-((a + b*ArcTan[c*x])/(d + e*x)) + (bxcx((Sqrt[-c~2]*d - e)*Logl[l - Sqrt[-
c"2]*x] - (Sqrt[-c"2]*d + e)*Logl[l + Sqrt[-c~2]*x] + 2xexLogld + exx]))/(2x%
(c™2*%d™2 + e72))) /e

Maple [A] (verified)

Time = 1.58 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.12

method result
eln (c212+1)
2| e In(cex+cd) I E— +dcarctan(cz)
) 2aZ 12 a1 2
c“ arctan(cz)
o (cexz+cd)e + e
parts -+
(ex+d)e c
eln (c2xz+1)
eln(cex+cd) id— E— +dcarctan(cz)
_ ﬁ-}—b 2| - arctan(cz) c2d2+e2 c2d2 12
(cex+cd)e (cez+cd)e e
derivativedivides -
eln (c23:2+1)
9 eln(cex+cd) |, —— 5 +dcarctan(cz)
ac tan(cx) 2421 ¢2 24212
~ (cezFcd)e +b |- z(lzzma-:c;;:e +—= < e < <
default -
llelrisch —2bdz arctan(cz)cte+1n(c2z2+1)xb c3e2—21In(ex+d)xb c3e?+1n(c222+1)b c3de—2 In(ex+d)b c>de+2a c*d2+2be? ¢
parallelrsc B 2(ez+d)c2e(c2d?+e?)
. ibIn(icz+1) —ibc2d? In(—icz+1)—ibe? In(—icx+1)+2In(—ex—d)bc e2z+2 In(—ex—d)bede—2a c2d? —2a €2 —In (-
risch 2e(ex+d) +

[In] int((atb*arctan(c*x))/(e*x+d)~2,x,method=_RETURNVERBOSE)

[Out] -a/(e*x+d)/e+b/cx(-c~2/(c*xexx+c*d) /exarctan(c*x)+c~2/e*x(e/(c~2*d~2+e~2)*1n(
ckxexx+ckxd)+1/(c™2xd"2+e~2) * (-1/2*e*x1n(c”2*x"2+1) +d*c*arctan(c*x))))
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Fricas [A] (verification not implemented)

none

Time = 0.27 (sec) , antiderivative size = 116, normalized size of antiderivative = 1.18

dz =

a + barctan(cz)
/ (d+ ex)?
2ac’d? + 2 ae? — 2 (bc’dex — be?) arctan (cx) + (bee’z + bede) log (c?z? + 1) — 2 (bee*z + bede) log (ex -
- 2 (c2d®e + de? + (c2d?e? + e)x)

[In] integrate((a+b*arctan(c*x))/(exx+d)~2,x, algorithm="fricas")

[Out] -1/2%(2%axc™2*%d~2 + 2%axe”2 - 2x(bkc~2*d*exx - bk*e~2)*arctan(c*x) + (b*cke”
2%x + b*ckd*e)*log(c™2*x"2 + 1) - 2x(bkcxe”2%x + bkxcxdxe)*log(e*xx + d))/(c~
2%d"3%e + d*e”3 + (c™2*%d"2%e"2 + e74)*x)

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 1.50 (sec) , antiderivative size = 658, normalized size of antiderivative = 6.71

T

/ a + barctan(cz)
(d+ ex)?

az
d2

2,1
bl 5
og(z +c2)

az+bz atan (cz)— 5

d2

——a
dete?x
= 2ad ibd atanh (<F) ibd ibex atanh (%)
T 2d2e+2de?x 2d2e+2de?x + 2d2e+2de?z ~ 2d2e+2delx
2ad ibd atanh (<2 ) ibd ibex atanh (£%)
T 2d%e+2de?z | 2d%e+2de2z | 2d2e+2delw 2d2e+2de?x

2,1
_ 2ac2d2 _ 2ae2 + 2bc?dex atan (cx) . bede log (z + ?) i
L 2c2d3e+2c2d?e?x+2de3+2etx 2c2d3e+2c2d?e?x+2de3+2etx 2c2d3e+2c2d?e?x+2de3+-2e4x 2c2d3e+2c2d?e?x+2de3+-2e4x

[In] integrate((a+b*atan(c*x))/(exx+d)**2,x)

[Out] Piecewise((a*x/d*x2, Eq(c, 0) & Eq(e, 0)), ((a*x + bxxxatan(c*x) - b*log(x*
*2 + cx*(-2))/(2%c))/d**2, Eq(e, 0)), (-a/(d*e + e*x2xx), Eq(c, 0)), (-2*ax*

d/ (2*d**2*xe + 2xd*e*x*2*xx) + I*bxd*atanh(exx/d)/(2*d**2xe + 2*dkex*2xx) + Ix
bxd/ (2*xd**2*e + 2*d*e*x*2%x) - I*bxexx*atanh(e*x/d)/(2*xd**2xe + 2xdxex*2*x),

Eq(c, -Ixe/d)), (-2*a*xd/(2xd**2*e + 2xd*e*x2%x) - I*b*d*atanh(e*x/d)/(2*d*

*2xe + 2*d*exx2xx) - Ixbxd/(2*d**2%e + 2kd*e**2xx) + Ixb*exx*atanh(e*x/d)/(
2xdx*2xe + 2xd*e*x*2*x), Eq(c, I*e/d)), (-2xa*xc*x2*d*x2/(2xc**2xd**3xe + 2%c
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*xkkdkkkekkkx + 2kdkex*k3 + kekkdkx) — 2kakex*k2/(2kck*x2kd**x3ke + 2kck*k2kd
*xkkekkkx + 2kdkex*3 + kekxdkxx) + 2kbkck*k22kdkexx*atan(ckx)/ (2*ck*2kd**3*e
+ 2xCHk*2xkd**Dkex*k2kX + 2kdkex*3 + 2xex*x4xx) - bxckdkexlog(x**2 + c*x(-2))/
(2kc*k*2xd**3ke + 2kCk*k2kd**2ke**2*x + 2kd*e**3 + 2ke*x*4d*x) + 2¥bkckdxexlog(
d/e + x)/(2xckx*x2kd*x*3ke + 2kCk*kd*kQke*x*x2xx + 2kd*e**x3 + 2kex*k4d*xx) — bkcke
*x*k2kxkLog (x*¥*2 + c*k*(-2))/(2kck*2kd**3ke + 2xCk*2xd**2kex*2xx + 2kd*kex*3 +
2xex*4*xx) + 2xbxckxe*x2xx*log(d/e + x)/(2kcx*2kdx*3ke + 2kCk*x2kd**2kxe**2xx +
2xdke*x*x3 + 2kex*kdkxx) — 22¥bkxex*2katan(c*x)/(2kck*x2kxd**x3ke + 2kck*kkdk*kDkek*
2%x + 2kd*e*x*3 + 2xexx4dxx), True))

Maxima [A] (verification not implemented)

none

Time = 0.28 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.09

/ a + barctan(cz) i
(d+ ex)?
_ 1 ((2cdarctan (cz) log(c*a®+1) 2 log(ex +d) . 2 arctan (cx) ;
2 Ad%e + €3 c2d? + e? Ad? + e? e2z + de
a
"~ x+de

[In] integrate((a+b*arctan(c*x))/(e*x+d)~2,x, algorithm="maxima")

[Out] 1/2*%((2xc*d*arctan(c*x)/(c"2*d"2*e + e73) - log(c™2*x"2 + 1)/(c”2*%d"2 + e~2
) + 2xlog(e*x + d)/(c™2%d"2 + e72))*c - 2*xarctan(c*x)/(e"2xx + d*e))*b - a/
(e72%x + d*e)

Giac [F]

dz

/ a + barctan(cz) - / barctan (cx) + a
(d + ex)? (ex + d)?

[In] integrate((a+b*arctan(c*x))/(e*x+d)~2,x, algorithm="giac")
[Out] sageO*x
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Mupad [B] (verification not implemented)

Time = 3.76 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.14

/ a + barctan(cz)
(d+ ex)?

a (bc In(d+ez)— w +ac’z+ bc2xatan(cac)) —de (batan(cac) —becrIn(d+ex)+ bez Inf
- d(d®+e?) (d+ex)

[In] int((a + b*atan(c*x))/(d + e*x)~2,x)

[Out] (d~2*(bxc*log(d + e*x) - (bxcxlog(c™2*x~2 + 1))/2 + a*c™2*x + b*c~2*x*atan(
c*x)) - dxe*(b*atan(c*x) - b*ckxxlog(d + exx) + (b*ckxxlog(c™2*x"2 + 1))/2)
+ axe”2%x)/(d*x(e”2 + c”2*%d"2)*(d + e*x))
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3.7 f a+barctan(cx) dx

(d+ex)3
Optimal result . . . . . . . . . . . e 71l
Rubi [A] (verified) . . . . . . . . (71l
Mathematica [A] (verified) . . . . . . . . . .. .. (73l
Maple [A] (verified) . . . . . . . . o re!
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ... ..., 74
Sympy [C] (verification not implemented) . . . ... ... ... ... .. ...... 75
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 76
Giac [F] . . . o o e
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ....... rdrd

Optimal result

Integrand size = 16, antiderivative size = 146

/ a + barctan(cz) be bc*(cd — e)(cd + €) arctan(cz)
dr = — + >
(d+ ex)? 2(c2d? + €2) (d + ex) 2e (c2d? + €2)
_ a+barctan(cz)  bc’dlog(d+ex) beldlog (1 + c*x?)
2e(d + ex)? (d? + e2)° 2 (c2d? + e2)?

[Out] -1/2%bxc/(c”2%d"2+e"2)/(e*x+d)+1/2*%bxc~ 2% (c*d-e) * (c*d+e)*arctan(c*x)/e/(c”2
*d"2+e"2) "2+1/2%(—a-b*arctan(c*xx))/e/ (exx+d) ~2+b*c~3*d*1n(e*xx+d) /(c~2xd"2+e
~2)"2-1/2%b*c~3*%d*1n(c”~2*%x~2+1) / (c~2*%d"2+e~2) "2

Rubi [A] (verified)

Time = 0.09 (sec) , antiderivative size = 146, normalized size of antiderivative = 1.00,
number of steps used = 7, number of rules used = 6, Lumber of rules _ ( 375 Ry jes ysed

' integrand size
= {4972, 724, 815, 649, 209, 266}

a + barctan(cz) a + barctan(cx)  bc? arctan(cz)(cd — €)(cd + €)
/ (d+ ex)3 reT 2e(d + ex)? 2e (c2d? + e2)’
be bcddlog (2x? +1) = bcidlog(d + ex)
2 (c2d? + €2) (d + ex) 9 (c2d? + 62)2 (c2d? + 62)2

[In] Int[(a + bxArcTan[c*x])/(d + e*x)~3,x]

[Out] -1/2*%(b*c)/((c™2*d"2 + e72)*(d + exx)) + (b*c™2x(c*d - e)*(cxd + e)*ArcTan[
cxx])/(2%e*x(c™2*xd"2 + e72)72) - (a + bxArcTan[c*x])/(2*e*x(d + exx)"2) + (bx*
c~3*d*Logld + e*x])/(c"2*d"2 + e€72)72 - (b*c~3*d*Logl[l + c~2*x~2])/(2*(c™2%

d"2 + e72)72)
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Rule 209

Int[((a) + (b_.)*(x.)"2)~(-1), x_Symbol]l :> Simp[(1/(Rt[a, 21*Rt[b, 21))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQlb, 0])

Rule 266

Int[(x_)~"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 649

Int[((d) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] & 'NiceSqrtQ[(-a)*c]

Rule 724

Int[((d)) + (e_)*(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Simp[ex((d
+ exx)"(m + 1)/((m + 1)*(c*d"2 + a*e”2))), x] + Dist[c/(c*d"2 + a*xe”2), In
t[(d + exx)"(m + 1)*((d - e*xx)/(a + c*x~2)), x], x] /; FreeQ[{a, c, d, e, m
}, x] && NeQ[cxd™2 + a*xe”2, 0] && LtQ[m, -1]

Rule 815

Int[(((d_.) + (e_)*(x_))"(m_)*((£f_.) + (g_.)*(x_)))/((a)) + (c_.)*x(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[(d + exx) m*((f + gxx)/(a + c*x~2)), x],
x] /; FreeQ[{a, c, d, e, £, g}, x] && NeQ[cxd~2 + a*e”2, 0] && IntegerQ[m]

Rule 4972

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]

:> Simp[(d + exx)~(q + 1)*((a + b*ArcTan[c*x])/(ex(q + 1))), x] - Dist[bx(
c/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 + c~2*x~2), x], x] /; FreeQ[{a, b,
c, d, e, q}, x] && NeQ[q, -1]

Rubi steps

a + barctan(cz) (be) f (d+ex)2%1+02x2) dz

integral =

2e(d + ex)? 2e
_ bc _a+barctan(cz) (bc®) J M—fﬂzxa dx
2(d? + €?) (d + ex) 2e(d + ex)? 2e (c2d? + €?)
2de? c2d?—e?—2c%dex
be a + barctan(cz) (bc) [ ((c2d2+e2)(d+ew) + (02d2+62)(1+02x2)> dx

~2(2d? + €2) (d + ex) 2e(d + ex)? 2e (c2d? + e?)
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_ be _a+barctan(cz) | bcPdlog(d + ex) (o) [ gdz]i—?ﬁfdex dzx
2(c2d? + €2) (d + ex) 2e(d + ex)? (c2d? + e2) 2 (c2d? + €2)°
L be _a+barctan(cz)  bc’dlog(d + ex)
— 2(c®d? +€?) (d + ex) 2e(d + ex)? (2d? + €2)?
B (bPd) [ = dz (b (cd —e)(cd +e)) [ gz da
(c2d? + e2)? 2 (c2d? + €2)°
_ bc bc?(cd — e)(cd + e) arctan(cx)
— 2(c?d? +€2) (d + ex) 2¢ (c2d? + €2)”
_a+barctan(cz)  bc’dlog(d+ex) bcldlog (1 + c’x?)
2e(d + ex)? (d? + e2)® 2 (c2d? + e2)*

Mathematica [A] (verified)

Time = 0.36 (sec) , antiderivative size = 192, normalized size of antiderivative = 1.32

/ a + barctan(cz)
(d+ex)d
2(a n b a,rcta,n(cx)) n be(d+ex) <26(C2d2+62) — <c2d(md—2e> —m62> (d+ex) log(1—Vizl;fe2;c2ez—02d<md+26)

de(d + ex)?

[In] Integrate[(a + b*ArcTan[c*x])/(d + e*x)~3,x]

[Out] -1/4%(2%(a + b*ArcTan[c*x]) + (bxcx(d + e*x)*(2*e*(c™2*xd"2 + e72) - (c™2*dx
(Sqrt[-c~2]*d - 2xe) - Sqrt[-c"2]*e”2)*(d + e*x)*Logl[l - Sqrt[-c~2]*x] - (S
qrt[-c”2]*e”2 - c”2*d*(Sqrt[-c”2]*d + 2xe))*(d + exx)*Log[l + Sqrt[-c~2]*x]

- 4xc”2xd*ex(d + exx)*Logld + e*x]))/(c”2%d"2 + e72)72)/(e*x(d + e*x)"2)



Maple [A] (verified)

Time = 1.62 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.05

74

method result
B3 e 2ecdIn(cexted) —cde ln(c2w2+1)+(c2d2;e2) arctan(cz) |
bl — 3 arctan(cz) + (62d2+e2) (cez+cd) (C2d2+62) (02 d2+62)
2(cez+cd)2e
parts - -+ /
2(ex+d)“e c
e 2ecd In(cez+cd) + —cdeln (c2z2+1) + (52 d? _52) arctan(cz)
_ ac3 +b 03 _ arctan(cz) (02d2+e2)(cew+cd) (02d2+52)2 (02d2+e2)2
2(cex+cd)?e 2(cex+cd)2e 2e
derivativedivides -
e 2ecd In(cex+cd) | ~cdeln (6222 +1) + (02 a? _32) arctan(cz)
_ ac +b¢3 | — _arctan(ca) (C2d2+e2)(cez+6d) (C2d2+e2)2 (02d2+e2)2
W 2(cez+cd)2e 2e
default -
. bed e2+e3a—w2a ctd?e—2b d® arctan(cz)z ct—x2b c®d e2 —wb c3d2e+3 arctan(cx)b c?d?e—2xa ctd®+In (c2z2+1) b c3d®-
parallelrisch —
risch Expression too large to display

[In] int((atb*arctan(c*x))/(e*x+d)~3,x,method=_RETURNVERBOSE)

[Out] -1/2*a/(exx+d) ~2/e+b/cx(-1/2*xc~3/(cxexx+cxd) ~2/exarctan(c*x)+1/2*%c”~3/ex(-e/
(c™2xd"2+e72) / (ckexx+ckxd) +2xexcxd/ (c™2*%d"2+e"2) "2*x1n(ckexx+cxd) +1/(c™2*%d™2+
e”2) "2k (—cxd*ex1n(c™2*xx~2+1)+(c"2*%d"2-e"2) *arctan(c*x))))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 313 vs. 2(138) = 276.

Time = 0.35 (sec) , antiderivative size = 313, normalized size of antiderivative = 2.14

/ a + barctan(cz)
(d+ex)3

dz =

_ac'd +bPd’e + 2ac’d?e® + bede® + ae* + (be’d®e® + beet)w + (3bc*d?e? + be* — (bed®e® — bcPet)a? -

2 (c*dbe + 2 c2d*e3 + d?ed +

[In] integrate((atb*arctan(c*x))/(e*x+d)~3,x, algorithm="fricas")

[Out] -1/2*%(a*c™4*d"4 + b*c~3*d"3*e + 2*axc~2*d"2*e”2 + bkck*d*e”3 + a*e™4 + (bxc™
3*xd"2%e”"2 + bkc*e~4)*x + (3*xbkc”2*xd"2*e”2 + b*e~4 - (b*c"4*d"2%e”~2 - b*c 2%
e"4)*x"2 - 2x(b*c~4*d"3*e - b*c~2*d*e”3)*x)*arctan(cxx) + (b*c 3*kd*e"3*x"2
+ 2xb*c”3%d"2xe"2*x + bxc~3*%d"3*e)*log(c”2%x"2 + 1) - 2x(b*c~3xd*e”3*x"2 +
2xbxc~3*%d"2*%e"2xx + b*c~3*d"3%e)*xlog(e*x + d))/(c”4*d"6*e + 2%c~2*d"4*xe”3 +
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d~2%e”5 + (c"4*xd"4*e”3 + 2*%c~2*%d"2%e”5 + e~ 7)*x"2 + 2% (c"4*d"5*xe”2 + 2%c”2
*d"3%xe"4 + d*e”6)*x)

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 3.27 (sec) , antiderivative size = 2866, normalized size of antiderivative = 19.63

dz = Too large to display

/ a + barctan(cz)
(d+ex)3

[In] integrate((a+b*atan(c*x))/(e*x+d)**3,x)

[Out] Piecewise((a*x/d*x3, Eq(c, 0) & Eq(e, 0)), ((a*x + bxxxatan(c*x) - b*log(x*
*2 + c*x(-2))/(2%c))/d**3, Eq(e, 0)), (-a/(2xd**2xe + 4*xdxex*2*xx + 2¥e**x3*x
*x%2) , Eq(c, 0)), (-4xa*xd**2/(8xd*x4*e + 16%d**3kex*2*x + 8Bkd**2ke*x3*x**2)
+ 3xIxbkxd**2*atanh(e*x/d)/ (8*xd**4xe + 16xd**3*xex*2%xx + 8*xd*x*ke*x*x3kx**x2) +
2xIxbxd**2/ (8*d*x*4%xe + 16%kd**3ke**x2*x + 8Skxd**xkex*Jkx**2) — 2kxIxbkd*ekxx*ata
nh(exx/d) / (8*d*x*4xe + 16kd**3ke*x*x2kxx + 8*xd*x*ke**3xx**x2) + I*bkdxexx/(8xd**
4xe + 16xd*x3*kex*2xx + 8kxd*k*2kex*k3xx**x2) — Ixbkex*2xx*x2*atanh(exx/d)/(8*dx*
x4*xe + 16%d*k*3kex*x2xx + 8*kd**2xe*x3*x**2), Eq(c, -I*xe/d)), (—4*axd**2/(8*dx*
x4xe + 16%d*x3*ke*x2%x + 8kdx*kex*Jkxx*2) — 3kIxbxd**2xatanh(exx/d)/(8*d**4
ke + 16%dx*3ke**2%x + Skd**2kexkx3kx**2) — 2%kIxbkd**2/(8kd**x4d*xe + 16*d**x3kex*
*2xx + Skd**2ke*xk3kx*x*2) + 2*%I[*bkdxexx*atanh(e*x/d)/(8*d*x*4xe + 16%d**3*e*xx*
2%x + 8kd**2ke**x3*kx*x*2) — Ixbkd*exx/(8kd*x*x4dke + 16*kd*x*3ke**x2*x + Skd*k*kQkek*
3kx*x*x2) + Ixbkexx2kxxkkx2xatanh(e*xx/d)/(8*dx*xd*xe + 16*d**k3ke*x*2xx + Skdx*2kxex*
*x3*x*x*2) , Eq(c, Ixe/d)), (—akxckx*dxd*x4/(2*kcx*4xd*x6%e + 4dkcxkdxd**x5kex*k2xx
+ 2%ckkdkdxkdkekk3kxk*k2 + dkckk2kxdkkdkex*k3 + Skckk2kd*kk3kexk4dxx + 4kckk2kdx*
*2kexk5kxkk2 + kdk*k2kexk5 + 4dxdkexkBxx + 2kek*kTkx**2) — 2kakckk2kd*kk2kex*2
/ (2xck*kdkd**x6ke + 4kckkdkd*kEkex*k2kx + 2kckkbkdkkdkekk3Ikx**2 + 4kckkkd*k4*
e**x3 + 8Skck*kdxk3kekkdkx + dkckkkdr*k2kekkExxkk2 + kdxk2kex*k5 + dkdke**k6*
X + 2%exxTkxx**2) — akexx4d/(2kcx*dxd*xx6ke + 4dxckkdkdx*x5kex*x2kxx + 2kck*kdxd*x*x4
kexk3kx*k*x2 + 4kxck*2kdxkdke* k3 + kck*k2kd*k3kekkdkx + Lkckk2kdkk2kexk5xx*k*2
+ 2kd**2ke*xx5 + 4kdkexkGkx + 2kekkTkx**2) + 2¥bkckkdkdx*3kexx*atan(ckx)/ (2%
ckkdxd*x*k6ke + 4kcxkdkdkkBkekk2xx + 2kckkdkdxkdkekk3kx*k*k2 + 4kckk2kdkkdke*x*3
+ 8kckk2kd**k3kekk4kx + 4kckk2kdkkkekk5kxk*k2 + 2kd*k*kkex*5 + 4kxdkexk6*xx +
2xe*xkT*x**2) + bkckxdkdx*x2xe*xkx2kxxk*x2katan (c*xx)/(2*xckx4xd**6xe + 4kckx*kdxd*x*x5
kexk2%xxX + 2kckkdkdxkdkekk3kxk*k2 + dkcxk2xd*kkdke*x*k3 + 8kcxk2xd*k*k3kexk4xx + 4
*CkkDkQ*kDkekk5kx*k*k2 + 2kdk*kkexk5 + AxdkexkBxx + 2ke*x*kTkxk*2) — bkckk3Ikd**
3xexlog(x*x2 + c*x*(-2))/(2kcx*4*xd**6*e + 4dxckx4xd**xExex*2xx + 2kck*4*kd**d*e
*k3kxk*2 + Akckk2kd*kdkexk3 + 8kckkkdkkJkekkd*kx + 4kckk2kd*kkekk5kxk*k2 +
2xd**2kex*5 + 4xdke*x6*xx + 2kex*kTxx**2) + 2kbkcx*k3kdx*3xexlog(d/e + x)/(2%c
*kdkdxk6kxe + 4kxckkdkdxkExek*x2kx + 2kckkdkdkkdkexk3xx*k*x2 + 4xckk2kdx*k4xe**x3
+ 8kck*2kdxk3kekkdkx + 4dkcxk2kd*k*k2Qkexk5xx**x2 + 2kxd**2kex*k5 + 4kdxe* *6kx + 2
kexkTkx*%2) — bkcx*k3xkd**x3ke/ (2kck*kqdxd*x*xGke + 4Akxckkdkd**kSke*xkQ*x + 2kckkdkd*
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*k4xekk3kxk*k2 + dkckk2kxdkkdkex*k3 + Skckk2kdk*k3kexkdxx + 4kckk2kdxk2kekk5kxkk
2 + 2xd**2xe*x*5 + 4dkdkex*¥Bkx + 2%e*kTxx**2) — 2xbkckx3*kd**k2kxe**x2xx*1og (x**2
+ c*kx(=2))/(2%cx*x4xd**xB6ke + 4Akckkqdkdkxk5kex*2xx + 2kck*kqxd*kkdkex*k3kx**2 + 4
*Ckk2kd*kkdkek*3 + Skckk2kd*x*kkekk4kx + 4kckk2kd¥kDkekxk5kxkk2 + 2kd**kkex*5

+ 4xd¥e*x6%x + 2kex*Txx**2) + 4xbkcx*k3kdx*2kex*2xxxlog(d/e + x)/(2*ck*x4d*xd*x
6%e + 4dkcxk4xdk*k5kex*k2xx + 2kckkdkdxkdkekk3kxk*k2 + Lkckk2kxdkkdkex*k3 + 8kckx*
2kdxk3kekkdkxx + Axckkkdk*kexk5kxkk2 + kdk*k2kexx5 + 4dkdkekxkB6kxx + 2kex*kT*xx
*%2) — bkckk3kdxk2ke*k2xx/ (2kck*k4*kd*k*kBke + Axckkdkdk*k5kexk2*x + 2kckkdxd**4
*ekk3kx*k*k2 + 4kckk2kdkkdkex*3 + Skckk2kd*kkIkek*k4kx + 4kckkkdkk2ke*k K5k K%

+ 2xd**2xe*x*5 + 4Akdkex*¥Bkx + 2¥xe*x*Txx**2) — bkck*k3kdxex*3xx**2x1og(x**2 + c
*%(=2) )/ (2xckx4xd**6xe + 4kckkdxdkxbkex*2kx + 2kck*kdxdkkdkexkJkx*x*2 + 4*ck*
2kdxk4kexx3 + Skxck*2kdxk3kekkdkx + Axckkkdk*kexk5kxkk2 + kdx*k2kexx5 + 4x
dxex*6xx + 2%ke**kT*x**2) + 2¥bkck*3*kd*kex*3*kx*x*2*x1log(d/e + x)/(2xc**4xd**6xe

+ Axckkdxd*k5kex*2kx + 2kckkdkdkkdkekxkIkxkk2 + Akckkkdrkdkexx3 + Skck*kdx*
*3kexkd*kx + 4kckk2kxd¥kkek*k5kxkk2 + 2kd*kkexk5 + 4dxdkekkBxx + 2kekkTxx**2)

— 3xbxck*2kd*x*x2kex*2xatan (cxx) / (2kckx*4xd*xx6ke + Adxckxdkdx*5ke*xk2*xx + 2kckk
Axdxkdkexk3kxk*x2 + Adkckk2kdkkdkex*k3 + Skckkkdkk3kekkdxx + 4dkck*2kd**k2kxe*x*5
*xkk2 + kdk*k2kekk5 + dkdkekkBxx + kex*kTkxk*x2) — 2xbkckk2xd*ke*xx3kx*katan (ck
x) / (2% cx*4xdx*6*e + 4kckkdkdkkBkex*x2kx + 2kckkdkdxkdkex*k3kx*k*2 + 4kck*kQkd**
dxex*3 + 8kckk2xd*k3kek*kdkx + 4kCkkkAkk2kekkDkx**2 + 2kdkk2ke**5 + 4kdkexx
6xx + 2%kex*Txx*%*2) — bkckx*2kekxxdkxx*2xatan(ckx)/ (2kcx*x4dxd*x6xe + 4xckkdxdk*
Bkex*k2%xx + 2%ckkdkdxkdkekk3kx*k*k2 + 4dkckxk2kxdkkdkex*k3 + 8kckk2kdk*3kexk4xx +
Axckx*k2kdx*k2kekkEkxxkk2 + kdx*k2ke*xx5 + 4dkdkekxkB6kx + 2kex*kTkx*k*x2) — bxckdkex*
3/ (2xck*xdxd*x*6ke + 4kcxkdkdxkEke*x*kx + 2kckk4kdkkdkexk3kx**2 + 4kckk2kxd**4
*ek*k3 + Skckkkdkk3kekkdkx + dkck*kdkk2kekkEkx*kk2 + kd**k2kxe*x*k5 + 4kdkex*6
*X + 2kexxT*x**2) — bkxckex*xdxx/(2kcx*4xd*k6kxe + 4dxckkdkdx*x5kex*x2*xx + 2kc*x*4
kdxkdkekk3kxk*k2 + Lkckk2kdkkdkex*k3 + 8kckk2kd*k*3Jkexkdxx + 4kck*k2kd**k2kek*k5k
x*k%2 + 2kd*x*k2kex*k5 + 4dxdkekxkBkx + 2kex*kT*kx**2) — bkexkdkatan(c*x)/(2*kckxd*xd
*k6ke + 4dkckk4kdkkbkexk2kx + 2kckkdkdkkdkekk3kx*k*k2 + 4kckk2kdkkdke**3 + 8kc
*kkdkkJkekkd*x + 4kckk2kd*xkkex*k5kxk*2 + kd*x*kexk5 + 4dxdkexkBxx + 2ke**7
*x**2) , True))

Maxima [A] (verification not implemented)

none

Time = 0.29 (sec) , antiderivative size = 214, normalized size of antiderivative = 1.47

a+ barctan(cr) ,
/ (d+ex)3
1 c?dlog (*z% + 1) 2 c2dlog (ex + d) (c*d? — c%e?) arctan (cx) 1
_5((&&+2§ﬁé+ﬁ4_&&+2§ﬁ¥+€f_@%%+2@@@+@%c A2d? + de? + (c2d%e + €
a

~ 2(e3z2 + 2de’z + d2e)

[In] integrate((a+b*arctan(c*x))/(e*x+d)~3,x, algorithm="maxima")
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[Out] -1/2%((c™2*d*x1log(c™2*x"2 + 1)/(c™4*d"4 + 2xc™2%d"2*e”2 + e”4) - 2%c~2xdxlog
(exx + d)/(c™4*xd"4 + 2xc™2xd"2%e"2 + e74) - (c74*d"2 - c™2xe”2)*arctan(c*x)
/((c™4xd"4xe + 2xc"2xd"2xe"3 + e"5)*c) + 1/(c”2%d"3 + dxe”2 + (c"2*%d"2*e +
e~ 3)*x))*c + arctan(c*x)/(e"3*x"2 + 2xdxe”2*x + d"2*xe))*b - 1/2*a/(e”3*x"2

+ 2xdxe~2xx + d~2%e)

Giac [F]

/ a + barctan(cz) dp — / barctan (ca:)3+ a,
(d+ ex)? (ex +d)

[In] integrate((a+b*arctan(c*x))/(e*x+d)~3,x, algorithm="giac")

[Out] sageO*x

Mupad [B] (verification not implemented)

Time = 4.81 (sec) , antiderivative size = 591, normalized size of antiderivative = 4.05

a + barctan(cz)
3 dx
(d+ex)
T <ac2d2+bc2de+ae2> _ ba,tan(ca:) + w2 <a622d2e+bcgez+%) + Z4 (ac42d2e+b032de2+a6263> + :E3 (ac4d2+b032de+ac2e2)
. d(c? d?+e2?) 2e d? (c? d?2+e2?) d? (c? d?+e?) d(c? d?+e?)
cAd?x2+2ctdexd +c2e?zt+d?+2dex +e2x2
bcddIn(d+ex) bcddIn(c2z?+1)

Adi+2de?+et 2 (Ad 23 d2e? +eb)
atan(%) (@) (Ad+82d2e? +2¢e4) (BB +26c4d2e® +4c2et) (2Thcl0 dO +
+ 2¢ (81?6 d?0 e + 1662 c?* d'8 e3 4 11515 ¢?2 d'6 €5 4 32306 ¢2° d'4 €7 + 43705 c'8 d'2 e + 2814216 d0 e

[In] int((a + b*atan(c*x))/(d + e*x)~3,x)

[Out] ((xx(a*e”2 + a*c™2xd"2 + (b*c*dxe)/2))/(d*(e”2 + c"2*d"2)) - (b*atan(c*x))/
(2xe) + (x"2%((a*xe”3)/2 + (bxcxd*xe~2)/2 + (a*xc™2*%d"2*e)/2))/(d"2x(e”2 + c~2
*d~2)) + (x74x((axc™2%e”3)/2 + (a*c™4xd"2*e) /2 + (bxc~3*d*e~2)/2))/(d"2x(e”
2 + c72%d"2)) + (x"3*%(a*c”4*xd"2 + a*c”2xe”2 + (b*c~3*xd*e)/2))/(dx(e”2 + c~2
*d72)) - (bxc™2*xx"2*atan(c*x))/(2%e))/(d"2 + e"2*x"2 + 2xd*exx + c~2%d"2*x"~
2 + c"2xe”2+x74 + 2xc"2xd*exx”"3) + (bxc~3*dxlog(d + exx))/(e”4 + cT4*d™4 +
2xc"2xd"2%e”2) - (b*c”~3*dxlog(c™2*x"2 + 1))/(2*%(e”4 + c™4xd"4 + 2%c™2xd"2*e
~2)) + (atan((c™2*x)/(c”2)"(1/2))*(c™2)~(7/2)*(2*e~4 + c~4*d"4 + 8*c~2*d~2x*
e”2)*x(3*c"6*%d"4 + 4*xc"2%e”4 + 26%c”4*d"2xe”2) *(3*xbxe~10 + 27*b*xc”10*d"10 +
T*b*c~2*d"2*e"8 — 26*b*c~4*d"4*e”6 - 34*xbxc”6*d"6*xe~4 + 23*b*c”"8*d"8*e”2))/
(2%c* (81%c™26%d"20*%e — 24*xc"6xe"21 - 380*c~8*d"2*e”~19 - 2054*c~10*%d~4*e~17
- 3650*%c™12*%d"6*xe”~15 + 4857*c”~14*xd"8*%e”13 + 28142*%c~16*d"10*xe~11 + 43705%c™
18%d~"12*xe”9 + 32306*c”20*d"14*e”7 + 11515*%c™22*xd"16*e”5 + 1662*%c~24*d"18*e”

3))
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3.8 f a+barctan(cx) dx

(d+ex)*
Optimal result . . . . . . . . .. 78]
Rubi [A] (verified) . . . . . . ... . 78
Mathematica [A] (verified) . . . . . . . . ... L R0
Maple [A] (verified) . . . . . . . . . 1]
Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ....... 1]
Sympy [C] (verification not implemented) . . . . .. ... ... ... .. ...... 82
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 87
Giac [F] . . . o o 87
Mupad [F(-1)] . . o o 87

Optimal result

Integrand size = 16, antiderivative size = 206

(d+ ex)* 776 (c2d? +€2) (d+ex)?  3(c2d2 + e2)? (d + ex)
bc*d(c’d? — 3¢?) arctan(cz)  a + barctan(cz)

/ a + barctan(cz) be 2bc3d

3e (c2d? + €2)° 3e(d + ex)?
bc®(3c*d* — €*)log(d +ex)  bc’(3c’d® — €?) log (1 + c*2?)
3(c2d? + e2)° 6 (c2d? + €2)°

[Out] -1/6%b*c/(c™2xd"2+e"2)/(exx+d) ~2-2/3*bxc~3*d/ (c~2xd"2+e"2) ~2/ (e*xx+d)+1/3*bx*
c~4*d* (c~2*d"2-3*%e"2) *arctan(c*x) /e/ (c"2*d"2+e~2) “3+1/3* (—a-b*arctan(c*x))/

e/ (exx+d) “3+1/3%bxc~3* (3*c~2*%d"2-e"2) *1n(exx+d) / (c~2*%d~2+e~2) "3-1/6*b*c "~ 3% (
3xc”2xd"2-e"2) *1n(c"2*%x"2+1) / (c"2%d"2+e"2) "3

Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 206, normalized size of antiderivative = 1.00,

number of steps used = 7, number of rules used = 6, Bumber of rules _ 375 Ry es yged
integrand size

= {4972, 724, 815, 649, 209, 266}

a + barctan(cz) a+ barctan(cz)  bc*darctan(cz) (c?d? — 3e?)
/ (d+ ex)* e 3e(d + ex)3 + 3e (c2d? + €2)®
be bc3(3c2d? — e?)log (c2x? + 1)
T 6(d2+e?) (d+ex)? 6 (c2d? + €2)°
2bc3d bc3(3c2d? — €?) log(d + ex)
- 3(c2d? + €2)? (d + ex) 3(3d + €2)°

[In] Int[(a + bxArcTan[c*x])/(d + e*x)"4,x]
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[Out] -1/6%(b*c)/((c™2*d"2 + e"2)*(d + exx)”2) - (2xbxc”™3*d)/(3*(c"2*d"2 + e72)"2
*(d + e*x)) + (bxc™4*d*(c™2*xd"2 - 3*e~2)*ArcTan[c*x])/(3*e*x(c™2*xd"2 + e72)~

3) - (a + b*ArcTan[c*x])/(3*e*x(d + e*x)"3) + (b*c™3*(3*c™2xd"2 - e~2)*Logld

+ exx])/(3*x(c72xd"2 + €72)73) - (b*c™3%(3*%c™2xd"2 - e"2)*Logl[l + c~2*x"2])
/(6%(c~2%d"2 + e72)"3)

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt [b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0]1)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]11/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 649
Int[((d)) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(

a + c*x~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] & !'NiceSqrtQ[(-a)*c]

Rule 724

Int[((d)) + (e_.)*(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Simp[ex((d
+ exx)"(m + 1)/((m + 1)*(cxd™2 + a*xe~2))), x] + Dist[c/(c*d"2 + a*e™2), In
tl(d + exx)"(m + 1)*((d - exx)/(a + c*xx2)), x], x] /; FreeQ[{a, c, d, e, m
}, x] && NeQ[cxd™2 + a*xe”2, 0] && LtQ[m, -1]

Rule 815

Int[(((d_.) + (e_.)*(x_))"(m_)*((f_.) + (g_.)*(x_)))/((a ) + (c_.)*x(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[(d + exx) m*((f + gxx)/(a + c*x~2)), x],
x] /; FreeQl{a, c, d, e, f, g}, x] && NeQ[c*d"2 + axe~2, 0] && IntegerQ[m]

Rule 4972

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]

:> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x])/(ex(q + 1))), x] - Dist[b*(
c/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 + c~2*x~2), x], x] /; FreeQ[{a, b,
c, d, e, qt, x] && NeQ[q, -1]

Rubi steps

a + barctan(cz)  (bc) J (d+em)3}1+0212) dz
3e(d + ex)? 3e

integral = —



80

B be a + barctan(cz) N (bc®) [ (d+ex§l2_(—ﬁc2z2) dx
© 6(c2d? +€?) (d+ ex)? 3e(d + ex)? 3e (c2d? + e?)
B bc a + barctan(cz)
© 6(c2d? +€?) (d + ex)? 3e(d + ex)?

3 2de? e2 (—3C2d2+62) Czd(c2d2—3€2)—026(302(12—62):17

n (bc’) f <(c2d2+e2)(d+ez)2 T (2d2+e2)?(d+ex) (c2d2+€2)%(1+c222) ) dz
3e (c2d? + e?)
be 2bc3d __a+barctan(cz)

T 6(2d2+e?) (d+ex)?  3(c2d?+ e2)?(d+ ex) 3e(d + ex)?

bc3(302d2 _ 62) log(d + 61‘) . (bc3) f c2d(c?d —3ell—cgm§(3c d2—e?)z dx
3 (c2d? + 32)3 3e (c2d? + 62)3
be 2bc3d

T 6@+ ) (dten)?  3(Ad+e2) (d+ ex)
_ a+barctan(cz) | bc’(3c’d? — €)log(d + ex)

3e(d + ex)? 3(c2d? + e2)°
s (bPd(Pd® = 3¢%) [ hmde  (bP(3Ed — ) [ php da
3e (c2d? + e2)° 3(c2d? + e2)°
_ be B 2bc3d bctd(cd? — 3e?) arctan(cz)
6 (c2d? +e?) (d+ex)?  3(c2d?+ €2)? (d + ex) 3e (c2d? + e2?)®
_a+barctan(cz) | bc’(3c’d — e?)log(d +ex)  bc*(3c*d® — €?)log (1 + c*z?)
3e(d + ex)? 3(c2d? + €2)° 6 (c2d? + e2)’

Mathematica [A] (verified)

Time = 0.68 (sec) , antiderivative size = 254, normalized size of antiderivative = 1.23

dz =

/ a + barctan(cz)
(d+ ex)*

be(d+tex) (e(c2d2+e2) 2 +4c2de(c2d?+e?) (d+ex)—c2 ( c2d? (vV—c2d—3e ) +e? (—3v—c2d+e) ) (d+ex)? log(1—
2(a + barctan(cz)) + (rren)((Pd 4 ) el ) dren)- (2 J= re)J+en g((cz;

6e(d + ex)?

[In] Integrate[(a + b*ArcTan[c*x])/(d + e*x)~4,x]

[Out] -1/6%(2x(a + b*ArcTan[c*x]) + (bxcx(d + e*x)*(e*x(c™2*xd"2 + e72)72 + 4xc™2xd
xex(c72xd"2 + e72)*(d + exx) - c”2x(c"2xd"2*(Sqrt[-c"2]*d - 3xe) + e”2*(-3x%
Sqrt[-c~2]*d + e))*(d + exx) 2xLogl[l - Sqrt[-c~2]*x] - c~2*(e”2*(3*Sqrt[-c~

2]*%d + e) - c72xd"2*(Sqrt[-c"2]*d + 3*e))*(d + e*x) 2*Logl[l + Sqrt[-c~2]*x]

- 2xc"2%e*(3*%c”2*%d"2 - e”2)*(d + e*x)"2xLogld + exx]))/(c"2%d"2 + ¢72)73)/

(ex(d + exx)~"3)
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Maple [A] (verified)

Time = 1.95 (sec) , antiderivative size = 204, normalized size of antiderivative = 0.99

method result
—302
C4 B e +E<362d2782) In(cex+cd) _ 2ecd (
4 2(c2d2+62)(cex+cd)2 (02d2+62)3 (02d2+62)2(cez+cd)
bl —¢ arctan(cz) +
3(cez+cd)3e 3e
parts -+
3(ex+d)3e c
—3c242¢-
e(3c2d2—62) In(cex+cd) 2ecd ( © °
— € + _ ec +
act bct arctan(cz) 2(62d2+62)(cez+6d)2 (C2d2+e2)3 (62d2+62)2(cew+Cd)
- 3(cem+cd)3e the - 3(cez+cd)se 3e

derivativedivides -

—3c2d2e-
. +e(302d2—e2) In(cez+cd) 2ecd (
_ ac47+b Al = arctan(cz) 2(02d2+82)(cez+6d)2 (62d2+e2)3 (62d2+82)2(cez+6d)
3(cex+cd)35 3(cez+cd)3e 3e
default p
. 5bc’de3+6bc®d3e®+bc3de”+6 In(ex+d)x?bc®de”’—31n(c2z?+1)xb c®d?eb+6 In(ex+d)zb c®d?e8 —223 arctan(cz)!
parallelrisch —
risch Expression too large to display

[In] int((atb*arctan(c*x))/(e*x+d) ~4,x,method=_RETURNVERBOSE)

[Out] -1/3*a/(exx+d) ~3/e+b/c*(-1/3*%c”4/(cxexx+c*d) ~3/e*arctan(c*x)+1/3*xc~4/ex(-1/
2xe/ (c”2*d"2+e72) / (cke*x+cxd) “2+e* (3*c™2xd"2-e72) / (c~2*d"2+e"2) “3*1n (c*e*x+

cxd) -2*xe*xc*xd/ (c™2xd"2+e"2) "2/ (cke*x+cxd)+1/(c™2*%d"2+e”2) "3* (1/2x (-3*c~2*%d"2
*e+e”3)*1n(c"2*%x"2+1)+(c~3*%d"3-3*c*d*e~2) *arctan(c*x))))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 642 vs. 2(194) = 388.

Time = 0.64 (sec) , antiderivative size = 642, normalized size of antiderivative = 3.12

/ a + barctan(cz)

(d+ ex)*
2ac®ds + 5bcPdde + 6 ac*d*e? + 6 bccd3e® + 6 ac’d?e* + bede® + 2 aeb + 4 (bcPdPe® + bcdde®)z? + (9 b

[In] integrate((at+b*arctan(c*x))/(exx+d)~4,x, algorithm="fricas")

[Out] -1/6*%(2%axc”6%d"6 + 5*xbxc~5xd~bxe + 6xa*xc”4*xd"4*e~2 + 6xbxc”~3*d~3*e”3 + 6%*a
*C"2%d"2%e”4 + bkckxd*xe~5 + 2xaxe”6 + 4*(b*c~5%d"3%e~3 + bxc~3*d*e”5)*x"2 +
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(9*b*c™5*%d~4*e”2 + 10*%bxc”3*d"2%e”4 + bkc*e”6)*x + 2% (6%¥bxc~4*xd"4*e”2 + 3*b
*Cc~2xd"2%e”4 + b*e"6 - (b*xc"6*d"3*e”3 - 3*b*c 4*d*e”5)*x"3 - 3*(bkc"6*d"4*e
"2 - 3*b*cT4xd"2*e"4)*x"2 - 3*(b*c"6xd"5*e - 3*xbxc~4*d"3*e~3)*x)*arctan(ckx
) + (3*%b*c”5*%d"5*e - b*c"3*d"3*e"3 + (3*b*c”5*%d"2*%e"4 - b*c"3*e"6)*x"3 + 3%
(3*b*c~5+%d"3*e"3 - b*c~3*d*e”5)*x"2 + 3*(3*b*c"5xd"4*e”2 - bxc"3*d"2*e"4)*x
)*log(c™2*x"2 + 1) - 2%(3%bkc~5xd"5*e - bxc~3*d"3*e"3 + (3xbxc~5*d"2*e~4 -
bxc"3*e”6)*x"3 + 3*(3*bxc"5%d"3*%e”3 — b*c"3*d*e”"5)*x"2 + 3*(3*b*c”5*xd"4*xe”2
- b*c”3*%d"2%e"4) *x) *log(e*xx + d))/(c"6*%d"9%e + 3*c™4*d"T*e”3 + 3*c~2*d"5*e
“5 + d"3%e”7 + (c"6xd"6*%e"4 + 3xc"4*xd"4*e”6 + 3kc"2x%d"2*e"8 + e~ 10)*x"3 + 3
*(cT6*%d"7*e"3 + 3*c"4*xd"5*e”5 + 3kc"2*xd"3*e”7 + d*e”9)*x"2 + 3*(c"6*d"8*e”2
+ 3*%c74*d"6*e”4 + 3*xc"2*d"4*e”6 + d”"2%e”8)*x)

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 7.69 (sec) , antiderivative size = 9202, normalized size of antiderivative = 44.67

barct
/ a+ barctan(cz) dx = Too large to display

(d+ex)*

[In] integrate((a+b*atan(c*x))/(exx+d)**4,x)

[Out] Piecewise((a*x/d*x4, Eq(c, 0) & Eq(e, 0)), ((a*x + b*x*atan(c*x) - b*log(x*
*2 + c*x(-2))/(2%c))/d**4, Eq(e, 0)), (-a/(3xd**3xe + 9*kd**2*e**2*x + 9xdxe
*x*k3kxx*k2 + 3xexxdxxx*3), Eq(c, 0)), (-24*axdx*3/(72xd**6xe + 216*d**5kex*2x*
X + 216%dk*k4kex*k3*xx*k*2 + T2xd*k*k3kex*kd*xx**3) + 21xI*b*d**3*atanh(e*xx/d)/(72*
d**6*e + 216%d*x*5ke**x2%xx + 216kd**x4kex*k3kx*x*k2 + TAkd**x3kex*xdxx*k*3) + 10%I*b
*d**3/ (7T2*%d*x*6*e + 216*d**5ke**2*xx + 216*kd**k4xex*k3xx*k*2 + T2kd*k*3kek*k4q*x*x*3
) - 9xIxbxd*x*2xexx*atanh(e*xx/d)/(72xd**6xe + 216*d*x*k5*xex*x2*x + 216*d**4*xe**
3xxk*k2 + T2kd*x*k3kex*k4q*xx*x*3) + O*kIxbkd**x2kxexx/ (72*d*x*6%e + 216*d**5ke**x2*xx +
216xdx*k4dke*x*3xxk*2 + T2kd**x3kex*kd*x**3) — kI*b*d*ex*x2xx**2+atanh(e*xx/d)/(
T2xdx*6%e + 216xd*x*k5ke*x*2*xx + 216*kd*k*4*ke*k3kx**2 + TAkdA**k3ke*xk4dxx*x*3) + 3*I
*bkxdkex*2xx*x*2/ (7T2xd**x6*e + 216*d*x*5kxex*2*x + 216*kd**4ke**x3kx**2 + T2kd**3*
exx4*xxxx3) - 3*kIxbke**x3*xx**3*xatanh(e*x/d)/(72*d**x6*e + 216*d**5xe*x*2xx + 21
Bxdx*kdkex*kkxk*2 + T2kd**3*kex*4*xx**3), Eq(c, -Ixe/d)), (-24xa*xd**3/(72xd**6
*e + 216xd*x*k5ke*x*2*xx + 216%kdk*k4ke*x*k3kx**x2 + T2kdA*k*3kekkd*xx**x3) — 21kI*xb*xd*x*
3*atanh (e*x/d) / (72xdx*6*xe + 216*d**5kxe*x*2*xx + 216%d*kdke**k3*xx**2 + T2xd**3*
exx4xx*%x3) — 10%xI*bxd**x3/(72*%d**6%e + 216*d**x5kex*2%x + 216*d**4ke*x*3kx**2
+ T2xd*x3ke*xx4*xx**x3) + OkI*bxd**2xe*xx*atanh(e*xx/d)/(72xd**6xe + 216*d**5*ex
*¥2%xX + 216%d*k*k4ke*xk3kx*k*x2 + T2kd**x3kekkdxx**x3) — 9kxI*xbkd*x*x2kexx/ (72*d**x6*e
+ 216%d*x*5kxex*2%xx + 216%d**k4ke*x*x3*kx*k*2 + T2kd**k3ke*xkdkxx**x3) + OkIkbkdkex*Qx
x**2*atanh (e*x/d) / (72xd**6%e + 216*d**5kxex*x2kxx + 216*d*x*xdke**3*xx*x*x2 + T2*d*
*3kex*k4*x**3) — 3kIxbkdxex*k2xx*x*2/(72*xd**x6ke + 216xd*x*5xe*x*2xx + 216%d**4*e
*x3JkxkkD + T2kd*kk3kexkdxx*x*3) + 3xI*kbkek*x3kx*k*x3*katanh(exx/d)/(72*xd**x6*xe + 2
16*d**5kex*2%x + 216*d**4*e**x3*xx**x2 + T2xd*x3*xe*x4xx*x3), Eq(c, Ixe/d)), (-
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2kaxck*6kxd*x*x6/ (6xcx*k6kd*x*xOke + 18kcCk*xBkdA*k8ke**x2kx + 18k Ck*Gkd**T7kek*x3*xx**2
+ Bkckx*kBxdkkBkexkdkx**k3 + 18kck*kdxd*kTHex*x3 + Badkckkdkdx*BGke*kd*xx + BShdxckx
Axdxx5kex*5xx**x2 + 18kckkdxdkxdkex*xGxx**3 + 18kck*2kd*kbkex*x5 + Badxckk2kd**
dxex*x6*x + BAkck*2kd**k3kek*xTkx**2 + 18*kck*2kd**2ke**x8*kx**3 + Gxd**3*ex*x7 +
18*d*x*2ke**x8*xx + 18kdke*x*9xx**x2 + Gkex*x10%x**3) — Gxakckkdxdkxkxdkxex*x2/ (6kc*x*
6xd**xQ*e + 18*cCk*xBkd*x*8ke**x2*xx + 18*ck*xGkd*x*Tke**k3*kx**x2 + GkckkBxd**Gkex*kdx*
x**3 + 18kckx*x4kd*kTxe*x*x3 + Bdxckkdkxdx*Bkex*kdxx + Bdxckkdkdx*x5ke*xkExxkx2 + 1
8xckkdkdkkdkexkBxx*k*k3 + 18kcHk*2kdkk5kex*5 + BAdkxckxkdkx*kdxexx6*x + Shdkcx*x2xd
*k3kekkThx**2 + 18*kCk*2kd**2*xex*x8kx**3 + 6xd*k*x3kex*7 + 18*d*x*2ke**8xx + 18%
d*xexxQkx**2 + Gxexkx10%x**3) — Gkakxckkx2kdx*x2kex*x4/ (6xckk6*xd*x*Oke + 18*kc**6xd
*%k8kexk2kxx + 18*Ck*xGkdk*k7Tkex*x3*kx*k*2 + GkCk*k6kxd**xBGkek*k4kx**k3 + 18kcxk4xd**T7*
ex*x3 + BaAxckxdkdx*BGkekkd*xx + BAkxckkbkdrkSkekkbkxk*2 + 18k ckkdkdrkdkekkBrrk*
3 + 18%ck*x2kd*x*5xe*xx5 + Bdxckk2kxdkk4kex*kBxx + Blkckk2kdx*kJkekkTxx*k*x2 + 18%cC
*kkdkk2kekk8kxk*x3 + Bkd*k3kek*k7 + 18kd**k2ke**x8kx + 18kd*ex*kQkx**2 + Gkxex*k1
Oxx*%*3) — 2kaxexx6/(6kcx*6xd**xQkxe + 18kckxGkd**8ke*x*x2*x + 18*ck*xGkd**7*xe*x*x3
*Xx%k2 + 6kCck*xGkd*k*6kexkdxx*k*3 + 18kck*x4dkd**k7T*xe**x3 + Bdkckx4dxd*x*6kex*k4dxx + 5
AxckxdkdxkEke*kEkxk*x2 + 18kckkdkdrkdke*kBxxk*x3 + 18kck*kkd*x*x5ke**5 + Bhkcx*
2xd*kd*xexxBkx + BAkck*k2xd*k3kexkThx**2 + 18kck*2kd**k2kxex*k8kx**3 + BGkxd*k*x3kex
*7 + 18%d**2ke**8*x + 18*d*ex*9xx*x*2 + Bke*x*x10*x**3) + B6*b*xckx*6xd*x*5*xexx*at
an(c*x)/ (6*cx*x6xd**x9ke + 18kck*xBkd*x*8ke**x2*xx + 18k ck*xGkd**7xke*xk3*xx*x*2 + 6%C
**k6kdxkOGkekkdkx*x*k3 + 18kck*k4xd*xT*e*x*3 + Bhdxck*kdkdxk6xe*x*xd*xx + 5d*ck*4xd**5
kexkbxx**x2 + 18*kck*xdkdkkdkex*xGkxx*k*3 + 18kck*2kd*x*kbxe**x5 + Bhdxck*x2kd*x*k4*xex*x6
*X + BAkcx*x2kd*k3kekkThxk*2 + 18*kCk*kkd**k2kek*x8kx**3 + Gxd**k3kex*x7 + 18*d*x*
2kex*k8*x + 18*kdxex*Okxx*x*x2 + BGkxex*k10%x**3) + G*¥bkckx*Gkdk*xdkxexkx2xx**k2*katan (c*
x) / (6*cx*6xd*x*9ke + 18kxck*BGkA*x*Skex*2kxx + 18kCk*BkdA*x*7kekx*3*kx*x*2 + B*kck*xB*xd
**k6kexkdxx*k*3 + 18kck*x4kd*x*Txe*x*x3 + Bdkckk4dxd*x*6kex*k4dxx + Bhdxckx4d*xd*x*5kex*x5
*xx%k2 + 18kckxk4xd*xd*kexk6kx**x3 + 18kck*k2xd**x5kex*k5 + Bdkxck*k2kd**x4*xe*x*6*x +
BAxckx2kdxk3kekkTHx*k*x2 + 18kCk*x2kd*x*2ke*k8*xx*k*x3 + Gkd*x*k3kex*x7 + 18kxd**x2kxex*xx*
8kx + 18kd*e**9xx**2 + Bkxexkx10*x**3) + 2kbkck*Gkd*x*3kex*x3*x**x3*xatan(c*x)/ (6
*Cx*x6kd**kOke + 18kck*xGkd*x*8ke**k2*xx + 18kCk*Gkd*x*T*xe**k3*x*k*x2 + Gkck*k6xd**x6*e
*kLkxx*k3 + 18kcxkdxd**xTke*x*3 + Bdkxck*kdkd*xkGke*x*4*kx + Bdkckkdxd*x5ke*xk5kx*x*x2
+ 18*ck*k4*xd*x*4kexk6xx**3 + 18*ck*x2*kd**5kex*x5 + Bdkcx*k2xd**x4dkex*k6xx + 5Hd*xcx*
*2xdkk3kexkThx**2 + 18kck*2kd**k2kex*k8kx**3 + BGkdk*k3kex*7 + 18*kd*x*ke**8xx +
18*dxe*x*9xx**2 + G*e*x10*x**3) — 3kbxck*E5xdx*E5xexlog(x**2 + cx*(-2))/(6*cx
*6xd**kQ*e + 18*ck*xBkd**8ke**x2*x + 18*ckx*6kd**Txex*x3xx**2 + BGxck*xB*kd*x*6ke**4d
*x*%3 + 18kckkdkd*x*Txe**x3 + BhdkckkdxdkxGkex*dxx + Bdxckkdxdxx5kexk5xx*k*x2 +
18*cx*k4xd**x4*xex*6kx**3 + 18kcx*k2xd**x5ke*x*k5 + Bdkxck*2kd*x*k4d*xex*6%xx + 5d*ck*2*
d*x*k3kekkTHx**x2 + 18kCk*kkd*x*2ke**k8*x*k*x3 + Gkd**k3ke*x*x7 + 18kxd**2*xe*x*x8xx + 18
xdxe*x*k9xx**2 + B*e*x*x10%xx**3) + 6xbxck*5xdx*x5xexlog(d/e + x)/(Bkcx*B*xd**9*e
+ 18%cHk*6kd**x8ke*k*x2kx + 18*kChk*kGkd**xTke**xJkx**x2 + BkCckkBkd**kBkek*kd*x**x3 + 18
kckkdkd*kTHex*3 + Badxckkdkdx*6ke**kdxx + BAdxckkdkdx*5xe*k5xxk*x2 + 18kck*4kdx*
*k4xexx6kx*k*3 + 18*ck*2kd*xkE5ke*x*5 + Baxck*x2kdx*k4xe* x6*xx + Bhkxck*2kd**k33ke**T7*
X**2 + 18*kck*2kd**k2kek*x8kx**3 + Bxd*k*x3kex*7 + 18kdk*x2kex*k8xx + 18kd*kex*Jkx*
*2 + B*xe*x*x10%x*%*3) — Bxbkxckx*5kd*x*x5kxe/ (6*ckxk6xd**Oke + 18kck*BGxd*x*8kex*x2*xx +
18k ck*Bxd*kTHhex*x3kx**2 + GkCkkGkd*xkBkexxdxx*x*x3 + 18kckkdkd**7Txe*x*x3 + Bdxc*



84

*k4xd*x6kex*k4xx + Bdkckxkdxdkk5kexkE5xx*k*x2 + 18*kck*x4*dk*kdkexkGkxx*k*3 + 18*kck*2*
dx*k5xe*xx5 + B4kckk2kdkk4dkexkBGxx + S5hkckkQkdk*k3kexkTkx*k*k2 + 18kckkkd*k*k2Dke*kk
8xx*x*3 + Gkd*k3ke*xx7 + 18kd*k*2kex*8kxx + 18kdke**xQkx**x2 + Gkex*x10*xx**3) — 9%
b*ck*x5xd*kdxe*x*x2xx*1og(x**2 + cx*(-2))/(6*ckx*6xd*x*9ke + 18*Ck*Exd**Bkex*2kx
+ 18*c*x*6kxd**7Tkexk3*xx**x2 + G*Ck*6kd*xk6Gke*x*x4xx*x*3 + 18*kck*k4kd**xT*xe*x*3 + 54x*
ckxd*xdx*k6kexxd*xx + Bhxckkdkdxk5xe*xx5kxk*k2 + 18kck*k4kdxkd*xex*k6kx*x*3 + 18*ck*
2kdxk5kxe*xx5 + B4kckkQkdk*k4kexkBGkx + Shkckkkdk*k3kekkThx*k*k2 + 18kck*kkd**2ke
*%x8kx**x3 + Bkd*k*3kex*7 + 18kd*k*2ke**k8kx + 18kd*kex*9*xx*x*2 + Bke*xk10*x**3) +
18*bxcx*k5xd*x*4*xex*2xx*xlog(d/e + x)/(6*ck*x6*xd**xOke + 18*ck*B*d**Bke*x*x2*x + 1
SkCxkBkd*k*kThek*k3kx*k*x2 + GkCkkBkdAkkBkekkd*x*k*k3 + 18kck*k4qkd*xkxTxe**x3 + BHbdkckx4
kdxk6xekkdkx + Bhxckkdkd*kEkek*k5kxx*k2 + 18kck*k4xd**xd*kexk6kx**x3 + 18kck*k2xd*
*k5xe*x5 + BAxckxQkdkk4kexkBkx + BSAkckkkdk*k3kekkTkx*k*2 + 18kCk*kQkd*kk2ke*kk8k
x*%3 + Bkd*x*k3kex*7 + 18*kd**2ke**8kx + 18*kd*ex*9*xx**2 + Bkxe*x*k10*x**3) — Oxbx*
cxkbkdk*k4ke*x*x2xx/ (6*kCk*kBkd*x* ke + 18kCk*kBkA*k*k8ke*x*k2kx + 18kCk*kBkdA*k*7*ke*k3*x
*%2 + GkCkkBkd*kkBkekkqkx*k*k3 + 18kckkdxd*k*xTkex*k3 + Bakckkbkd*kxGkex*k4d*xx + 54%
ckkdkdkk5kekkBkxkk2 + 18kckkdkdkkdkekkGkx*k*k3 + 18kck*k2kd*kH5kxex*x5 + B4xckx*xQx
dxk4xexxB*x + DAkckkQkdxk3kekkThkx*k*k2 + 18%kck*2kd*kQke*x*k8kx*x*k3 + Gkd**k3kekx*7
+ 18%d**2ke**8*kx + 18kd*kex*9*x**2 + Bkexk10%x**3) — Okbkck*k5kd**3kek*k3kx**
2x1log (x*x*2 + cx*(-2))/(6*c**x6*%d**Oke + 18kck*6*xd**8kex*2*xx + 18kxc*k*xB*d**T*xe
*%k3kx*k*k2 + BkCkkBkAkkBkekkdkxk*k3 + 18kckkhkdxkTxe**x3 + Bhdkckkdkd*x*kGke*x*k4d*xx
+ BAxckk4kd*xkE5kexkE5xxkk2 + 18kckk4kdxk4kexxGxx*x*x3 + 18kck*k2kd**k5kekx*k5 + B5i*
CkxQkdkk4kexkBkx + BAkckkkAk*k3kekkTkx*k*k2 + 18kCkkkd*x*k2Qke*kB*kx*k*k3 + Gkd**3
kekx*7 + 18%d**2ke**x8*xx + 18kd*kex**kx**2 + Bkxe*x*10*x**3) + 18kbkckk5kd*k*k3ke*
*x3xx*xx2x1og(d/e + x)/(B*kckx*B*d**x9*e + 18*kCk*B*kd**8*ke*x*2*x + 18*kCk*B*kd**T*ex*
*3%xx*k*2 + BGkCkkGkAkkOkekkqkx*k*k3 + 18kCk*k4kd*kTxe*x*3 + BaAxckk4kd*k*kBkexxd*x +
BAxcxxdxd*xk5kexk5kxk*k2 + 18kckkdkdkkdkekkOkx*k*k3 + 18kck*k2kd**kb5ke*x*5 + bld*xc
*kkQkdkkdkekkOkxX + BhkckkQkdkkIkekkThkx*k*k2 + 18kCk*k2kd**k2kekx*kkx*k*3 + Gxd**x3*
ex*7 + 18%d**22ke**8*x + 18%d*kex*9kx*x*2 + Gke*xkx10%x**3) — 4xbkckx*k5kd*x*3kex*3
*x%%2/ (6kCck*kBkd**xQke + 18kCk*xBkd**xSke*x*x2kx + 18kCk*kBkd**xTke*k3kx*k*x2 + GkCkk
6kdxkBxe*kdkx*k*k3 + 18kCk*k4qkd*x*xTxe*x*3 + BaAxckkdkd*x*kGkexkd*x + Badxckkx4dkd*x*5kxe
*%k5%kxk*k2 + 18kckkdxd*kdkexkBkx*k*x3 + 18kck*k2kd*k*k5kex*k5 + B4kck*kkd**k4dkekx*6kxx
+ BAxckk2kxd*xk3kexkxTxxk*x2 + 18*kCkkkd*kkDkek*kBkx*k*k3 + OGkd*k*kJkekx*k7 + 18kd**2%*
ex*8*x + 18kd*ex*Okxx*2 + Bxe*xx10*x**3) — 3kbkck*kEkd**kex*4*xx**3*%1Log(x**2
+ c**%(-2))/(6*c*x*6*kd**Qke + 18%Ck*Bkd**8ke*x*2*kx + 18%Ck*Bkd**Tkex*x3kx**2 +
BkCxkBxd**kBkexk4kx* %3 + 18kckkdkxd**Tkex*x3 + Bakckkdxd*kxBke*x*k4*xx + Bldkcxkdxd
**k5kexkBkx*k*k2 + 18kckk4kdkkdkek xBkx*k*k3 + 18kCck*kd*x*kB5ke*x*5 + BaAkxckkkd*kkdke
*kBGkX + B4kckkQkdkkIkekkThkxk*k2 + 18kCk*k2kd**k2ke*x*kBkx**3 + BGkd**3kex*x7 + 18x%
dx*2kex*8*kx + 18kdxex*9xx**2 + G*e*x10*x**3) + Gkbkxck*kE5kdx*2kex*4xx*x*3xLog(
d/e + x)/(6*c*k*x6kxd**xQke + 18*kck*Bkd**x8ke**x2*kx + 18kCk*kGkd**xTke**k3kx**x2 + 6%
CkkB6kdkkOkekkdkx*k*k3 + 18kckk4kdkkTke**k3 + Bhkckk4kxd*xkBGkexk4dxx + BHaxckxxdxd*x*
Bkexkbxx**x2 + 18kckk4kdkk4kex*xGkx*k*3 + 18kck*kd*xk5ke**x5 + BaxckkQkdk*k4ke**
6xx + BAxcxx2xd*xk3kexk7Tkxk*k2 + 18kCkk2kdk*k2kek*k8kx*k*k3 + 6Gkd*k*k3Jkekx*k7 + 18*d*
*¥Qkex*k8*x + 18%d*xe*x*9kx*x*2 + Gkekxx10%x*x*3) — 12%bkck*dkd**dke*x*x2kxatan(c*x)/
(Bxcx*6xd*x*9ke + 18kCk*BkA*k*8kex*2kxx + 18kCk*kBkAk*kTkekx*k3kx*k*2 + GkCk*xB*kd**x6
kexkdkxx*kk3 + 18kckk4kdk*kTkekx*x3 + BhdkckkdkdkkGkexkdxx + 5hkckkdkdk*k5kekk5kxk
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*2 + 18kck*k4xd**x4*xex*k6kx**k3 + 18kckx*k2xd**x5kex*5 + Bdkxck*2kd**x4*e*x*6%kx + 54*
Ckx*k2kA*xk3kekkTHX*k*2 + 18%Ck*kkd**ke**k8kx**3 + Gkd*x*k3kex*7 + 18kd**2ke*x*8*x
+ 18xd*ex*Oxx**2 + Gkexk10*x**x3) — 18kbkck*k4xd**x3kex*3xx*katan(c*x)/(6xc**6
*d*x*kQke + 18*kCh*kBkd**k8ke**k2kx + 18*kCh*kBkd*kThke*k3kx**x2 + GkChkBkd*x*kBkexkd*x
*%3 + 18kck*4kdx*k7T*xe**x3 + Bdkckx4d*xd*x*6kex*k4dxx + Bhdxckx4d*xd*x*5kexk5xx*x*x2 + 18
kcxkdxdkkdkexk6xx**x3 + 18*kck*x2kd**5kex*k5 + Bdkcx*k2xd**xd*kex*k6%xx + Bdkcx*k2xd*
*3kexkTHx*k*k2 + 18kck*kkd**kke*k8kx**3 + Gxd*x*k3kex*7 + 18*d**2kxex*8*xx + 18%d
*ex*kOkx*k*2 + Bkexk10xx**3) — 18kbkck*kdxd**kQkexkdxx*k*k2katan (cxx)/ (6xck*xBxd**
Oxe + 18*Ckx*B6xd*x*8kex*2xx + 18*Ck*Bxd*x*Txex*3kx*x*2 + BkCk*xBGkd**Gkekk4xx*k*3
+ 18kckkdkd*kxTke*x*x3 + BhdkckkdxdkxGxexkdxx + Bhkckxdxdkk5xekk5xxk*x2 + 18*kcx*
4dxd*x*x4*xex*6kx*k*k3 + 18kcx*2xd**x5ke*x*5 + Bhdxck*2kd*x*k4dkxex*x6kx + 5dkck*k2*kd**x3*e
*kTkxkk2 + 18kCkk2kdk*k2kekxkSkxk*k3 + Gkd*kk3ke*x*x7 + 18kd**x2ke*xx8kx + 18kdke*x*
Oxx**2 + BGkex*k10%x**x3) — Gkbkck*xdkdkex*5xx**x3katan(cxx)/(6*c**x6xd*x*x9xe + 18
*CHkBkd*xkBkekk2kx + 18kCHkBkd*kThekk3kx**2 + BkChkkBkd*xkBkexkd*xx**3 + 18kcHk*
AxdxkTkex*3 + Badkckkdkd*kGkekkdkx + Bhdkckkdkdrkbkexkbkx**x2 + 18kckkdkdk*xdke
**%6kx*k*k3 + 18kckx*k2xd**x5ke*x*5 + Bdkxck*k2kd**k4dkex*6%kx + Sdkck*k2xd**x3kek*k7kx*k*2
+ 18kck*k2kd**k2ke*k8kx**x3 + Gkd*k*k3kex*k7 + 18kd**k2ke**k8kx + 18kd*ex*Qkx**2 +
Bkex*10%x**3) + bkxc**3xd**3xe**3x1og(x**2 + cx*(-2))/(6xcx*6xd**9*e + 18%c
*kBkd*kkSkekk2kx + 18kckkBkd*kkTkekk3kx*k*x2 + BGkCckkGkd*kBkekkdkx**x3 + 18kck*kdk
d*xx7ke*x*x3 + BdkckxdkdkxGkekxxdxx + Bdkckxdkdkxbkexx5xxk*x2 + 18kckkdxd**drgx*
6%x*x*3 + 18*ck*2kd**x5kxe*x*5 + Baxck*2kdx*k4xe*x6*kx + Bh*xck*2kd*x*k3kek*x7Tkx*x*2 +
18k Ck*k2kAk*k2kex*8kx*x*3 + Gkd**x3kex*x7 + 18kxd*k*2xex*x8xx + 18kd*ke*x*xJkx**x2 + 6
xexkx10*x**3) — 2%bkcx*3*kd**3*e*x*3*log(d/e + x)/(6xcx*6xdx*Oke + 18kCx*Gxd**
Skex*k2*x + 18kCkx*kBkd*x*Tkex*k3*x*k*2 + GkCk*kBGkdk*kBGkekx*k4xxk*3 + 18kck*k4kd**T7*e*
*3 + BAxcxkdkdxkBkexkdkx + BAdkckxkdkdxkEkexk5kx**k2 + 18kchkkdkd*kdkekkGkrx**3
+ 18*c**x2*xd**5kex*k5 + Bdkcx*k2xd**x4d*ex*6*xxX + Bdkckxk2xd**x3kexk7xx**x2 + 18*kc*kx*
2xdx*k2kexk8kxx*k*3 + Gxdk*k3kex*x7 + 18kd*x*2kxex*8kxx + 18kdkex*xQkx*k*x2 + Gkex*kx10x*
x*%3) — G¥bxck*k3kd*x*k3ke*x*3/ (6kck*kB*xd*x*kQke + 18kck*Bxd**8kex*2kxx + 18*kc**6xd
*kTkekk3kx*k*k2 + BGkCkkBkd*kBkekkdkx*k*x3 + 18kckkdkd*kxTke**x3 + Bhkckkdkd*xkGkek
*4xx + BAxcx*k4xdxk5kexkEkxxk*k2 + 18kchkdkdrkdkekxkBkx**3 + 18kchk*k2kd**k5ke*x*x5
+ BAkck*x2kdkkdkekx6kx + BAkckk2kd*kk3kekkTkx*k*x2 + 18kck*x2kd**x2ke*x*x8kx*k*x3 + 6
*dx*k3ke*x*7 + 18kd**2ke**x8*x + 18*d*e**kO*xx**2 + Gkex*x10%*x**3) + 3xbkck*k3*kd**
2xex*k4xxxlog (x**x2 + c**(-2))/(B*kcx*6*kd**9*e + 18kckx*Bkd**8*kex*2*x + 18*kc*x*6
kd*kkTkekk3kx*k*k2 + BkCkkBkd*kBkexkqdkxx**3 + 18kckkdkd*kxTke**x3 + BShdkckkdkd**x6%
exk4*xx + BAxcxk4xdxk5kexk5kx**k2 + 18kchkkdkdrkdkekkBkx* k3 + 18kck*x2kd*k*x5kekx*
5 + Baxcx*2xdxk4xex*kBxx + BAxCkx*2kxdx*k3kek*kThxk*k2 + 18kCh*k2kd**kkex*kBkx**3 +
Bkd**x3kexx7 + 18kd**x2kex*8kx + 18kd*ex*xQkx**2 + BGxe*xx10%*x**3) — 6G*bkxckx*x3*d
*x*k2kex*kdkxxlog(d/e + x)/(6*ck*x6*xd*x9%e + 18*Ck*B*d**xBke*x*x2%x + 18*kCk*B*kd**7
ke*xk3kx*k*k2 + BkCkkBkA*kkBkekkqdkx*k*k3 + 18kckkhdkd*kTke**3 + Bhdkckkdkd*kGkekksk
X + badxcx*k4*kd*xx5kex*x5kx*k*2 + 18kck*kd*kdx*xdkex*x6kx**3 + 18*c*k*2*kd*x*k5kexx5 + 5
Axcxk2kd*kdkekkBkx + BAkchkkkd*k3kekkThkx*k*2 + 18kck*k2kd**x2ke**x8kx*k*x3 + Gkxd*
*3ke*xk7 + 18kd**2xe*x*x8*xx + 18kd*e*x*xQkx**2 + Gkxe*xk10%*x**3) — 10%b*ck*3kd**2%
exx4xx/ (6*ckxBkd*x*Oke + 18kck*BkA*x*xSkex*2kxx + 18kCkkBkdk*kTke**k3kx**x2 + GkC*
*Bkd*kBkexkdkx**3 + 18kckkdkd*kTkex*3 + BhdkckkdkdkxBkekxkdkxx + Shdkckkdkdk*kb5k
ex*kb5kxx**2 + 18kckkdkd*kdkekkBkx*k*x3 + 18kck*x2kd*kx5ke*x*x5 + BAkckk2xdkk4ke*k*G*
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X + BAxck*2kd*xk3kekkThxx*k2 + 18kck*k2kd*k*xQke*x*8kx*k*k3 + Bxd**x3ke*x*7 + 18kd**2
kex*k8xX + 18xd*e*x9*x**x2 + Bkex*10%x**3) + 3xbkckx3*xd*ke*x*k5*xx**x2%1og(x**2 +
ckx(=2)) / (6*cx*6xd**x9ke + 18%Ck*xBkd**8ke**x2*x + 18%Ckx*kBkd**7Tkekx*k3kx*k*2 + 6%
Ck*xBkdAxkBkexkd*xx*k*3 + 18kCckkqdkdxkxTxe**x3 + Bhdkckkd*d*x*k6kex*kd*x + BaAxckkdkdkk
Bkexkbxx*x2 + 18*%ck*x4*xd*k*kdkex*xGxx*k*3 + 18kck*2kd*x*k5xe**x5 + Bhdxckx*x2*xd**4ke*xx*
6%x + BAkxck*2kd**k3kek*kTkxk*k2 + 18kck*k2xd**2kex*k8xx**x3 + 6Gkxd**3kex*k7 + 18*dx*
*x2xe*xx8xxX + 18*d*e*x*9*x**2 + Bkex*k10*x**x3) — 6xbkck*x3*kd*kex*5*xx**2*log(d/e +
X))/ (6*ck*x6xd**9ke + 18kCk*kBkd*x*kSke**2kx + 18kCkkBkd*x*Tke**3*kxX*k*x2 + GkCk*B*
dxkBkexxd*xx*k*k3 + 18kck*k4qkdxkTxe**x3 + Bhdkckkd*xd*x*6kex*kd*xx + BaAxckk4kxd*x*k5ke*x*
Bkxx*2 + 18kckkbkd*k4dkex*k6kx**x3 + 18kck*k2kxd*kx5ke*x*k5 + B4kxck*2kd*x*kd*ex*6*xx +
B4xck*2kdxk3ke**xTHxk*2 + 18*ck*2kd**k2ke*x*8kx*x*3 + 6kd**x3ke*x*7 + 18*xd**x2*ex
*¥8%x + 18%d*xe*x*9kxx*x*2 + Gke*x10%x*x*3) — 4xbkck*k3kdkxex*k5xx*kx*2/ (6*ck*B*d**J*e
+ 18%kckkBkd**k8kex*k2kxx + 18kCkkBkdA*k*kTkekxk3kx*k*2 + B*kCk*kBkd*kkBkekx*k4kx*x*k3 + 1
Skcxkdxd*xTkex*k3 + Bakxck*k4kd*xkGkekxk4dkxx + Bakckkdkd*kBkex*k5kx**x2 + 18kck*4*xd
kk4kexkBxx*k*k3 + 18kCck*kQkd*k*k5kex*x5 + Bhdkckk2kd*kk4dkexk6xx + BAkckk2kdk*k3kexkxT
*kxkk2 + 18kCkkkdk*k2kekk8kx*k*k3 + OGkd**k33kekx*k7 + 18*kd**2kex*8*kx + 18kd*ex*9*xx
*x*%2 + B6xexx10*%x**3) + bkckx*3kex*B*xx**3*%1log(x*x*2 + c**(-2))/(6*xc**x6xd**9xe +
18%kckxkBkd**k8kex*k2xx + 18kCkkBkd*k*Tkexk3kx*k*k2 + B*kCk*kBkd*kkBGkekkqdkxkx*k3 + 18%
cxk4kAx*kTke**x3 + BAxckkdkdk*Bke*kkxd*xx + DAxckkdkd*k*kDkekk5kx**x2 + 18kck*k4q*xd**
LxexxBG*xx**3 + 18kCck*2kdxkbke**x5 + BadkxckxQkdk*k4kexkGkxx + BAxckkQkdk*k3kek*kT7*x
*%k2 + 18kCkk2kdkkQkekkBkx*k*k3 + 6Gkd*k*k33kek*k7 + 18kd**2kex*k8kx + 18kdkex*kQkx*x*
2 + 6xe*xx10*x**3) — 2*¥bkcx*3kex*6xx*x*3*log(d/e + x)/(6*xc**x6xd**x9xe + 18*c**
Bkdxk8ke*kxkx + 18%kCk*kBkd*kTkekk3kx*k*k2 + GkCkkBkd*k*kBkexkdkxx*k*3 + 18kck*k4*kdx*
*xTxe**x3 + B4xckx4*xd*x*k6kexkdkxx + BaAxckk4dkd*k*k5kekxkx5kxx*k*2 + 18kckk4kd*kkdkekkB*
x**3 + 18%ck*2kd*xk5ke*x*5 + BAxck*xkdkkdkekxkxB*x + BAkxckkkdxk3ke* kxT*kx*k*2 + 1
8xCckxx2xd*x*x2kex*xBkx*k*k3 + Gkd*kk3kek*k7 + 18kd*k*k2Qke*k*k8kx + 18kd*ke**kJ*kx**2 + G*e
*x10%x*x*3) — Bxbxck*2kxd*x*2kxex*k4xatan(c*xx)/ (6*kck*x6kd**xQke + 18*Ck*Bkd**8ke*k*
2%x + 18%Ck*k6kd*kTkex*k3kx*k*k2 + GkCkkBkdA*k*kBkexkdkxx*k*3 + 18kckk4dkd**kT*xe**x3 +
B4xck*x4kdxkBGkekkdkxx + BAkckk4kdkk5kex*k5kxk*k2 + 18kckkdkdkkdkexkGxx*k*x3 + 18%
ckx2kd*xk5kexx5 + BAkckk2kdkk4dkexkB6kxx + BhkckkQkdk*k3kexkTxx*k*2 + 18kCk*kkd**
2ke*x8kx*k*3 + Gxd*x*k3ke*x*7 + 18kd**k2kex*k8kxx + 18kd*ke*x*9*x**x2 + Bke*x*kx10*x**3)
- bxckdke*x*5/ (6kxck*x6kxd*x*xQke + 18kck*xBkd**x8kekxkx2kx + 18kcCk*xBkd**T*kekk3Jkxk*k
+ BkxCkkBkd*kBkekkd*kx*k*k3 + 18kck*k4kdxkTke*x*3 + Bhdkckkdkd*xkGkekxxd*x + BaAkck*
Axd*xx5kxe*x*k5kxk*k2 + 18kckkdkd*kk4kex*kBkxk*x3 + 18kckk2kd*k5kex*k5 + B54kck*k2kd*k*
LdxexxB*x + BAxCk*kdxk3kekkTkxk*k2 + 18kCk*2kd**kQke*x*kBkx**3 + BGkd*k3ke*x*7 +
18*kd**x2ke*x*x8xx + 18*kdke**xQkx**x2 + Bkex*k10*x**x3) — bkckex*x6kxx/(6kck*x6kxd**xQke
+ 18*ck*Bkxd**k8kex*k2kxx + 18kCkkBxd*x*xTkexk3kxx*k*x2 + GkCk*kBkd*k*kGkekkdkxkk3 + 1
8kcxkdxd*xTke*x*k3 + BaAkxck*k4kdxkBGkekxkdkxx + BAkck*kdkd*kx5kex*k5kxk*x2 + 18kckkdxd
kk4kexkBGkx*kk3 + 18kck*kkd*k*k5kexk5 + Bhkckk2kd*kk4dkexkB6xxX + 54kckk2kd*kk3kexkT
*kxkk2 + 18kCkkkdk*k2Qkek*kBkx*k*k3 + 6kd*k*k33kek*k7 + 18*kd**2ke*x*8*kx + 18kd*kex*9*xx
**2 + B*e*xx10%x**3) — 2%b¥xex*6katan(c*x)/(6kck*Exd**x9xe + 18*Ck*x6xAx*8*e**2
*X + 18%Ck*kOkdkkTkek*kIkx*k*k2 + 6GkCkkOGkd**kGkekk4kxx*k*3 + 18kck*k4xd**x7Txex*x3 + 5
Axckkqkxd*xkBkexkdxx + BAkxckk4xdxkEkxexkExxkx*x2 + 18kcxkdxd*x*kdkexkGkx*k*k3 + 18%c
*%Qkdkk5ke*kk5 + BAkckkkdkkdkekxkBkx + DAkckkDkdkk3kekkTkxk*k2 + 18kck*k2kd**2
*ekk8kx**3 + Gkdk*k3kekk7 + 18kdx*2kex*x8*x + 18*dkex*Qkx*k*x2 + Gkex*10*x**3),
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True))

Maxima [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 374, normalized size of antiderivative = 1.82

/ a + barctan(cz) dp —

(d+ ex)t
1 (8c'd® —c*e®)log (P2® +1)  2(3c'd? — Pe?)log (ex + d)
Sdb + 3ctde? + 3c2d%e* + €8 BdS 4+ 3ctde? +3c2d%et + €8 cAdS + 2 c2dte? + dPet + (ct
a

6

3 (e2?® + 3dedx? + 3d2ex + de)

[In] integrate((at+b*arctan(c*x))/(e*xx+d)~4,x, algorithm="maxima")

[Out] -1/6%(c*x((3*c™4*d"2 - c~2*e”2)*1log(c™2*xx"2 + 1)/(c”6%d"6 + 3*c"4*xd"4*e”2 +
3%xc72xd"2*%e”"4 + e76) - 2%(3xc”4*d"2 - c"2*e”2)*log(exx + d)/(c"6%xd"6 + 3*c~
4xd~4*e”2 + 3*c"2%d"2%e"4 + e76) + (4*c”2*d*e*xx + 5kcT2xd"2 + e72)/(c"4*d”6

+ 2%c"2xd"4*xe”2 + d"2*%e”4 + (cT4*xd"4*e”2 + 2xcT2xd"2*%e"4 + e76)*x"2 + 2*(c
“4xd"5%e + 2xc"2*d"3*e”3 + d*e”5)*x) - 2*(c"6*%d"3 - 3*c"4*d*e”2)*arctan(c*x

)/ ((c™6%d"6*e + 3*c"4*xd"4*e”~3 + 3*xc~2*%d"2*e”5 + e"7)*c)) + 2*xarctan(c*x)/(e
“4%x"3 + 3kd*e”"3*%x"2 + 3*%d"2*e"2*x + d"3%e))*b - 1/3*a/(e"4*x"3 + 3*d*e”3*x

~2 + 3%d"2%e”2%x + d~3%e)

Giac [F]

/ a + barctan(cz) / barctan (cz) + a
. = T dr

[In] integrate((a+b*arctan(c*x))/(e*x+d)~4,x, algorithm="giac")

[Out] sageO*x

Mupad [F(-1)]

Timed out.

/ a + barctan(cx) / a + batan(cx)
4 = 7 do
(d+ ex) (d+ex)

[In] int((a + b*atan(c*x))/(d + e*x)"4,x)
[Out] int((a + b*atan(c*x))/(d + e*xx)"4, x)
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3.9 [(d + ex)*(a + barctan(cz))? dz

Optimal result . . . . . . . . . . . e 88|
Rubi [A] (verified) . . . . . . . . ]9
Mathematica [A] (verified) . . . . . . . . . . .. 94
Maple [A] (verified) . . . . . . ... 94
Fricas [F] . . . . . . o 96
Sympy [F] . . o 96
Maxima [F] . . . . . o 90
Giac [F] . . o o 97l
Mupad [F(-1)] . . . o o 97

Optimal result

Integrand size = 18, antiderivative size = 376

_ bPde’r  abe(6c’d® —e*)x  bPePx?
T2 2¢3 12¢2
b’de’ arctan(cz)  be(6c*d? — €?) z arctan(cz)
a c3 a 2c3
bde’z?(a + barctan(cz))  be*z3(a + barctan(cz))
6c

/(d + ex)*(a + barctan(cz))? dz

c
N id(cd — €)(cd + e)(a + barctan(cz))?
3
(c*d* — 6c2d%e® + e*) (a + barctan(cz))?
4cte
(d + ex)*(a + barctan(cz))?
+ 4e
N 2bd(cd — e)(cd + €)(a + barctan(cz)) log (12
&3
_ bPellog (1+ca?) | be(6c°d® — €)log (1 + *z?)
12¢4 4ct
N ib?d(cd — €)(cd + €) PolyLog (2,1 — %)

" 1+icx

c3

[Out] b~2*d*e”~2*x/c”2-1/2*axbxe* (6*xc™2xd"2-e"2) *x/c”3+1/12%b"2*e~3*x~2/c~2-b"2*dx*
e~ 2xarctan(c*x)/c”3-1/2%b"2xex (6*c~2*d"2-e"2) *x*arctan(c*x) /c~3-b*xd*e 2*x"2

* (a+b*arctan(c*x))/c-1/6*bxe”~3*x"3* (a+b*arctan(c*x))/c+I*d* (cxd—e) * (c*d+e) *
(atb*arctan(c*x)) ~2/c~3-1/4*(c"4*d~4-6*%c"2*%d"2*xe”~2+e"4) * (a+b*arctan(c*x)) "2
/c”4/e+1/4x (exx+d) “4* (a+b*arctan(c*x)) ~2/e+2xbxd* (cxd-e) * (c*d+e) * (a+b*arcta
n(c*x))*1n(2/ (1+I*c*x))/c~3-1/12%b"2*e~3*1n(c~2*x"2+1) /c~4+1/4%b"2*xe*x (6*c™2
*d"2-e72) *1n(c~2*x"2+1) /c"4+Ixb~2*d* (c*d-e) * (c*xd+e) *polylog(2,1-2/ (1+I*c*x)

)/c”3
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Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 376, normalized size of antiderivative = 1.00,

number of steps used = 19, number of rules used = 14, number of rules _ 0.778, Rules
integrand size

used = {4974, 4930, 266, 4946, 327, 209, 272, 45, 5104, 5004, 5040, 4964, 2449, 2352}

id(cd — €)(cd + €)(a + barctan(cr))?

/(d + ex)®(a + barctan(cz))? dz =

3
N 2bd(cd — e)(cd + €) log (1+2m) (a + barctan(cz))
3
_ (c*d* —6c*d?e? + %) (a + barctan(cz))?
4cte
_ bde?a*(a + barctan(cz))
c
(d + ex)*(a + barctan(cz))?
+ 4e
_ be’z’(a + barctan(cz))  abex(6c’d” — €?)
6c 2c3
_ bPde?arctan(cx)  bPexarctan(cz) (6c*d® — €?)
c3 2c3
N ib®d(cd — €)(cd + ) PolyLog (2,1 — 225)
3
vde?r  b2e3z?  be(6c’d? — e?)log (ctx? + 1)
c? 12¢2 4ct
_ bPellog(P2® +1)

12¢4

[In] Int[(d + e*x)"3*(a + b*ArcTan[c*x])~2,x]

[Out] (b™2*d*e"2*x)/c”2 - (a*b*ex(6*c™2*xd"2 - e72)*x)/(2%c"3) + (b~ 2*e"3*x72)/(12
*c"2) - (b~2*d*e"2*ArcTan[c*x])/c”3 - (b~2*xe*(6*c”2xd"2 - e~2)*x*ArcTan[c*x
1)/(2%c”3) - (bxd*xe~2*x"2*(a + b*ArcTan[c*x]))/c - (b*e~3*x"3*(a + b*ArcTan
[cxx]))/(6%xc) + (I*d*(c*d - e)*(cxd + e)*x(a + bxArcTan[c*x])~2)/c”3 - ((c™4

*d~4 - 6*%c”2xd"2*%e”2 + e~4)*(a + bxArcTan[c*x])~2)/(4*c"4*e) + ((d + exx)"4

*(a + b*ArcTan[c*x])~2)/(4xe) + (2*b*d*(c*d - e)*(cxd + e)*(a + b*ArcTan[c*
x])*Log[2/(1 + Ixc*x)])/c”3 - (b~2xe"3xLogl[1l + c™2xx72])/(12%xc"4) + (b~ 2*ex
(6xc™2%d"2 - e~2)*xLogl[l + c™2*xx72])/(4%c”4) + (I*b~2*d*(c*d - e)*(c*kd + e)*
PolyLogl[2, 1 - 2/(1 + Ixc*x)])/c”3

Rule 45

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] &% NeQ[b*c - a*d, 0] && IGtQ[m, O] && ( !'IntegerQ[n] || (EqQ[c, 0] && Le
Q[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])
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Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 01)

Rule 266

Int[(x_)~"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 272

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 327

Int[((c_)*(x_))" (@ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D)*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*(m + n*p + 1))), x] - Dist[
axc’n*((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n)"p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d.) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2%d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQ[c, 2*d] && EqQ[e~2xf + d~2*g, 0]

Rule 4930

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ b*ArcTan[c*x"n])“p, x] - Dist[b*c*n*p, Int[x"n*((a + b*ArcTan[c*x"n])~(p
- 1)/ + c™2%x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, 0] &&
(EqQ[n, 11 || EqQlp, 11)

Rule 4946

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :>
Simp[x~(m + 1)*((a + b*ArcTan[c*x"n])"p/(m + 1)), x] - Dist[bxcxnx(p/(m +
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1)), Int[x"(m + n)*((a + b*ArcTan[c*x"n])~(p - 1)/(1 + c™2*x~(2*n))), x], x
1 /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] && (EqQ[p, 1] || (EqQ[n, 1] &&
IntegerQ[m])) && NeQ[m, -1]

Rule 4964

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d.) + (e_.)*(x_)), x_Symbol]
:> Simp[(-(a + bxArcTan[c*x]) p)*(Logl[2/(1 + ex(x/d))]/e), x] + Dist[b*cx(
p/e), Int[(a + bxArcTan[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]1/(1 + c~2%x72)),
x], x] /; FreeQ[{a, b, c, d, e}, x] & IGtQ[p, 0] && EqQ[c~2*d"2 + e~2, 0]

Rule 4974

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTan[c*x]) p/(ex(q + 1))), x] - D
ist [bxcx(p/(ex(q + 1))), Int[ExpandIntegrand[(a + bxArcTan[c*x])~(p - 1), (
d + exx)~(q + 1)/(1 + c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] &% IntegerQ[ql && NeQ[q, -1]

Rule 5004
Int[((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))~(p_.)/((d ) + (e_.)*(x_)"2), x_Symbo

1] :> Simp[(a + b*ArcTan[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, p}, x] && EqQle, c"2xd] && NeQ[p, -1]

Rule 5040

Int[(((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)*(x_))/((d)) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(-I)*((a + b*ArcTan[c*x])~(p + 1)/(b*ex(p + 1))), x] - Di
st[1/(c*d), Int[(a + b*ArcTan[c*x])"p/(I - c*x), x], x] /; FreeQ[{a, b, c,
d, e}, x] & EqQle, c~2+d] && IGtQ[p, 0]

Rule 5104

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)*((f_) + (g_.)*(x_))"(m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x]) p
/(@ + exx~2), (f + gxx)"m, x], x] /; FreeQ[{a, b, ¢, d, e, f, g}, x] && IGt
Qlp, 0] && EqQle, c~2*d] && IGtQ[m, O]

Rubi steps

(d + ex)*(a + barctan(cz))?
4e

integral =

2d(cd—e)e(cd+e;

(be) f <62(602d2—62)(a+barctan(cx)) i 4de3z(a+barctan(cz)) i etz?(a+barctan(cz)) i (ctd*—6c2d?e?+e*+4c

ct c2 c?

ct(1+c2z2)

2e
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cAdt—6c2d2e?+et+4c?d(cd—e)e(cd+e)z) (a+barctan(cz
(d + ex)*(a + barctan(cz))? bf( d"=6c"de"+e 14 d(lj—czz)z( d+e)z) (atbarctan(ca) ;.

4e 2c3e
_ (2bde?) [ z(a+ barctan(cz))dz  (be®) [ #°(a + barctan(cz)) dz

2c

c
(be(6cd? — €?)) [(a + barctan(cz)) dz
2¢3
abe(6c’d? — e?)xz  bde’z*(a + barctan(cz))
2c3 B c
_ be’z*(a + barctan(cz)) N (d + ex)*(a + barctan(cz))?
6c 4e

4 a1, —6c2d2e2 4ol
bf c'd <1+70 g )(a—i—barctan(cx)) + 4c?d(cd—e)e(cd+e)x(atbarctan(cz)) dr
1+c2z2 1+c2z2

2c3e

+(62d2)/ i +lw 3)/ T
¢ 1+c2 TV e 1+c22 ™
(b%e(6c*d® — €?)) [ arctan(cz) dz
2¢3
_ Vde’s  abe(6c’d® —e*)x  bPe(6c’d” — €?) warctan(cx)
e 2c3 2c3
_ bde®z®(a + barctan(cz)) be’z®(a + barctan(cz)) N (d + ex)*(a + barctan(cz))?

C 6¢c 4e
(b2d€2) f 1-|—c+x2dx

1 23 / z 2
c2 + 12 (b%¢7) Subst( 1+ 2z dz, 2,
(2bd(cd — e)(cd +¢)) [ g do | (Fe(68d” — &%) [ rrEm da

1+c2z2
c 2c?
(b(c4d4 — 6c2d2e? + 64)) f a+barctan(cz) dz

14-c2x2
2c3e

_ Vde’s  abe(6c’d® —e*)x  b*de? arctan(cz)
e 2¢3 c3
b’e(6c’d® — e?) zarctan(cz)  bde*z*(a + barctan(cz))
2¢3 c
_ be’z*(a + barctan(cx)) N id(cd — €)(cd + €)(a + barctan(cz))?
6c c3
(c*d* — 6c%d*e? + e*) (a + barctan(cz))?
Acte
(d + ex)*(a + barctan(cz))?  b’e(6c2d® — €?) log (1 + c?z?)
* de + 4ct

1 53 / 1 1 ,
+ 12 (b € )Subst( <cz c2 (1 +02$)> dx,z',.'l,'
+ (2bd(cd —€)(cd +¢)) [ atbarctan(er) 4.

i—cT

c2



93

_ Vde’s  abe(6c’d® —e*)x N b*e*z®  b’de’ arctan(cz)
e 2c3 12¢2 c3
b’e(6c’d® — e?) zarctan(cz)  bde*z*(a + barctan(cz))
2¢3 c

_ be’z*(a + barctan(cz)) N id(cd — €)(cd + €)(a + barctan(cz))?

6c c3
(c*d* — 6c%d*e? + e*) (a + barctan(cz))? N (d + ex)*(a + barctan(cz))?

Acte 4e
N 2bd(cd — e)(cd + e)(a + barctan(cz)) log (2)  b2e?log (1 + c2a?)
c3 B 12¢4

lo ﬁ
| Pe(6d —€)log (1 +%2?) (2b%d(cd — €)(cd +€)) [ % dz
4ct c?
_ Vde’s  abe(6c’d® —€*)x N b*e*z®  b’de’ arctan(cz)
e 2c3 12¢2 c3
b’e(6c’d® — e?) zarctan(cz)  bde*z*(a + barctan(cz))
2¢3 c
_ be’z*(a + barctan(cz)) N id(cd — €)(cd + €)(a + barctan(cz))?
6c c3
(c*d* — 6c%d*e? + €*) (a + barctan(cz))? N (d + ex)*(a + barctan(cz))?
Acte 4e
N 2bd(cd — e)(cd + e)(a + barctan(cz)) log (52—
3
_ b?e’log (1 + c*2?) N b’e(6c*d* — e?) log (1 + 2x?)
12¢4 4ct
(2ib?d(cd — €)(cd + €)) Subst ( 8 g, qp, 1 )

) 14icx

1+icx )

+

3
_ b’de’z  abe(6c’d® —€*)w N b*e*x?  b*de® arctan(cz)
2 2¢3 12¢2 c3

b’e(6c’d® — e?) zarctan(cz)  bde’z?(a + barctan(cz))

2c3 c
be3z3(a + barctan(cz)) N id(cd — €)(cd + €)(a + barctan(cz))?
6c c3
(c*d* — 6c2d*e? + €*) (a + barctan(cz))? N (d + ex)*(a + barctan(cz))?
4cte 4e

2bd(cd — e)(cd + e)(a + barctan(cz))log (2=)  b2e3log (1 + 2a?)
* c - 12¢4
| Pe(6cd” — e?)log (1 +*?) | ibd(cd = ¢)(cd + ¢) PolyLog (2,1 - 13%5)

4ct c3
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Mathematica [A] (verified)

Time = 0.95 (sec) , antiderivative size = 472, normalized size of antiderivative = 1.26

/(d + ex)?(a + barctan(cr))? dx
B b%e® + 12a2ctd3x — 36ab3d%ex + 12b%cde?x + 6abece®x + 18a’cid?ex? — 12abc3de®x? + b2c?elx? + 12a2ct

[In] Integrate[(d + e*x)~3x(a + b*ArcTan[c*x])~2,x]

[Out] (b™2*e”3 + 12*a~2*%c"4*d"3*x - 36*axbxc”3*xd"2kexx + 12*%b~2*c”2*kd*e”~2*x + 6*a
*¥bkxcxe~3*x + 18*%a”2%cT4*xd"2*e*x"2 - 12*%akxb*c”3*%d*xe"2*%x"2 + bT2*kcT2*e"3%xx"2
+ 12%a”2xc"4*d*e”2xx"3 - 2*axbxc”3*e”3*x"3 + 3*ka"2*c"4xe"3*x"4 + 3xb"2x((-4
*I)*xc"3*%d"3 + 6xc”2*%d"2*e + (4*I)*cxd*e”2 — e73 + c 4*x*(4*%d~3 + 6*d"2*exx
+ 4*d*e”2*x"2 + e~ 3*x73))*ArcTan[c*x] "2 + 2xbxArcTan[c*x]* (- (b*cxex(18*c™2*
d"2*xx + e"2xx* (-3 + c72*%x72) + 6*xd*(e + cT2xexx"2))) + 3*a*(6*%c”2xd"2*e - e
“3 + cT4*x*x(4*%d"3 + 6%xd"2%exx + 4xd*e”2*%x"2 + e73*%x73)) + 12%bxckd*(c"2+d”2
- e72)*Log[1 + E~((2*I)*ArcTan[c*x])]) - 12%a*bxc~3*d~3*Logl[l + c~2*x~2] +

18%b~2xc~2*d"2xexLog[1 + c”2%x~2] + 12xaxb*ckd*e~2xLog[l + c™2%x"2] - 4*b~
2xe~3xLog[1 + c™2%x72] - (12*I)*b~2xcxd*(c~2+%d"2 - e~2)*PolyLog[2, -E~((2*I
YxArcTan[c*x])])/(12%c™4)

Maple [A] (verified)

Time = 3.12 (sec) , antiderivative size = 667, normalized size of antiderivative = 1.77
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method result
6 a
p2| < &3 arcta4n(ca:)2z4 +e e2 arctan(cz)er‘d—i- 3ce arc‘canz(c:::)2a:2d2 +a,rcta,n(cx)2cx d3—|— z:arc'cal;‘g:a:)zd‘l o
a2 (ez+d)*
parts e T
6 arc
b2 arctan(0§)2c4d4 +arctan(cz)264d31‘+ 3e arctan(c2z)204d2m2 +a2 arctan(cz)264dzs+63 arctan(cx)2c4m4 _
a2(cez+cd)4 +
derivativedivides =
6 arc
2 arctan(cz)2c4d4 +arctan(cw)204d3z+ 3e arctan(cw)204d2z2 +62 arctan(cz)204da:3+ &3 arctan(cw)2c4w4 _
a2(cew+cd)4 +
default dee
risch Expression too large to display

[In] int((exx+d) 3*(atb*arctan(c*x)) 2,x,method=_RETURNVERBOSE)

[Out] 1/4*a"2*(exx+d) "4/e+b”2/c*x(1/4*c*e”3*arctan(c*x) “2xx"4+c*e”2*xarctan (c*x) ~2x*
X" 3*d+3/2*xcke*arctan (ckxx) ~2*x~2xd”~2+arctan (c*xx) “2*c*x*d~3+1/4*c/exarctan(c*
x) "2xd~4-1/2/c~3/ex (6*arctan (c*x) *xc~3*d"2xe 2xx+2*arctan (c*x) *e”~3*c”~3*xd*x"2
+1/3*arctan(c*x)*e~4*c”~3*x~3-arctan(c*x) *e~4xc*x+2*arctan(c*x) *1n(c™2*x~2+1
)*xc~3*d"3*e-2*arctan(c*x)*1n(c”2*x"2+1) *c*d*e~3+arctan (c*x) “2*c~4*d~4-6*arc
tan (c*x) “2*c”2*%d"2*xe”"2+arctan(c*xx) "2*%e”4-1/12% (6*%c~4*d"4-36*c"2*%d " 2*xe" 2+6%*e
~4)*arctan(c*x) "2-1/3*e" 2% (6*c " 2xd*exx+1/2*xc"2*xe”2*%x"2+1/2* (18*c~2*%d"2-4*e”
2)*1n(c”™2*x"2+1) -6*xe*arctan (c*xx) *c*d) -2xcxd*e* (c"2xd"2-e"2) * (-1/2*xI* (1ln(c*x
-I)*1n(c™2*x"2+1)-dilog(-1/2*I* (c*x+I))-1n(c*x-I)*1n(-1/2*I*(c*x+I))-1/2%1ln
(c*xx-I)"2)+1/2*I*(In(c*x+I)*1n(c™2*x~2+1)-dilog(1/2*I*(c*x-I))-1n(c*x+I)*1ln
(1/2*%I*(c*x-1I))-1/2%1n(c*x+I)"2))))+2*xa*b/c*(1/4*c*e”3*arctan(c*x) *x~4+c*xe”
2*arctan (c*x) *x~3*d+3/2*c*exarctan (c*x) *x~2*d"2+arctan (c*x) *cxx*xd~3+1/4*c/e
xarctan(c*x)*d~4-1/4/c~3/ex(6*c™3*d"2xe” 2*x+2%e~3*c”~3*d*x"2+1/3*%e”4*c~3*x"3
—cxe”4xx+1/2x (4*c~3*%d"3*e-4xc*kd*e”3) *1n(c~2*xx"2+1) +(c"4*d"4-6*c”2*%d"2*e " 2+e
~4)*arctan(c*x)))
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Fricas [F]
/(d + ex)?(a + barctan(cz))? dzr = / (ex + d)®(barctan (cz) + a)® dz

[In] integrate((e*x+d) ~3*(atb*arctan(c*x))~2,x, algorithm="fricas")

[Out] integral(a”2xe~3*x~3 + 3*a~2*d*e”2*x"2 + 3*a~2%d"2%e*xx + a~2*%d"3 + (b~2xe"3
*x73 + 3*%b"2kd*e"2*xx"2 + 3*b"2*xd"2*e*x + b~2*xd"3)*arctan(cxx) "2 + 2*(axb*e”
3*%x~3 + 3*axbxdxe~2xx"2 + 3*a*b*d”"2%e*xx + axbxd~3)*arctan(c*x), x)

Sympy [F]
/(d + ex)®(a + barctan(cz))? dz = / (a + batan (cz))® (d + ex)® dz

[In] integrate((e*x+d)**3*(atb*atan(c*x))**2,x)

[Out] Integral((a + b*atan(c*x))#**2x(d + e*x)**3, x)

Maxima [F]
/(d + ex)3(a + barctan(cz))® dr = / (ex + d)*(barctan (cz) + a)* dz

[In] integrate((exx+d) 3*(at+b*arctan(c*x))~2,x, algorithm="maxima")

[Out] 1/4*a"2*e”3*x"4 + a~2*d*e”2*%x"3 + 12%b~2xc~2xe~3*integrate(1/16*x~5*arctan(
c*x)7"2/(c”2%x72 + 1), x) + b"2*c"2*e"3*integrate(1/16*x"5xlog(c™2*x~2 + 1)~
2/(c™2*x"2 + 1), x) + 36%b~2%c"2xd*e”2*integrate(1/16*x"4*arctan(c*x)~2/(c”
2*x"2 + 1), x) + b"2xc"2*e"3*integrate(1/16*x"5xlog(c~2*x"2 + 1)/(c™2*x"2 +
1), x) + 3*%b"2xc"2+d*e”"2*xintegrate(1/16*x"4x1log(c™2*x"2 + 1)72/(c™2%x"2 +
1), x) + 36%b~2xc"2*d"2*exintegrate(1/16*x"3*arctan(c*x)~2/(c”2*x"2 + 1), x
) + 4xb~2xc"2xdxe"2xintegrate(1/16*%x"4*log(c”2*%x"2 + 1)/(c™2*%x"2 + 1), x) +
3*xb~2%c~2*d"2xexintegrate (1/16*xx"3*log(c™2*x"2 + 1)72/(c”2*x"2 + 1), x) +
12¥b~2xc~2*d"3*integrate(1/16*x"2xarctan(c*x) "2/(c”2*%x"2 + 1), x) + 6%b~2%c
~2xd"2*e*xintegrate(1/16*x"3*xlog(c™2*x"2 + 1)/(c™2*x"2 + 1), x) + b~ 2%c™2*d~
3xintegrate(1/16*x"2x1log(c™2*x"2 + 1)72/(c™2%x"2 + 1), x) + 4*b~2%c™2xd"3*i
ntegrate(1/16*x"2xlog(c™2*x"2 + 1)/(c™2*%x"2 + 1), x) + 3/2%a”2xd"2*xe*xx"2 +
1/4*%b~2+d"3*arctan(c*x) ~3/c - 2*b~2*c*e"3*xintegrate(1/16*x 4*arctan(c*x)/(c
“2%x72 + 1), x) - 8%b"2*c*kd*e"2xintegrate(1/16xx"3*arctan(c*x)/(c™2*x"2 + 1
), X) - 12%b~2xc*xd"2*exintegrate(1/16*x"2*arctan(c*x)/(c"2*x"2 + 1), x) - 8
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*b~2*c*d"3*integrate(1/16*x*arctan(c*x)/(c"2*xx"2 + 1), x) + 3x(x"2*xarctan(c
*x) - cx(x/c”2 - arctan(c*x)/c”3))*a*xb*d"2*e + (2xx"3*arctan(c*x) - c*x(x"2/
€2 - log(c™2%x"2 + 1)/c”4))*a*xbxd*e”2 + 1/6%(3*xx"4*arctan(c*x) - cx((c™2*x
~3 - 3*x)/c”4 + 3*arctan(c*x)/c”5))*axbxe”3 + a”2xd"3*x + 12*%b~2*e"3*integr
ate(1/16*x"3*arctan(c*x)~2/(c™2*x"2 + 1), x) + b~ 2*e"3*integrate(1/16%x~3*1
og(c™2*x"2 + 1)72/(c™2%x"2 + 1), x) + 36%b~2*d*e”2*integrate(1/16*x"2*arcta
n(c*x)~2/(c™2%x"2 + 1), x) + 3*%b~2*d*e"2xintegrate(1/16xx"2*log(c™2*x"2 + 1
)72/(c™2%x"2 + 1), x) + 36%b”2*d"2*exintegrate(1/16*x*arctan(c*x)~2/(c™2*x"
2 + 1), x) + 3*%b"2xd"2*e*integrate(1/16*x*log(c™2%x"2 + 1)72/(c™2*x"2 + 1),
x) + b~2xd"3xintegrate(1/16%log(c™2*x"2 + 1)72/(c™2*x72 + 1), x) + (2%c*xx*
arctan(c*x) - log(c™2*x"2 + 1))*axbxd~3/c + 1/16%(b"2*%e"3*x"4 + 4*b~2xd*e”2
*x"3 + 6xb"2%d"2%e*x”"2 + 4xb~2%d”3%*x)*arctan(cxx)"2 - 1/64*%(b"2*e"3%x"4 + 4
*b"2%d*e”"2*x"3 + 6*%b"2xd"2%e*x"2 + 4xb~2*%d"3*x)*log(c”2*x"2 + 1)72

Giac [F]
/(d + ex)*(a + barctan(cz))® dz = / (ex + d)®(barctan (cz) + a)® dz

[In] integrate((e*x+d) ~3*(at+b*arctan(c*x))~2,x, algorithm="giac")

[Out] sageO*x

Mupad [F(-1)]

Timed out.

/(d + ex)?(a + barctan(cr))? dx = / (a + batan(cz))® (d + ex)’ dz

[In] int((a + b*atan(c*x))~2*%(d + e*x)~3,x)

[Out] int((a + b*atan(c*x))~2*(d + e*x)"3, x)
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3.10 [(d + ex)*(a + barctan(cz))? dz

Optimal result . . . . . . . . . . . e O8]
Rubi [A] (verified) . . . . . . . . 99
Mathematica [A] (verified) . . . . . . . . . .. 103l
Maple [B] (verified) . . . . . . . . . . 103
Fricas [F] . . . . . . o 105
Sympy [F] . . o 105
Maxima [F] . . . . . o 105
Giac [F] . . . o o 106!
Mupad [F(-1)] . . . o 106

Optimal result

Integrand size = 18, antiderivative size = 270

2abdex  b’e’r  b%e? arctan(cr)

/(d + ex)?(a + barctan(cz))? dz =

c 3c? 3c3
_ 2b%dexarctan(cz)  be*a*(a + barctan(cz))
c 3c
i(3c*d* — €) (a + barctan(cz))?
+ 3
3c
d(d2 — 30%2> (a + barctan(cz))?
- 3e
(d + ex)®(a + barctan(cz))?
* 3e
2b(3c*d® — €?) (a + barctan(cz)) log (3= )
3c3
b’delog (1 + *z?)
+ 2
c
ib?(3c?d® — €?) PolyLog (2,1 — Ifm)

+

3c3

[Out] -2*a*b*d*exx/c+1/3*%b"2xe"2*x/c”2-1/3*b"2*e 2*arctan(c*x)/c~3-2*b~2*d*exx*ar
ctan(c*x)/c-1/3*b*xe”2+%x"2*x (a+b*arctan(c*x)) /c+1/3*xI*(3*c~2xd"2-e"2) * (a+b*ar
ctan(c*x))~2/c~3-1/3*%d*(d"2-3*e"2/c"2) *(a+b*arctan(c*x)) ~2/e+1/3* (e*xx+d) ~3*
(atb*arctan(c*x)) ~2/e+2/3*b*x (3*xc"2*%d~2-e"2) * (a+b*arctan(c*x) ) *1n(2/ (1+I*c*x
))/c™3+b~2*%d*ex1n(c " 2xx"2+1) /c"2+1/3*Ixb~2% (3%c~2*d"2-e"2) *polylog(2,1-2/(1
+I*xc*xx))/c”3
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Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 270, normalized size of antiderivative = 1.00,

number of steps used = 15, number of rules used = 12, number of rules _ 0.667, Rules
integrand size

used = {4974, 4930, 266, 4946, 327, 209, 5104, 5004, 5040, 4964, 2449, 2352}

2 3e? 2
, 2 _d(d e > (a + barctan(cx))
(d + ex)*(a + barctan(cz))” dz = P

i(3c2d? — €?) (a + barctan(cz))?
_|_
3c3
2b(3c*d® — €?) log (3% ) (a + barctan(cz))
_|_
3c3
(d + ex)3(a + barctan(cz))?
* 3e
be’z*(a + barctan(cz))  2abdex  b%e*arctan(cr)
3c c 3c3
2b?dex arctan(cz) N b’delog (?z? + 1)
c c?
b2y  b?(3c?d® — €?) PolyLog (2,1 — m2+1)
+
3c? 3c3

[In] Int[(d + exx)~2*%(a + bxArcTan[c*x]) ~2,x]

[Out] (-2*a*b*d*exx)/c + (b~2xe”~2*x)/(3*%c”2) - (b~2*xe"2*ArcTan[c*x])/(3*%c~3) - (2
*b~2xd*e*x*ArcTan[c*x])/c - (b*e ™2*x"2x(a + b*ArcTan[c*x]))/(3*c) + ((I/3)*
(3*%c™2%d"2 - e"2)*(a + b*ArcTan[c*x])"2)/c”3 - (d*(d"2 - (3*e"2)/c"2)*(a +
b*ArcTan[c*x])"2)/(3*e) + ((d + e*x) 3x(a + bxArcTan[c*x])~2)/(3xe) + (2*bx
(3xc™2%d"2 - e~2)*(a + bxArcTan([c*x])*Log[2/(1 + I*c*x)])/(3*%c”3) + (b~2%dx*
exLog[1l + c™2*x72])/c”™2 + ((I/3)*b~2%(3*%c”"2*d"2 - e~2)*PolyLog[2, 1 - 2/(1

+ I*c*x)])/c”3

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 01)

Rule 266

Int[(x_)~"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 327

Int[((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*xx)"(m - n + D*((a + bxx™n)"(p + 1)/(bx(m + nxp + 1))), x] - Dist[
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axc™nx((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d) + (e_)*(x))1/((£) + (g_.)*(x)~2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2%d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] &% EqQle~2xf + d~2*g, 0]

Rule 4930

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ b*ArcTan[c*x"n])“p, x] - Dist[b*c*n*p, Int[x"n*((a + b*ArcTan[c*x"n])~(p
-1/ + c”2*%x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, 0] &&
(EqQ[n, 11 || EqQlp, 11)

Rule 4946

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :>
Simp[x~(m + 1)*((a + bxArcTan[c*x"n])"p/(m + 1)), x] - Dist[bxcxnx(p/(m +
1)), Int[x"(m + n)*((a + b*ArcTan[c*x"n])~(p - 1)/(1 + c™2*%x~(2%n))), x], x
1 /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1] &&

IntegerQ[m])) && NeQ[m, -1]

Rule 4964

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))~(p_.)/((d_) + (e_.)*(x_)), x_Symboll
:> Simp[(-(a + bxArcTan[c*x]) p)*(Logl[2/(1 + ex(x/d))]/e), x] + Dist[bxcx(
p/e), Int[(a + bxArcTan[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 + c"2*x"2)),
x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQp, 0] & EqQ[c~2%d™2 + e~2, 0]

Rule 4974

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))~(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x]) p/(ex(q + 1))), x] - D
ist [b*cx(p/(e*x(q + 1))), Int[ExpandIntegrand[(a + bxArcTan[c*x])~(p - 1), (
d + exx)"(q + 1)/(1 + c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQlp, 1] && IntegerQ[ql && NeQlq, -1]

Rule 5004
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Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + bxArcTan[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, p}, x] && EqQ[e, c"2xd] && NeQ[p, -1]

Rule 5040

Int[(((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)*(x_))/((d)) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(-I)*((a + b*ArcTan[c*x])~(p + 1)/(b*ex(p + 1))), x] - Di
st[1/(c*d), Int[(a + b*ArcTan[c*x]) p/(I - c*x), x], x] /; FreeQl[{a, b, c,
d, e}, x] & EqQle, c~2+d] && IGtQ[p, 0]

Rule 5104

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)*((£f ) + (g_.)*(x_))"(m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x]) p
/(@ + exx”2), (f + gxx)"m, x], x] /; FreeQ[{a, b, ¢, d, e, f, g}, x] && IGt
Qlp, 0] && EqQle, c~2*d] && IGtQ[m, O]

Rubi steps

integral
_ (d+ ex)®(a+ barctan(cz))?

3e

c2d3—3de?+e(3c2d2—e?)z) (a+barctan(cz
(2bc)f (3de2(a+b:2rctan(cm)) + e3m(a+bi;ctan(cw)) _|_( d3—3de2+ (3021(11—'_62:12))( +barctan( ))) de

3e

2 3 € e C2 2—6 x)(a arctan(cr
d + ex)3(a + barctan(cx))? (Zb)f &’ —3de’ te(3c'd 2%)(% ten(er)) (i
— ( ) 14+c?x

3e B 3ce
_ (2bde) [(a + barctan(cz))dz  (2be?) [ z(a + barctan(cz)) dz

¢ 3c
2abder  be’z?(a + barctan(cz)) + (d + ex)®(a + barctan(cz))?
¢ 3c 30
(2b) f < c2d3 (1— ?éedg)(a—i-barctan(cx)) . e(—3c2d2+e2)x(a+barctan(cx))) dz

14c2z2 1+c2z2

3ce
(2b%de) [arctan(cz)dz 1, , / z?
- c +§(be) 1+

2abdex  b%e’z  2b’dexarctan(cz)  be’z*(a + barctan(cz))
c 3c? c 3c X
3 2 b262 1122 dz

N (d+ ex)*(a —gZarctan(cz)) T (262de) / x _ (b%¢*) | 7o

z
1+ c2x2 3c?

2 2b(3c2d2 — x(a+barc2ta;1(cx)) dx
_1(25d<%_%)>/a-l—barctan(cw) o (25( %) [ R

e c 1+ c2x2 3c
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2abder  b’e’r  b’e’arctan(cz) 2b’derarctan(cr) be’z?(a + barctan(cr))

c 3c? 3c3 c 3c
i(3c*d* — €?) (a + barctan(cz))? d<d2 = ) (a+ barctan(cz))
+ —
3c3 3e
N (d + ex)3(a + barctan(cz))? N b’delog (1 + *z?) N (2b(3c%d? — €?)) [ etbarcton(cs) gy
3e c? 3c?
__2abdex  be’z  b’e’arctan(cr) 2b°dexarctan(cz)  be’z*(a + barctan(cz))
N c 3c? 3c3 c 3c
i(3Ed2 — €2) (a + barctan(cz))? d(d2 3 ) (a + barctan(cz))?
+ —
3c3 3e
N (d + ex)3(a + barctan(cz))? N 2b(3c*d® — €?) (a + barctan(cz)) log (3 )
3e 3c3
lo, ﬁ
N b*delog (1 +c*2?) (26°(3c*d* — €?)) [ g1<+$x2> dz
c? 3c?
_2abdex  be’z  b’e’arctan(cz) 2b’dexarctan(cz)  be’z’(a + barctan(cz))
B c 3c? 3c3 c 3c
i(3c*d* — €?) (a + barctan(cz))? d<d2 % ) (a+ barctan(cz))*
+ —
3c3 3e
N (d + ex)®(a + barctan(cz))?2 N 2b(3c2d? — €?) (a + barctan(cz)) log (HQM)
3e 3c3
b2delog (1 + c*z?) (266%(3c2d? — €?)) Subst (f kig(g:) dz, z, 1+1m>
+ +
c? 3c3
abdex e‘x e” arctan(cx ex arctan(cx e“z“(a + barctan(cr
_ 2abd +b22—b22 _2b2d _b22 b
N c 3c? 3c3 c 3c
i(3cd% — %) (a + barctan(cz))? d(d2 b ) (a + barctan(cz))?
+ —
3c3 3e
N (d + ex)*(a + barctan(cz))?2 N 2b(3c*d? — €?) (a + barctan(cz)) log (2)
3e 3c3

bdelog (1 + 2z?)  ib*(3c’d® — €*) PolyLog (2,1 — 13%)
+ c2 + 3c3
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Mathematica [A] (verified)

Time = 0.60 (sec) , antiderivative size = 312, normalized size of antiderivative = 1.16

/(d + ex)*(a + barctan(cr))? dx

_ 3a’d’x — 6abc’dex + bce’x + 3a’c’dex® — abc’e’x? + a’c’e’x® 4 b%(—3ic’d® + 3cde + ie? + c*x(3d” A

[In] Integrate[(d + exx)~2x(a + bxArcTan[c*x])~2,x]

[Out] (3*a~2*xc~3*%d"2*x - 6*a*bkc”2kd*e*xx + b 2xckxe”2*x + 3*a”~2%c " 3kd*exx"2 - axb*
CT2xe"2*xX"2 + a~2*%c"3%e"2*xx"3 + b 2x((-3*I)*c"2xd"2 + 3*cxdxe + I*e”2 + c”3

*x% (3*%d"2 + 3kdkexx + e~ 2%xx"2))*ArcTan[c*x] "2 + b*ArcTan[c*x]*(6*xa*xcxd*e -
bxex(e + 6xc™2kd*x + cT2%e*x"2) + 2%axc 3*x*(3*%d"2 + 3*d*exx + e72%x72) + 2

*xbx (3*xc™2+%d"2 - e"2)*Log[1l + E~((2xI)*ArcTan[c*x])]) - 3*axb*c~2*d"2xLog[1

+ c72%x"2] + 3%b~2xcxdxexLog[l + c™2xx"2] + a*b*e”2*Log[l + c~2*x72] - I*b~

2% (3%c™2%d"2 - e~2)*PolyLog[2, -E~((2*I)*ArcTan[c*x])])/(3*c"3)

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 502 vs. 2(250) = 500.

Time = 2.08 (sec) , antiderivative size = 503, normalized size of antiderivative = 1.86
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method result
2 3arctan(cz)02dezw+&ta
2 2.3 2,3
p2 | cearctanier) @ arCta;(cw) z +cearctan(cz)2z2d+arctan(cz)2¢:md2+carcmg(:w) a _
a?(ex+d)3
parts 3.~ T
2 3arctan(cz)02dezz+m
2.3.3 2 2.3.3
b2 arctan(c::) c°d +arctan(cz)2c3d2a:+earctan(cm)2c3dz2+e arctan:(}c:v) c?z®
a2(cez+cd)3+
derivativedivides e
2 3arctan(cm)c2dezm+m
2.3,3 2 2.3.3
b2 %+arctan(cz)2c3d21+earctan(cz)2c3dz2+e arctangcm) cr
a2(cew+cd)3+
default e
. 202 7b2deln(c?z2+1 17b2e2 arct 200 22 32,2 .
risch e — dabder 822 ) _ e ;gzgan(m) — oz 4 pleda’ + T + rd?a® + il

[In] int((exx+d) 2*(at+b*arctan(c*x))~2,x,method=_RETURNVERBOSE)

[Out] 1/3*a"2*(exx+d) ~3/e+b”2/c*x(1/3*c*e”2*arctan(c*x) “2*x~3+c*exarctan (c*x) ~2*x~
2xd+arctan (c*x) “2xcxx*d~2+1/3*c/e*arctan(c*xx) "2%d~3-2/3/c"2/ex (3*xarctan (c*x
)*c"2xd*e"2*x+1/2*arctan (c*xx) *e~3*xc"2*xx"2+3/2*arctan (c*x) *1n(c"2*xx"2+1) *e*c
~2xd~2-1/2*arctan(c*x)*1n(c”2*x"2+1) *e"3+arctan(c*x) “2*c~3*d~3-3*arctan(c*x
) "2%ckd*xe”2-1/2%ex (3kc"2xd"2-e72) ¥ (-1/2*I* (1n(c*x-I)*1n(c~2*x~2+1)-dilog(-1



105

/2xT* (cxx+I))-1n(cxx-I)*1n(-1/2*%I*(c*x+I))-1/2*1n(c*x-I) "2)+1/2*xI* (Iln(c*x+I
)*1n(c™2*x"2+1)-dilog(1/2*I* (c*x-I))-1n(c*x+I)*1n(1/2*I*(c*xx-I))-1/2*x1n(c*x
+1)72))-3/2%e"2*%1n(c"2*x"2+1) *c*d+1/2*e”3*arctan(c*x) -1/2*cxx*e~3-1/2xd*c* (
c"2%d"2-3*e"2) *arctan(c*x) ~2) ) +2/3*a*b*e”2*arctan (c*xx) *x~3+2*axb*e*arctan(c
*x) *x " 2xd+2*xa*b*arctan (c*x) *x*d~2-1/3/c*e”2xb*axx"2-2*%a*bxd*e*x/c-1/c*axb*xd
~2x1n(c”2%x72+1)+1/3/c"3*xe"2*b*a*1ln(c~2*xx"2+1) +2/c"2*d*e*b*a*xarctan (c*x)

Fricas [F]
/(d + ex)*(a + barctan(cz))? dz = / (ex 4 d)*(barctan (cz) + a)’ dz

[In] integrate((e*x+d) ~2*(at+b*arctan(c*x))~2,x, algorithm="fricas")

[Out] integral(a™2*e”2#x"2 + 2%a~2xd*exx + a~2xd"2 + (b"2%e”2*x"2 + 2*%b~2*d*e*x +
b~2%d"2) *arctan(c*x) "2 + 2x(a*b*e”2%x"2 + 2%axb*d*e*xx + axb*d”2)*arctan(cx

Xx), Xx)

Sympy [F]
/(d + ex)?(a + barctan(cz))? dz = / (a + batan (cz))” (d + ex)® dx

[In] integrate((e*x+d)**2x*(at+b*atan(c*x))**2,x)

[Out] Integral((a + b*atan(c*x))**2*x(d + e*x)**2, x)

Maxima [F]
/(d + ex)?(a + barctan(cz))® dx = / (ex + d)*(barctan (cz) + a)® dz

[In] integrate((exx+d) ~2*(atb*arctan(c*x))~2,x, algorithm="maxima")

[Out] 1/3*a"2xe~2*x~3 + 36%b~2*c~2*e”~2*integrate(1/48*x~4*arctan(c*x) "2/ (c”2*x"2
+ 1), x) + 3*%b"2xc"2xe"2*integrate(1/48*x"4xlog(c™2*x"2 + 1)72/(c™2*x"2 + 1
), X) + T72¥b"2xc~2*d*exintegrate(1/48*x"3*arctan(c*x)~2/(c™2*%x"2 + 1), x) +
4xb~2%c"2%e"2xintegrate(1/48*x"4*log(c™2*x"2 + 1)/(c™2%x"2 + 1), x) + 6%b~
2%c~2*xd*exintegrate (1/48*x"3*log(c™2*x"2 + 1)72/(c™2*x"2 + 1), x) + 36%b~2%
c~2*d"2xintegrate(1/48*x"2*arctan(c*x) ~2/(c”™2*x"2 + 1), x) + 12%b~2%c~2xd*e
xintegrate(1/48*x~3xlog(c™2*x"2 + 1)/(c™2%x"2 + 1), x) + 3%b~2%c"2xd"2*inte
grate(1/48+x~2*xlog(c™2*x"2 + 1)72/(c™2*x"2 + 1), x) + 12*%b"2%c~2*d"2*integr
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ate(1/48*x"2xlog(c™2*x"2 + 1)/(c™2%x"2 + 1), x) + a~2*d*exx"2 + 1/4xb~2%d"2
xarctan(c*x) “3/c - 8*b~2xc*e”2*integrate(1/48*x"3*arctan(c*x)/(c"2*xx"2 + 1)
, X) — 24xb~2*c*dxexintegrate(1/48*x"2*arctan(c*x)/(c™2*%x"2 + 1), x) - 24*b
~2xcxd"2*xintegrate(1/48*x*arctan(c*x)/(c™2*%x"2 + 1), x) + 2x(x"2*arctan(c*x
) - cx(x/c”2 - arctan(c*x)/c”3))*axbxd*e + 1/3%(2xx"3*arctan(c*x) - c*x(x"2/
c™2 - log(c™2*x"2 + 1)/c”4))*axbxe”2 + a~2xd"2*x + 36%b~2*e"2xintegrate(1/4
8*x~2xarctan(c*x) "2/(c”2*%x"2 + 1), x) + 3*%b"2xe"2xintegrate(1/48*x~2*log(c”
2xx"2 + 1)72/(c”2%x"2 + 1), x) + 72xb~2*d*e*xintegrate(1/48*x*arctan(c*x) "2/
(c™2*x™2 + 1), x) + 6%b~2xd*exintegrate(1/48*x*log(c”2*x"2 + 1)72/(c™2%x"2
+ 1), x) + 3*%b"2xd"2xintegrate(1/48*log(c™2*x"2 + 1)72/(c”™2*%x"2 + 1), x) +
(2xcxx*arctan(c*x) - log(c™2*x"2 + 1))*a*xb*d~2/c + 1/12*%(b"2%e”2*x~3 + 3%b~
2%d*e*x"2 + 3xb”2%d"2+#x)*arctan(cxx) "2 - 1/48%(b2%e”2%x"3 + 3*b"2xd*e*x"2
+ 3xb72*%d"2*x)*log(c™2*x"2 + 1)72

Giac [F]
/(d + ex)?(a + barctan(cz))? dz = / (ex + d)*(barctan (cz) + a)® dz

[In] integrate((e*x+d) ~2*(a+b*arctan(c*x))~2,x, algorithm="giac")

[Out] sageO*x

Mupad [F(-1)]

Timed out.

/(d + ex)?(a + barctan(cz))? dx = / (a + batan(cz))® (d + ex)’ dz

[In] int((a + b*xatan(c*x)) 2*%(d + e*x)~2,x)

[Out] int((a + b*atan(c*x))~2*(d + e*x)"2, x)
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3.11 [(d + ex)(a + barctan(cz))? dz

Optimal result . . . . . . . . . . . . e 107
Rubi [A] (verified) . . . . . . . . . 107
Mathematica [A] (verified) . . . . . . . . . ... 111
Maple [A] (verified) . . . . . . ... 111
Fricas [F] . . . . . o 112
Sympy [F] . . o 112
Maxima [F] . . . . . o 112
Giac [F] . . . o o 113l
Mupad [F(-1)] . . . oo 113

Optimal result

Integrand size = 16, antiderivative size = 171

2 : 2
/(d + ez)(a + barctan(cz))? dz = _abcez _ blex arcctan(cac) N id(a + barcctan(cx))

(dz - 2—;) (a + barctan(cz))?
- 2e

(d + ex)*(a + barctan(cz))?
+ 2e
N 2bd(a + barctan(cz)) log (325)

c
N b2elog (1 + c?z?) N ib*d PolyLog (2,1 — %)
2c? c

[Out] -ax*b*e*xx/c-b~2*e*x*arctan(c*x)/c+I*d*(atb*arctan(c*x))~2/c-1/2*x(d"2-e"2/c"2
) *(at+b*arctan(cxx)) ~2/e+1/2* (e*x+d) “2* (a+b*arctan(c*x)) ~2/e+2*xb*xd* (a+b*arct
an(c*x))*1n(2/(1+I*c*x))/c+1/2xb~2*e*1ln(c~2*x"2+1) /c~2+I*b~2*d*polylog(2,1-

2/ (1+I*c*x))/c

Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 171, normalized size of antiderivative = 1.00,

number of steps used = 12, number of rules used = 9, Mumber of rules _ 0.562, Rules used
integrand size
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= {4974, 4930, 266, 5104, 5004, 5040, 4964, 2449, 2352}

/(d + ex)(a + barctan(cz))? dz = — <d2 — i-i) (a —|2-eb arctan(cz))?

N (d + ex)?(a + barctan(cz))? N id(a + barctan(cz))?

2e c
2bdlog (172 ) (a + barctan(cz))  abex

c c
b’ex arctan(cx) belog (c?x? + 1)
c 2c?
ib*d PolyLog (2,1 — —2-)

icx+1

+
C

[In] Int[(d + exx)*(a + b*ArcTan[c*x])~2,x]

[Out] -((a*bxexx)/c) - (b"2*xexx*ArcTan[c*x])/c + (I*dx(a + bxArcTan[c*x])"2)/c -
((d"2 - e72/c"2)*(a + b*ArcTan[c*x])~2)/(2*e) + ((d + e*x)~2*(a + b*ArcTan[
c*x])~2)/(2%e) + (2xb*d*(a + b*ArcTan[c*x])*Logl[2/(1 + Ixc*x)])/c + (b~2%ex
Log[l + c™2*x72])/(2%c™2) + (I*b~2*d*PolyLogl[2, 1 - 2/(1 + Ixc*x)])/c

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 2352

Int[Logl(c_.)*(x_)]1/((d) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + cx*d, 0]

Rule 2449

Int[Logl(c_.)/((d.) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2%d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQlc, 2*d] &% EqQle~2xf + d~2*g, 0]

Rule 4930

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcTan[c*x"n])“p, x] - Dist[b*c*n*p, Int[x"n*((a + b*ArcTan[c*x"n])~(p
- 1)/(1 + c™2%x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, 0] &&
(EqQ[n, 1] || EqQlp, 11D

Rule 4964

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d_ ) + (e_.)*(x_)), x_Symbol]
:> Simp[(-(a + bxArcTan[c*x]) p)*(Logl[2/(1 + ex(x/d))]/e), x] + Dist[bxcx(
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p/e), Int[(a + b*ArcTan[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))1/(1 + c~2%x72)),
x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d~2 + e~2, 0]

Rule 4974

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p)*((d)) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x]) p/(ex(q + 1))), x] - D
ist [bxc*(p/(ex(q + 1))), Int[ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1), (
d + exx)"(q + 1)/(1 + c™2%x72), x]1, x], x] /; FreeQl[{a, b, c, d, e}, x] &&
IGtQlp, 1] && IntegerQlql && NeQlq, -1]

Rule 5004

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + b*ArcTan[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, p}, x] && EqQle, c~2xd] && NeQ[p, -1]

Rule 5040

Int[(((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(-I)*((a + bxArcTan[ckx])~(p + 1)/(b¥ex(p + 1))), x] - Di
st[1/(c*d), Int[(a + b*ArcTan[c*x])~p/(I - c*x), x], x] /; FreeQ[{a, b, c,
d, e}, x] &% EqQle, c™2xd] && IGtQ[p, 0]

Rule 5104

Int[(((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)*((£f ) + (g_.)*(x_))"(m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x]) p
/(d + exx"2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, 4, e, £, g}, x] && IGt
Qlp, 0] && EqQle, c~2+d] && IGtQ[m, O]

Rubi steps
integral = (d + ex)?(a + barctan(cz))?
2e
¢?(atbarctan(cs c2d?—e?42c%dex) (a+barctan(cz
(bc)f( (atb czt () 4 | +2c2(1+2:gx-2+) tan( ))) "

e

c2d?—e?4+2c2dex) (a+barctan(cz
(d + ez)*(a + barctan(cz))? bf( @ —eT+2 fﬂg(z;rb tan(cz)) 5.

2e ce
(be) f(a + barctan(cx)) dz

c
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abex N (d + ex)?(a + barctan(cz))?
c , 2e
c2d? s a+barctan(cx
bf ( ( C2di_?_£2:2 tan(cz)) + 202dew(a+barctan(cm))) dz

1+4c2z2

b%e) [ arctan(cz) dz

ce C

abex  b’ex arctan(cz) N (d + ex)?(a + barctan(cz))?

c ( C (c2)) 2e
z(a + barctan(cx 9 x
a+barctan(cx
 (bled = e)(cd + ¢)) [ i) 4o
ce

abex  b’ex arctan(cz) N id(a + barctan(cx))2 (d2 - _> (a + barctan(cz))?

c c 2e
N (d+ex)*(a+ barctan(cx))2 b’e log (14 %z ) + (2bd) / a + barctan(cz) i
2e 2c? i—cz
__abex  bPexarctan(cr) N id(a + barctan(cz))?
c c c
~ <d2 - e—) (a + barctan(cz))? (d + ex)?(a + barctan(cz))?
2e 2e
N 2bd(a + barctan(cz)) log (1+2m) b2elog (1 + 2z?) _ (a) / log (2=) s
c 2c? 1+ c2a?

abex  b’ex arctan(cz) + id(a + barctan(cx)) (d2 - e_) (a + barctan(cz))?
c c 2e
L @+ ex)?(a + barctan(cz))? N 2bd(a + barctan(cz)) log (2=)
2e c
b’elog (1 + *x?) (23b"d) Subst <f hig(gi) dz, z, 1+1icz>
* 2c? + c

abexr  bexarctan(cz) N id(a + barctan(c:c))2 B <d2 - e‘) (a + barctan(cz))?

c c 2e
+ (d + ex)*(a + barctan(cz))? N 2bd(a + barctan(cz)) log (3
2e c

belog (1 + c2z?)  ib’dPolyLog (2,1 — )
+ 202 + C
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Mathematica [A] (verified)

Time = 0.48 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.01

/(d + ex)(a + barctan(cz))? dx
_ 2a’dx — 2abcex + a’Pex’ + b*(—i + cx)(2cd + ie + cex) arctan(cz)? 4 2barctan(cx) (—beex + a(e +

[In] Integrate[(d + exx)*(a + b*ArcTan[c*x])~2,x]

[Out] (2*a~2*xc~2xd*x - 2*a*bkcke*x + a~2%c™2xexx"2 + b™2* (-1 + c*x)*(2*kcxd + I*e
+ c*exx)*ArcTan[c*x] "2 + 2¥bxArcTan[c*x]*(-(b*c*e*x) + ax(e + 2*%c™2xd*x + C
“2xe*x”2) + 2*¥bxcxdxLog[l + E~((2*I)*ArcTan[c*x])]) - 2*a*bxcxd*Logl[l + c~2
*x~2] + b~2%exLog[l + c™2*x"2] - (2*I)*b~2*cxd*PolyLog[2, -E~((2*I)*ArcTan[
c*x])]1)/(2%c™2)

Maple [A] (verified)

Time = 1.33 (sec) , antiderivative size = 292, normalized size of antiderivative = 1.71

method result
2 1n
In (c2z2+1) arctan(cz)cd— %(cm)e +arctan(cz)ecz— b
2, .2
b2 7amtan(°;> cr e +arctan(cx)2cxd—
parts a*(ies® +dz) +
2,22 2 In(c2:
b2 arctan(cx)zd 2at arctan(cz)7ec’z —In (c2x2+1) arctan(cz)chrMW —arctan(cz)ecz+ ij
a2 (d c2z+%c25 22)
derivativedivides <
2,.2.2 2 eln(c?.
b2 arctan(cw)2 dc2z+ w —In (c2w2 +1) arctan(cz)cd+ %W —arctan(cz)ecz+ ( 3
a.2 (d 02z+iljc2e xz)
default <
. abex b2eln(c2z?+1) 2 a2ex? eb? In(—icz+1)2 eb? In(—icz+1) eb? In(—icz+1)22>
risch c T 42 +a*dr + 45 82 + 22 8

[In] int((exx+d)*(at+b*arctan(c*x))~2,x,method=_RETURNVERBOSE)

[Out] a~2*%(1/2%exx~2+d*x)+b~2/c*x(1/2*arctan(c*x) ~2*cxx”~2*e+arctan (c*x) ~2*cxx*xd-1/
cx(1n(c™2*x"2+1) *arctan (cxx) *c*d-1/2*arctan (c*x) “2*xe+arctan (cxx) *xexc*x-1/2x%
ex1n(c™2xx"2+1) -d*c* (-1/2*I* (In(c*x-I)*1n(c"2*x~2+1)-dilog(-1/2*I* (c*x+I))-
In(cxx-I)*1n(-1/2*%I* (c*x+I))-1/2*%1n(c*xx-I)"2)+1/2*xI*(1n(c*x+I)*1n(c™2*x"2+1
)-dilog(1/2*I*(c*x-I))-1n(c*x+I)*1n(1/2%I*(c*x-I))-1/2*%1n(c*x+I)"2))))+axb*
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arctan (c*x) *x~2xe+2*axbxarctan (c*x) *x*d-1/c*a*bxd*1ln(c~2*xx~2+1) -a*b*e*xx/c+1
/c~2xexbxa*xarctan (c*x)

Fricas [F|
/(d + ex)(a + barctan(cz))? dx = / (ex + d)(barctan (cz) + a)® dx

[In] integrate((e*x+d)*(atb*arctan(c*x))~2,x, algorithm="fricas")

[Out] integral(a™2xe*x + a"2xd + (b~2%e*x + b~2*d)*arctan(c*x)~2 + 2x(a*bk*exx + a
*b*d) *arctan(c*x), x)

Sympy [F]
/(d + ex)(a + barctan(cr))? dr = / (a + batan (cz))® (d + ex) dz

[In] integrate((e*x+d)*(atb*atan(c*x))**2,x)

[Out] Integral((a + b*atan(c*x))**2*(d + exx), x)

Maxima [F]
/(d + ex)(a + barctan(cz))? dz = / (ex + d)(barctan (cz) + a)’ dz

[In] integrate((exx+d)*(atb*arctan(c*x))~2,x, algorithm="maxima")

[Out] 12xb~2*c~2*exintegrate(1/16*x~3*arctan(c*x)~2/(c™2*x"2 + 1), x) + b~2*%c"2xe
xintegrate(1/16*x"3xlog(c™2*x"2 + 1)72/(c™2%x"2 + 1), x) + 12xb~2%c~2*d*int
egrate(1/16*x"2xarctan(c*x) ~2/(c™2%x"2 + 1), x) + 2%b~2*c"2xexintegrate(1/1
6*x"3xlog(c™2*x"2 + 1)/(c™2%x"2 + 1), x) + b~2*c"2*d*integrate(1/16*x~2x*log
(c™2%x72 + 1)72/(c”2*%x"2 + 1), x) + 4*b~2xc~2*d*integrate(1/16*x"2x1log(c~ 2%
x72 + 1)/(c™2%x72 + 1), x) + 1/2%a"2%e*x"2 + 1/4%b~2*xd*arctan(c*x)~3/c - 4%
b~2*c*exintegrate(1/16*x"2xarctan(c*x)/(c™2*%x"2 + 1), x) - 8%b~2*c*d*integr
ate(1/16*xx*arctan(c*x)/(c™2*%x"2 + 1), x) + (x"2*xarctan(c*x) - c*(x/c”2 - ar
ctan(c*x)/c”3))*axbxe + a"2xd*x + 12%b~2*exintegrate(l/16*x*arctan(c*x)~2/(
c"2%x"2 + 1), x) + b"2*exintegrate(1/16*x*log(c™2*x~2 + 1)72/(c™2*x"2 + 1),
x) + b~2xdxintegrate(1/16x1log(c™2*x"2 + 1)72/(c™2%x"2 + 1), x) + (2*c*x*ar
ctan(c*x) - log(c™2%x"2 + 1))*axb*d/c + 1/8%(b~2%e*x”2 + 2%b~2*d*x)*arctan(
c*x) 72 - 1/32%(b"2%e*xx"2 + 2*%b~2xd*x)*log(c”2*x"2 + 1)72



Giac [F]
/(d + ex)(a + barctan(cz))? dz = / (ex + d)(barctan (cz) + a)® dz

[In] integrate((exx+d)*(atb*arctan(c*x))~2,x, algorithm="giac")

[Out] sageO*x

Mupad [F(-1)]

Timed out.

/(d + ex)(a + barctan(cz))? dz = / (a +batan(cz))’ (d+ ex) dx

[In] int((a + b*atan(c*x))"2%(d + e*x),x)

[Out] int((a + b*xatan(c*x)) 2x(d + e*x), x)

113
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3.12 f (a+barctan(cz))? dx

d+ex
Optimal result . . . . . . . . . . e 114
Rubi [A] (verified) . . . . . . . . . 17151
Mathematica [F] . . . . . . . ... . 116
Maple [C] (warning: unable to verify) . . . . . . . .. ... ... Lo L. 116
Fricas [F] . . . . o o o 117
Sympy [F] . . o o 117
Maxima [F] . . . . . 117
Giac [F] . . . . o o 118
Mupad [F(-1)] . . . oo 118

Optimal result

Integrand size = 18, antiderivative size = 223

r = — 1—icx

d+ex e

c(d+ex
(a + barctan(cz))? log <m>

/ (a + barctan(cz))? p (a + barctan(cz))* log (225)

+
e
N ib(a + barctan(cz)) PolyLog (2,1 — %)

1—icz

e

ib(a + barctan(cz)) PolyLog (2, 1-— %)

e

b% PolyLog (3, 1— 2 ) N b* PolyLog (3’ 1— (cdici(ed)-(l-lefgcz))

1—icx

2e 2e

[Out] -(atb*arctan(c*x)) ~2*1n(2/(1-I*c*x))/e+(atb*arctan(c*x)) "2*1n(2*c*(e*xx+d)/(
cxd+Ixe)/(1-I*c*x))/e+I*b*(atb*arctan(c*x))*polylog(2,1-2/(1-I*c*x))/e-I*b*
(atb*arctan(c*x))*polylog(2,1-2*c*(e*xx+d) /(cxd+I*e)/(1-I*c*x))/e-1/2%b~2%po
lylog(3,1-2/(1-I*c*x))/e+1/2*¥b"2*polylog(3,1-2*c* (exx+d) / (cxd+Ixe)/(1-I*c*x

))/e
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Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 223, normalized size of antiderivative = 1.00,

number of steps used = 1, number of rules used = 1, number of rules _ 0.056, Rules used
integrand size

— {4968)
. 2¢(d+ex)
/ (a + barctan(cz))? o _zb(a + barctan(cz)) PolyLog <2, 1-— —(cd—l—ie)(l—icx))
d+ex e
(a + barctan(cz))? log (%)
+ e
N ibPolyLog (2,1 — %) (a + barctan(cz))
e
log (%) (a + barctan(cz))?
B e
2¢(d+ex)
N b* PolyLog <3, 1- W) _ b*PolyLog (3,1 — )

2e 2e

[In] Int[(a + b*ArcTan[c*x])~2/(d + e*x),x]

[Out] -(((a + b*ArcTan[c*x]) 2xLog[2/(1 - I*c*x)])/e) + ((a + b*ArcTan[c*x]) 2*Lo
gl(2xcx(d + exx))/((cxd + I*e)*(1 - Ixc*x))])/e + (Ixb*(a + b*ArcTan[c*x])=*
PolyLog[2, 1 - 2/(1 - I*c*x)])/e - (I*b*(a + bxArcTan[c*x])*PolyLog[2, 1 -
(2xc*x(d + e*x))/((cxd + I*xe)*(1 - I*c*x))])/e - (b"2*PolyLog[3, 1 - 2/(1 -
Ixc*x)])/(2%e) + (b~2xPolyLogl[3, 1 - (2%cx(d + exx))/((cxd + I*e)*(1 - Ixc*
x))1)/(2%e)

Rule 4968

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol]l :>

Simp[(-(a + b*ArcTan[c*x])~2)*(Log[2/(1 - Ixc*x)]/e), x] + (Simp[(a + bxArc
Tan[c*x]) 2% (Log[2*xc*((d + exx)/((cxd + I*e)*(1 - I*c*x)))]/e), x] + Simpl[I
*xbx(a + b¥ArcTan[c*x])*(PolyLog[2, 1 - 2/(1 - I*c*x)]/e), x] - Simp[I*bx(a

+ bxArcTan[c*x])*(PolyLog[2, 1 - 2*c*x((d + e*x)/((c*d + Ixe)*(1 - Ixc*x)))]
/e), x] - Simp[b~2*(PolyLog[3, 1 - 2/(1 - I*c*x)]/(2xe)), x] + Simp[b~2*(Po
lyLog[3, 1 - 2%c*((d + e*x)/((c*d + Ixe)*(1 - I*c*x)))]1/(2*e)), x]1) /; Free
Ql{a, b, c, d, e}, x] && NeQ[c~2%d"2 + e~2, 0]
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Rubi steps
(a + barctan(cz))? log (=) (a + barctan(cz))* log <%)
integral = — S L4+ .
N ib(a + barctan(cz)) PolyLog (2,1 — %)
e

. _ 2c(d+-ex)

~ ib(a + barctan(cz)) PolyLog (2, 1 — e i) (1—m)>
e
_ b PolyLog (3,1 - %) . b PolyLog (3, 1- %)
2e 2e

Mathematica [F]

2 2
/ (a + barctan(cz)) dp — (a + barctan(cz)) ”
d+ex d+ex

[In] Integrate[(a + bxArcTan[c*x])~2/(d + e*x),x]
[Out] Integrate[(a + b*ArcTan[c*x])~2/(d + e*x), x]

Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 68.26 (sec) , antiderivative size = 1199, normalized size of antiderivative = 5.38

method result size

derivativedivides | Expression too large to display | 1199
default Expression too large to display | 1199
parts Expression too large to display | 1202

[In] int((atb*arctan(c*x))~2/(e*x+d),x,method=_RETURNVERBOSE)

[Out] 1/c*(a”2*c*1ln(cxe*x+c*d)/e+b~2*c*x(1ln(cxe*x+c*d)/exarctan(cxx) ~2-2/e*(1/2*ar
ctan(c*x) "2*1n(-I*e* (1+I*xc*xx) "2/ (c™2%x"2+1)+c*xd* (1+I*c*x) “2/(c™2*%x"2+1) +I*e
+c*d)-1/4*IxPikcsgn (I* (—Ixe* (1+I*c*x) "2/ (c™2*x"2+1)+cxd* (1+I*cxx) "2/ (c™2%x~
2+1)+I*e+c*d) / (1+(1+I*xc*x) "2/ (c™2%x72+1) ) ) * (csgn(I* (-I*e* (1+I*c*x) ~2/(c™2*x
~2+1)+cxd* (1+I*c*x) "2/ (c™2*x"2+1) +I*e+c*d) ) *csgn(I/ (1+(1+I*c*x) "2/ (c™2*x~2+
1)))-csgn(I*(-I*e*x (1+I*c*x) "2/ (c™2%x"2+1)+cxd* (1+I*c*x) "2/ (c™2%x"2+1)+I*e+c
*xd) / (1+(1+I*c*x) "2/ (c”2*%x"2+1) ) ) *csgn(I/ (1+(1+I*c*x) "2/ (c"2*x~2+1))) -csgn(I
* (—Ixe* (1+I*c*x) "2/ (c™2%x"2+1) +cxd* (1+Ixc*x) ~2/(c™2*x"2+1) +I*e+c*xd) ) *csgn (I
* (—Ixex (1+I%c*x) "2/ (c™2%x72+1) +ckd* (1+Ixcxx) "2/ (c™2%x"2+1) +I*e+c*d) / (1+(1+I



117

xcxx) "2/ (c"2xx72+1) ) ) +csgn (I* (-Ixex (1+Ixc*x) ~2/(c™2%x"2+1) +c*kd* (1+I*c*xx) "2/
(c™2%x72+1) +I*e+cxd) / (1+(1+I*c*x) "2/ (c™2*%x"2+1))) "2) *arctan(c*x) "2-1/2*I*ar
ctan(c*x)*polylog(2,-(1+I*c*x) "2/ (c™2%x~2+1))+1/4*polylog(3,-(1+I*c*x)~2/(c
“2xx72+1))+1/2*I*c*d/ (c*d-I*e)*arctan(c*x)*polylog(2, (I*e-c*d)/(c*d+I*e)*(1
+I*cxx) "2/ (c™2%x72+1) ) -1/2*%cxd/ (cxd-Ixe) *arctan (c*x) ~2*%1n(1-(I*xe-cxd) / (c*d+
Ixe)*(1+Ixc*x)~2/(c™2*x"2+1))-1/4*c*d/ (c*d-I*e)*polylog(3, (I*xe-c*d)/(cxd+Ix*
e) *(1+I*c*x) "2/ (c™2*x"2+1))+1/2*I*exarctan(c*x)*polylog(2, (I*e-c*d) / (cxd+Ix
e) *(1+I*c*x) 2/ (c™2*x"2+1)) / (e+I*d*c)-1/2*e*arctan(cxx) “2x1n(1-(I*e-c*d)/(c
*xd+I*e)* (1+Ixc*x) "2/ (c™2*x"2+1))/(e+I*d*c)-1/4*e*polylog(3, (I*xe-c*d)/(cxd+I
ke) * (1+Ixcxx) "2/ (c™2%x72+1) ) / (e+I*d*c)) ) +2%a*bkck (1n(cxexx+c*d) /e*xarctan(cx*
x)-1/2%Ix1n(cxe*x+c*d) * (-1n((I*xe-c*e*x)/(c*xd+I*e))+1n((I*e+ckexx)/(I*e-c*xd)
))/e+1/2%I*x(dilog((I*e-c*exx)/(c*kd+Ixe))-dilog((I*e+cxe*x)/(I*e-cx*d)))/e))

Fricas [F]

2 2
/ (a + barctan(cx)) dp — (barctan (cz) + a) i

d+ex er+d

[In] integrate((a+b*arctan(c*x))~2/(e*x+d),x, algorithm="fricas")

[Out] integral((b~2*arctan(c*x)~2 + 2*a*bk*arctan(c*x) + a~2)/(e*x + d), x)

Sympy [F]

/ (a + barctan(cz))? d / (a+ batan (cz))* dz

d+ex - d+ex

[In] integrate((a+b*atan(c*x))**2/(e*x+d) ,x)

[Out] Integral((a + b*atan(c*x))**2/(d + e*xx), x)

Maxima [F]

2 2
/ (a + barctan(cz)) dr — (barctan (cz) + a) i

d+ex er+d

[In] integrate((a+b*arctan(c*x))~2/(e*x+d),x, algorithm="maxima")

[Out] a~2*log(e*x + d)/e + integrate(1/16%(12xb~2*arctan(c*x)”2 + b~ 2xlog(c~2*x~2
+ 1)72 + 32*axbxarctan(c*x))/(e*x + d), x)
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Giac [F]

2 2
/ (a + barctan(cz)) dr — (barctan (cz) + a) i
d+ex ex+d

[In] integrate((a+b*arctan(c*x))~2/(e*x+d),x, algorithm="giac")

[Out] sageO*x

Mupad [F(-1)]

Timed out.

2 2
(a + barctan(cz)) dr — / (a + batan(cz)) da
d+ex d+ex

[In] int((a + b*atan(c*x))~2/(d + e*x),x)

[Out] int((a + b*atan(c*x))~2/(d + e*x), x)
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3.13 f (a+barctan(cz))? dx

(d+ex)?
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Optimal result

Integrand size = 18, antiderivative size = 341

(a +barctan(cz))® | ic(a+ barctan(cz))® | c?d(a + barctan(cz))?
/ (d+ ex)? v 2d? + e? e (c2d? + €?)
(a + barctan(cz))?  2bc(a + barctan(cz)) log (=)
a e(d + ex) B c2d? + e?
2bc(a + barctan(cx)) log (12)
* c2d? + e?
. 2bc(a + barctan(cz)) log <%>
c2d? + e?
ib?cPolyLog (2,1 — =) N ib*cPolyLog (2,1 — 2-)
c2d? + e? c2d? + e?

- _ __2¢(dtex) _
 itPcPolyLog (2,1 - st )

c2d? + e2

[Out] Ix*c*(at+b*arctan(c*x))~2/(c"2*d"2+e~2)+c”2*d* (atb*arctan(c*x))~2/e/(c™2*xd"~2+
e"2)-(at+b*arctan(c*x)) ~2/e/ (exx+d) -2*bxc*x (a+b*arctan(c*x) ) *1n(2/(1-I*c*x))/
(c™2*d"2+e"2) +2*xb*c* (a+b*arctan (c*x) ) *1n(2/ (1+Ixc*xx) )/ (c™2*%d"2+e”2) +2*b*cx* (
atb*arctan(c*x))*1n(2*c* (exx+d)/(cxd+I*xe)/(1-I*xc*x))/(c™2%d~2+e~2) +I*b " 2*c*
polylog(2,1-2/(1-I*c*x))/(c™2*d"2+e~2)+I*b~2*c*polylog(2,1-2/(1+I*c*x))/(c”
2xd"2+e~2) -I*b~2*c*polylog(2,1-2*c* (exx+d) / (cxd+I*e) /(1-Ixc*x))/(c~2*d"2+e”

2)
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Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 341, normalized size of antiderivative = 1.00,

number of steps used = 13, number of rules used = 9, number of rules _ 0.500, Rules used
integrand size

= {4974, 4966, 2449, 2352, 2497, 5104, 5004, 5040, 4964}

(a + barctan(cz))? ic(a + barctan(cz))? = c®d(a + barctan(cz))?
(d+ ex)? v c2d? + e? + e (c*d? + €2)

2bclog (%) (a + barctan(cz))

B c2d? + e?
2bclog (172 ) (a + barctan(cz))

* c2d? + e?

s 2bc(a + barctan(czx)) log (%) _ (a+ barctan(cz))*

c2d? + e? e(d + ex)

ib>cPolyLog (2,1 — ==)  ib*cPolyLog (2,1 — ;25)

* c2d? + e? * c2d? + e?

79 2¢(d+ex)
B 'Lb CPOlyLOg (2, 1-— m)

c2d? + e?

[In] Int[(a + bxArcTan[c*x])~2/(d + e*x)~2,x]

[Out] (I*c*(a + b*ArcTan[c*x])~2)/(c"2*xd"2 + e72) + (c”2*d*(a + bxArcTan[c*x])~2)
/(ex(c™2xd"2 + e72)) - (a + b*ArcTan[c*x])~2/(ex(d + e*x)) - (2*¥bxcx(a + bx
ArcTan[c*x])*Log[2/(1 - Ixc*x)])/(c”2%d"2 + e72) + (2xbxcx(a + b*ArcTan[c*x

1) *Log[2/(1 + I*c*x)])/(c”™2%d"2 + e72) + (2*bxc*(a + b*ArcTan[c*x])*Log[(2x*

cx(d + e*xx))/((c*d + Ixe)*(1 - Ixcxx))])/(c™2*d"2 + e~2) + (I*b~2*c*PolyLog

[2, 1 - 2/(1 - Ixcxx)])/(c"2%xd"2 + e72) + (I*b~2*xcxPolyLogl[2, 1 - 2/(1 + Ix
c*x)])/(c”2%d"2 + e72) - (Ixb~2*c*PolyLog[2, 1 - (2%c*(d + e*x))/((c*xd + Ix
e)*x(1 - I*xc*x))])/(c”2%d"2 + e72)

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQ[e + cxd, 0]

Rule 2449

Int[Logl(c_.)/((d.) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Logl[2*d*x]/(1 - 2%d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQ[c, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2497

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq~m*((1 - u)/
D[u, x1)1}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
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PolyQ[Pq, x] &% RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 4964

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d.) + (e_.)*(x_)), x_Symbol]
:> Simp[(-(a + bxArcTan[c#*x]) p)*(Log[2/(1 + ex(x/d))]/e), x] + Dist[bxcx(
p/e), Int[(a + bxArcTan[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]/(1 + c~2*x"2)),
x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2xd"2 + e~2, 0]

Rule 4966

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> Si
mp[(-(a + bxArcTan[c*x]))*(Log[2/(1 - I*c*x)]/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 - Ikcxx)]/(1 + c™2*%x"2), x], x] - Dist[b*(c/e), Int[Log[2*cx((d + e
*x)/((cxd + I*xe)*(1 - I*c*xx)))]1/(1 + c™2*x~2), x], x] + Simp[(a + b*ArcTan[
c*x] ) *(Log[2*cx((d + e*xx)/((cxd + Ixe)*(1 - Ixcxx)))]1/e), x]1) /; FreeQl[{a,
b, c, d, e}, x] && NeQ[c™2*d"2 + e~2, 0]

Rule 4974

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))~(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x]) p/(ex(q + 1))), x] - D
ist [b*cx(p/(e*x(q + 1))), Int[ExpandIntegrand[(a + bxArcTan[c*x])~(p - 1), (
d + exx)"(q + 1)/(1 + c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQ[ql && NeQ[q, -1]

Rule 5004

Int[((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + b*ArcTan[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, p}, x] && EqQ[e, c”2xd] && NeQ[p, -1]

Rule 5040

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(-I)*((a + bxArcTan[c*x])~(p + 1)/(b*ex(p + 1))), x] - Di
st[1/(c*d), Int[(a + bkArcTan[c*x])~p/(I - c*x), x], x] /; FreeQ[{a, b, c,
d, e}, x] & EqQ[e, c™2xd] && IGtQ[p, 0]

Rule 5104

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)*((£f ) + (g_.)*(x_))"(m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x]) p
/(d + exx"2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && IGt
Qlp, 0] && EqQle, c~2+d] && IGtQ[m, O]
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Rubi steps

e?(a+barctan(cz)) c?(d—ex)(a+barctan(cz))
(a + barctan(cz))? (2be) | ( EErD)(dter) T @B+ (P2 > dz

e(d + ex) e

a + barctan(cz C Trea.s x ce rctan
barct 2 (2b 3)f (d— ew)(aibarctan(cw)) d (2b )f a+baritan(cw) da

T e(d+ ex) e (c2d? + €?) + 2d? + e?

integral = —

(a+ barctan(ca:))2 2bc(a + barctan(cz)) log ()
e(d + ex) c2d? +e?

2bc(a + barctan(cx)) log (—(c diﬁ?ﬁi@) (262¢2) [ log1grlc 2;c2z>
+ c2d? + e? + c2d? + e?
log ( —2clddes) d(a+barctan(cx ex(a+barctan(cz
ey R e) gy o) [ (feggiel  timnel) g

c2d? + e? e (c*d? + e2)

(a+b arctan(cx))2 2bc(a + barctan(cz)) log (=)
e(d + ex) cd? + e?

2bc(a + barctan(cx)) log <%>

+ 2d? + e2
ib?c PolyLog <2, 1-— %) (2ib%c) Subst < | kig(gz) dz,z, 1_1m>
B c2d? + e? + c2d? + e?
f x(a+liircczt;;1(cz)) dz (2bc3d) f a+b1aict23;; cr) dx

c2d? + e? + e (c*d? + e?)

ic(a + barctan(cz))?  c*d(a + barctan(cr))?
2d? + e? e (c2d? + €?)
(a+ barctan(ca:))2 2bc(a + barctan(cz)) log (%)
e(d + ex) c2d? + e?
2bc(a + barctan(cz)) log <%> ib*cPolyLog (2,1 — )
+ c2d? + e? + c2d? + e?

ib%c PolyLog (2, 1—- %) . (2bc?) [ atbarctan(cz) ;..

i—CT

c*d? + e? c’d? + e?
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ic(a + barctan(cz))®  c*d(a +barctan(cr))®  (a + barctan(cz))?

c2d? + e? e (c*d? + €2) e(d + ex)
_ 2be(a + barctan(cz)) log (25) . 2bc(a + barctan(cx)) log (125)
2d2 + e2 + 2d2 + e2
N 2bc(a + barctan(cz)) log (%) . ib%c PolyLog (2,1 — —2_)
2d2 + ¢2 2d2 + e2
. 2c(d+ex) lo cha:
- ib%c PolyLog (2, 1— W) B (26%¢?) [ % dz
2d2 + ¢2 2d2 + 2
_ ic(a +barctan(cz))® | c’d(a+barctan(cz))®  (a + barctan(cz))?
A2d? + e? e (c2d? + €?) e(d + ex)
2bc(a + barctan(cz)) log ()  2bc(a + barctan(cz)) log (53=)
c2d? + e? * c2d? + e?
N 2bc(a + barctan(cx)) log <_(Cd?fi(e'§;r162m)> N ib*c PolyLog (2,1 — 2-)
2d2 + ¢2 22 + ¢2
ib*c PolyLog <2, 1 — v iie) cdffi(ed)?ffzcxﬂ . (24b%c) Subst < / kig(gz) dz, z, +1icx>
2d2 + ¢2 2d2 + e2
_ ic(a +barctan(cz))® | c’d(a+barctan(cz))®  (a + barctan(cz))®
c2d? + e? e (c2d? + €?) e(d + ex)
2bc(a + barctan(cz))log (12)  2bc(a + barctan(cz))log (25)
c2d? + €2 * c2d? + €2
. 2bc(a + barctan(cx)) log (%) . ibc PolyLog (2,1 — —2)
22 + ¢2 2d2 + e2
N ib*cPolyLog (2,1 — 2) ib*c PolyLog <2a 1- %)

2d2? + 2 2d2 + e2

Mathematica [A] (verified)

Time = 3.20 (sec) , antiderivative size = 300, normalized size of antiderivative = 0.88

/ (a + barctan(cz))?
dx
(d+ ex)?
_ a ab(—2(e — c*dz) arctan(cz) + c(d + ex) (2log(c(d + ex)) — log (1 + c*z?)))
e(d + ex) (c2d? + €2) (d + ex)
b2 (_ orenl’?) arctan(cz)? + zarctan(cz)® Cd( (7r Qamtan<0d>) arcmn(w)_”log(l‘*‘e_ziarcmn(cz))_2(a'rCtan(c?d)+arc
\/1+ 242 d+ex

+

[In] Integrate[(a + bxArcTan[c*x])~2/(d + exx)~2,x]
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[Out] -(a"2/(ex(d + exx))) + (axbx(-2*(e - c~2*d*x)*ArcTan[cxx] + c*x(d + e*x)*(2%

Loglc*(d + e*x)] - Logll + c™2%x72])))/((c™2*%d"2 + e~2)*(d + e*x)) + (b~2%(

-((E~(I*ArcTan[(c*d)/e])*ArcTan[c*x]~2)/(Sqrt[1 + (c™2%d"2)/e"2]*e)) + (x*A

rcTan[c*x]~2)/(d + e*x) - (cxd*((-I)*(Pi - 2xArcTan[(c*d)/e])*ArcTan[c*x] -
PixLog[1l + E~((-2*I)*ArcTan[c*x])] - 2*(ArcTan[(c*d)/e] + ArcTan[c*x])*Log

[1 - ET((2*I)*(ArcTan[(c*d)/e] + ArcTan[c*x]))] - (PixLog[l + c™2*x~2])/2 +
2xArcTan[(c*d) /e]*Log[Sin[ArcTan[(c*d)/e] + ArcTan[c*x]]] + IxPolyLog[2, E
~((2*I)*(ArcTan[(c*d)/e] + ArcTan[c*x]))]))/(c”2*d"2 + e72)))/d

Maple [A] (verified)

Time = 21.77 (sec) , antiderivative size = 513, normalized size of antiderivative = 1.50

method result
iIn(cex+cd) (— In
2 9 22 ———
2 arctan(cz)eln(cex+cd) arctan(cz)eln (C z +1) 2 arctan(c:c)ch _
_ a?c? +b202 _ arctan(cm)2 + c2d24e2 c2d2 1 e2 2c2d2 4262
(cex+cd)e (cex+cd)e
derivativedivides
262 <iln(cez+cd) (— In
2 —— N
2arctan(cz)eln(cextcd) arctan(cz)eln (02z2+1) 2 arctan(cz)zcd _
- a2c2 ; +b202 _ a(rct:aurl(cav))2 + c2d24e2 c2d24e2 2c2d2 4262
cex+cd)e cex+cd)e
default
2 ( iln(cex+cd)
2~ 7
202 arctan(cz)eln(cex+cd) arctan(cz)e ln(0212+1) arctan(cx)2cd _
2d21e2 2(czd2+e2) 2c2d2+2e2
2 2
2 c“ arctan(cz)
b T " (cexFcd)e +
t o+
parts " (ez+d)e

[In] int((atb*arctan(c*x))~2/(e*x+d) ~2,x,method=_RETURNVERBOSE)

[Out] 1/c*(-a~2xc"2/(cke*xx+c*d)/e+b " 2xc" 2% (-1/ (cxe*xx+c*d) /exarctan(c*x) ~2+2/ex(ar
ctan(c*xx) *e/ (c~2xd"2+e~2) *1n (c*xexx+cxd)-1/2*%arctan (c*xx) / (c~2*d~2+e~2) *e*1n (
c2xx"2+1)+1/2/(c"2*%d"2+e"2) *d*xc*arctan(c*x) ~2-e"2/ (c"2xd"2+e~2) * (1/2*I*1n(
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cxexx+c*d) * (-1n((I*e-c*exx)/(c*d+I*e))+1n((I*e+cxexx)/(I*e-cxd)))/e-1/2xI*(
dilog((Ixe-c*e*x)/(c*xd+I*e))-dilog((I*xe+c*xexx)/(I*xe-c*d)))/e)+1/2xe/(c"2xd"
2+e~2) % (-1/2*I* (In(c*xx-I)*1n(c~2*x"2+1)-dilog(-1/2*I* (c*x+I))-1n(c*x-I)*1n(
-1/2%I*(c*x+I))-1/2%1n(c*x-I)~2)+1/2*%I* (In(c*x+I)*1n(c~2*x~2+1)-dilog(1/2*I
*(cxx-1))-1n(cxx+I)*1n(1/2*xI*(c*x-I))-1/2*1n(c*x+I)~2))))+2*axbxc~2*(-1/(c*
exx+c*xd) /exarctan(cxx)+1/e*x(e/(c™2*d"2+e”2) *1n (cxexx+c*xd)+1/ (c~2*d"2+e"2) *(
-1/2%ex1n(c~2*x"2+1)+d*c*xarctan(c*x)))))

Fricas [F|

x = dz
(d+ ex)? (ex + d)?

/ (a + barctan(cz))? dp — (barctan (cz) + a)’

[In] integrate((a+b*arctan(c*x))~2/(e*x+d)~2,x, algorithm="fricas")

[Out] integral((b~2*arctan(c*x)~2 + 2*axb*arctan(c*x) + a~2)/(e”2%x"2 + 2*d¥e*xx +
d~2), x)

Sympy [F]

(a +barctan(cz))? . [ (a+ batan (cz))? .
/ (d+ ex)? de = / (d+ ea:)2 d

[In] integrate((a+b*atan(c*x))**2/(e*xx+d)**2,x)

[Out] Integral((a + b*atan(c*x))**2/(d + e*x)**2, x)

Maxima [F]

(a +barctan(cz))® . [ (barctan (cz)+a)? .
/‘ (d + ex)? d"/‘ (ex + d)* 4

[In] integrate((a+b*arctan(c*x)) 2/ (e*x+d)~2,x, algorithm="maxima")

[Out] ((2*cxd*arctan(c*x)/(c”2*d"2*%e + e73) - log(c™2*x"2 + 1)/(c”2%d"2 + e72) +
2xlog(e*x + d)/(c™2*%d"2 + e72))*c - 2xarctan(c*x)/(e”2*x + d*e))*a*b - 1/16
*x(4xarctan(c*x) "2 - 16%x(e"2*x + d*e)*integrate(1/16*(12*(c"2*e*x"2 + e)*arc
tan(c*x) "2 + (c™2*%e*xx”2 + e)*log(c™2*x"2 + 1)72 + 8*(ckexx + c*xd)*arctan(c*

X) - 4x(c™2%exx"2 + c72xd*x)*log(c”2*x"2 + 1))/(c”2%e"3*x"4 + 2%c"2xd*e”2*x

“3 + 2*d*e"2xx + d"2*%e + (c72xd"2%e + e73)*x"2), x) - log(cT2*x"2 + 1)72)*b
~2/(e”2%x + dxe) - a~2/(e"2xx + dxe)
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Giac [F]

(a +barctan(cz))® , [ (barctan (cz) + a)® .
/ (d + ex)? de = (ex + cl)2 d

[In] integrate((a+b*arctan(c*x))~2/(e*x+d)~2,x, algorithm="giac")

[Out] sageO*x

Mupad [F(-1)]

Timed out.

(a + barctan(cz))® | [ (a+ batan(cz))’ .
(d+ ex)? B / (d+ex)? d

[In] int((a + bxatan(c*x))~2/(d + e*xx)~2,x)
[Out] int((a + b*xatan(c*x))~2/(d + e*x)"2, x)
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3.14 f (a+barctan(cz))? dx

(d+ezx)3
Optimal result . . . . . . . . . . e 127
Rubi [A] (verified) . . . . . . . . . 128]
Mathematica [A] (verified) . . . . . . . .. ... Lo o 133
Maple [A] (verified) . . . . . . . .. 134
Fricas [F] . . . . . o 136
Sympy [F(-1)] . . o o 136
Maxima [F(-1)] . . . . . . o 136
Giac [F] . . . o o 1361
Mupad [F(-1)] . . . oo 137

Optimal result

Integrand size = 18, antiderivative size = 496

(a + barctan(cz))? - b*c’darctan(cz)  be(a + barctan(cz))
(d+ ex)3 (2 +e?)? (c2d? + €2) (d + ex)
ic3d(a + barctan(cz))?

(c2d? + €2)?
c*(cd — €)(cd + €)(a + barctan(cz))?
+ 2
2e (c2d? + €?)
(a + barctan(cz))® 2bc3d(a + barctan(cz)) log (2)

_ l—icz
2e(d + ex)? (d? + e2)”
2bc3d(a + barctan(cz)) log (Hﬁ) N b’c’elog(d + ex)
(c2d? + e2)? (c2d? + e2)?

c(d+ex
2bc3d(a + barctan(cz)) log (%)
(c2d? + €2)?

B b2c2elog (1 + 2z?)  ib*cdPolyLog (2,1 — =)

+

1—icx
2 (c2d? + e2)? (2d? + ¢2)”
ib?c*d PolyLog (2,1 — 1+2m)
(c2d? + €2)?

. 2¢(d+ex)
'lb2c3d POlyLOg (2, 1-— m)

(c2d? + 62)2

[Out] b~ 2xc~3*d*arctan(c*x)/(c~2*d"2+e~2) ~2-b*c*(atb*arctan(c*xx))/(c~2*%d"2+e~2) /(
exx+d)+I*c~3*d* (atb*arctan(c*xx)) "2/ (c"2*d"2+e"2) “2+1/2*c"2* (cxd-e) * (cxd+e) *
(atb*arctan(c*x)) ~2/e/(c~2xd~2+e~2) ~2-1/2% (a+b*arctan(c*x)) ~2/e/ (e*x+d) ~2-2
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*bxc”3*d* (a+b*arctan(c*x))*1n(2/ (1-I*c*x))/(c"2*%d"2+e”2) "2+2xbxc~3*d* (a+b*a
rctan(c*xx))*1n(2/(1+I*xc*x))/(c™2*xd"2+e"2) “2+b~2*c " 2*ex1n(e*xx+d) / (c~2*d"2+e”
2) "2+2xb*xc”3*d* (a+b*arctan (c*xx) ) *1n (2*c* (exx+d) / (cxd+I*xe) / (1-I*c*xx))/(c”2*d
“2+e72)"2-1/2*%b"2xc"2*e*1n(c”"2*x"2+1) / (cT2*d"2+e"2) "2+I*b~2*c~3*d*polylog(2
,1-2/(1-I*c*x) )/ (c™2*d"2+e~2) “2+I*b~2*c~3*d*polylog(2,1-2/(1+I*c*x))/(c"2xd
~2+e72) "2-I*b~2*c~3*d*polylog(2,1-2*c* (exx+d) / (c*d+I*e)/(1-I*c*x))/(c"2xd~2
+e”~2)"2

Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 496, normalized size of antiderivative = 1.00,

number of steps used = 19, number of rules used = 15, humber of rules _ () g33 Ryjjes
integrand size

used = {4974, 4972, 720, 31, 649, 209, 266, 4966, 2449, 2352, 2497, 5104, 5004, 5040, 4964}

/ (a + barctan(cz))? i — c*(cd — e)(cd + €)(a + barctan(cz))®  be(a + barctan(cr))

(d+ezx)? v 2¢ (c2d? + €2)’ (c*d? + €?) (d + ex)
ic3d(a + barctan(cz))?  2bc*dlog () (a + barctan(cz))
(2 + ¢€2)? - (2 + ¢2)?
N 2bc*dlog (13 ) (a + barctan(cz))

(d? + 62)2

2bc*d(a + barctan(cz)) log <%)

* (c2d? 4 €2)?
(a + barctan(cz))?  b2c3darctan(cz)
- 2e(d + ex)? (d? + 62)2
b’ c’elog (2x? +1) b’c’elog(d + ex)
2 (c2d? + e2)? (c2d? + €2)?
N ib*c*dPolyLog (2,1 — 27) = ib*c*dPolyLog (2,1 — ;25)
(c2d? + e2)? (c2d? + e2)?

. 2¢(d+ex)
ib’c3d PO].YLOg (2, 1-— m)

(c2d2 + 62)2

[In] Int[(a + b*ArcTan[c*x])"2/(d + e*x)~3,x]

[Out] (b~2%c~3*d*ArcTan[c*x])/(c™2*d"2 + e72)"2 - (b*c*(a + b*ArcTan[c*x]))/((c"2
*d~2 + e72)*x(d + e*x)) + (I*c"3*d*(a + bkArcTan[c*x])~2)/(c”2*xd"2 + e72)"2
+ (c™2x(cxd - e)*(cxd + e)*(a + bxArcTan[c*x])~2)/(2*xex(c"2*d"2 + e72)"2) -

(a + bxArcTan[c*x])~2/(2*%ex(d + e*x)~2) - (2%b*c~3*d*(a + bxArcTan[c*x])*L
ogl2/(1 - I*c*x)])/(c”™2%d"2 + €72)72 + (2%b*c~3*d*(a + b*ArcTan[c*x])*Logl[2
/(1 + Ixcxx)])/(c™2xd™2 + e72)72 + (b~2xc"2xexLogld + e*xx])/(c™2*d"2 + e~2)
~2 + (2xb*c”3*d*(a + bxArcTan[c*x])*Log[(2*cx(d + exx))/((cxd + I*xe)*x(1 - I
xcxx))])/(c™2%d"2 + e72)72 - (b~2*c"2xexLog[l + c™2%x72])/(2*%(c™2*%d"2 + e~2
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)~2) + (Ixb~2%c~3*d*PolyLogl[2, 1 - 2/(1 - Ixc*x)])/(c”2%d"2 + e72)"2 + (I*b
~2xc~3*%d*PolyLog[2, 1 - 2/(1 + Ixcxx)])/(c"2xd"2 + e72)"2 - (I*b~2xc~3*d*Po
lyLog[2, 1 - (2*cx(d + exx))/((cxd + I*e)*(1 - I*c*x))])/(c™2%d"2 + e72)"2

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, xI

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]1*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]1/(b*n), x] /; FreeQl{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 649

Int[((d)) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*x~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] & !'NiceSqrtQ[(-a)*c]

Rule 720

Int[1/(((d) + (e_.)*(x_))*((a_) + (c_.)*(x_)"2)), x_Symbol] :> Dist[e”2/(c
*d"2 + a*e”2), Int[1/(d + e*x), x], x] + Dist[1/(c*xd™2 + a*xe~2), Int[(c*xd -
cxexx)/(a + cxx~2), x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[c*d~2 + axe"2,
0]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] && EqQle~2xf + d~2*g, 0]

Rule 2497

Int[Loglu_]*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq~m*((1 - u)/
D[u, x1)1}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
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PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 4964

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]
:> Simp[(-(a + bxArcTan[c#*x]) p)*(Log[2/(1 + ex(x/d))]/e), x] + Dist[bxcx(
p/e), Int[(a + bxArcTan[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]/(1 + c™2*x"2)),
x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2xd"2 + e~2, 0]

Rule 4966

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> Si
mp[(-(a + bxArcTan([c*x]))*(Log[2/(1 - I*c*x)]/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 - I*xcxx)]/(1 + c™2*x"2), x], x] - Dist[b*(c/e), Int[Logl[2*cx((d + e
*x)/((cxd + I*xe)*(1 - I*c*xx)))]1/(1 + c™2*x"2), x], x] + Simp[(a + b*ArcTan[
c*x]) *(Log[2*cx((d + e*xx)/((cxd + Ixe)*(1 - Ixcxx)))]/e), x]1) /; FreeQl[{a,
b, c, d, e}, x] && NeQ[c™2*d"2 + e~2, 0]

Rule 4972

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]

:> Simp[(d + exx)~(q + 1)*((a + bxArcTan[c*x])/(ex(q + 1))), x] - Dist [bx(
c/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 + c~2*x~2), x], x] /; FreeQ[{a, b,
c, d, e, q}, x] && NeQ[q, -1]

Rule 4974

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.)) " (p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x]) p/(ex(q + 1))), x] - D
ist [bxcx(p/(ex(q + 1))), Int[ExpandIntegrand[(a + b¥ArcTan[c*x])~(p - 1), (
d + exx)~(q + 1)/(1 + c™2*x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQ[ql && NeQ[q, -1]

Rule 5004

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + bxArcTan[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, p}, x] && EqQle, c"2xd] && NeQ[p, -1]

Rule 5040

Int[(((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)*(x_))/((d_) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(-I)*((a + bxArcTan[c*x])~(p + 1)/(b*ex(p + 1))), x] - Di
st[1/(c*d), Int[(a + b*ArcTan[c*x])"p/(I - c*x), x], x] /; FreeQ[{a, b, c,
d, e}, x] && EqQle, c™2xd] && IGtQ[p, 0]
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Rule 5104

Int[(((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)*((£f ) + (g_.)*(x_))"(m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x]) p
/(d + exx"2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, 4, e, £, g}, x] && IGt
Qlp, 0] && EqQle, c~2*d] && IGtQ[m, O]

Rubi steps
) (a + barctan(cz))?
integral = —
8 2e(d + ex)?
e?(a+barctan(cz)) 2c%de?(a+barctan(cz)) (c*d?—c2e?—2c*dex) (a+barctan(cz))
(be) f <(c2d2+e2)(d+ex)2 (c2d2+e2)?(d+ex) (c2d2+e2)? (1+c22) ) dz
e
ctd?—c2e?2—2ctdex) (a+barctan(cz
__(a+barctan(cx))® | (bc) / ( 2 1_7_6238(2 tharctan(e)) gy
2e(d + ex)? e (c2d? + €2)?
(2bcde) [ %‘g’(m dz  (bce) [ —a+b(2fzz?§cm) dx
(d? + e2)® * 2d? + e?

_be(a +barctan(cz))  (a+ barctan(cz))? 9bc*d(a + barctan(cz)) log ()
(c2d2 + e2) (d + ex) 2€(d + ex)2 (c2d2 n 62)2
2bc*d(a + barctan(cz)) log (M)

(cd+ie)(1—icz)
(c2d? + e2)?

+

log( —2— lo M
(262c4d) | _ﬁg;;;;ﬂ de  (2b*c'd) g<<0;1¢;;g—m>) dz
(c2d2 4+ 62)2 (02d2 + 62)2
ctd? 1—i (a+barctan(cz)) Adex(a+barctan(ce
(bc)f( ( CQdi_?_czxz - 20d (1il;2m2t ( ))> dx

+
e (c2d? + e?)?

2c?) [ T (11+02$2) dz
c2d? + e?
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be(a + barctan(cz))  (a +barctan(cz))® 2bc*d(a + barctan(cz)) log (=)
(c2d? 4 €2) (d + ex) 2e(d + ex)? (c2d? + €2)*
2bcd(a + barctan(cz)) log (M)

(cd+ie)(1—icz)
(c2d? + e2)?

. c(d+ex
ib’c3d PolyLog (2, 1 - ot dii(e;{l_zcxﬂ (b2c2) [ ii chgw d
ca*+e ced“+e
( 242 2)2 ( 22 2)

(26b%c3d) Subst ( /=& log(2:c) dz,, ) (2bc°d) [ elatbarctan(en)) g,

? 1—icx 14222
(c2d? + e2)? (c2d? + e2)?
dr  (bc3(cd — e)(cd + ¢)) [ otbarctan(ca) g,

1+4c2z2

+

+

(b*c%e?) [ Tien
(c2d? + €2)? e (c2d? + €2)?
__be(a + barctan(cr)) | ic’d(a + barctan(cz))?
(c2d? + €2) (d + ex) (c2d? + €2)?
c*(cd — €)(cd + e)(a + barctan(cz))?  (a + barctan(cz))?
2e (c2d? + e2?)?  2e(d+ ex)?
2bc3d(a + barctan(cz)) log (=) N b’c’elog(d + ex)
(c2d? + €2)* (c2d? + e2)?
2bc3d(a + barctan(cz)) log (M)

(cd+ie)(1—icz)
(c2d? + €2)?

i dPolyLog (2,1 — 2)  ib*c*dPolyLog (2,1 — b))
(22 + €2)? B (22 + ¢2)?
(2bc*d) f w dr  (b*c*d) f 1+cl2a:2 dz _ (b*ce) f 1+f2x2
(c2d? + 62) (c2d? + €2)? (c2d? + €2)?
b’c*darctan(cz)  be(a+ barctan(cz)) — ic*d(a + barctan(cz))?
T @+ (@E+ ) (d+en) @O + &)
c(cd — e)(cd + e)(a + barctan(cz))?  (a + barctan(cz))?
2e (c2d? + e2?)* 2e(d + ex)?
2bc3d(a + barctan(cz)) log (2-)  2bc*d(a + barctan(cz)) log (
(c2d? + €2)? (c2d? + €2)?
B2elog(d + ex) 2bc*d(a + barctan(cz)) log <%)
(c2d? + €2)? (c2d? + e2)?
b2c2elog (1 + 2x?)  ib*cdPolyLog (2,1 — =)
T2 (c2d? + e2)? (c2d? + e2)’

ib*c’dPolyLog (2,1 - %) (2 cd) flog(lm) "

(c2d? + €2)? (d? + e2)?

+

dx

1+zcac)
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b’cdarctan(cz)  be(a + barctan(cz))
T @E 1) (CP+e)(d+en)
c*(cd — €)(cd + €)(a + barctan(cz))?
2e (c2d? + €2)°
2bc3d(a + barctan(cz))log (12-)  2bc*d(a + barctan(cz)) log (
+ D)
(c2d? + e2)? (c2d? + ¢2)
B22elog(d + ex) 2bc3d(a + barctan(cz)) log <%)
(2d? + 62)2 (d? + 62)2
b2c2elog (1 + 2a?)  ib?cdPolyLog (2,1 — =)
2 (c2d? + e2)? (c2d? + e2)?

. c(d+ex log(2x
ib*c3d PolyLog (2, 1-— %) N (2ib%c3d) Subst (f g(2 )d L >

» Tica
(c2d? + €2)? (c2d? + €2)?
_ b’c’darctan(cz)  be(a + barctan(cx)) | ic’d(a + barctan(cz))?
@@+t (AP +e)(d+ex) (c2d? + e2)’
*(cd — e)(cd + e)(a + barctan(cz))*  (a + barctan(cz))?
2e (c2d? + e2)? 2e(d + ex)?
2bc3d(a + barctan(cz))log (2-)  2bc*d(a + barctan(cz)) log (
+ 2
(c2d? + €2)? (c2d? + €?)
b2c?elog(d + ex) 2bc*d(a + barctan(cz)) log <%>
(c2d? + €2)? (c2d? + €2)?
bc2elog (1 + 2z?)  ib*c*dPolyLog (2,1 —
2 (c2d? + e2)? (d? + e2)®
i#2c*d PolyLog (2,1 — )  #°¢’d PolyLog (2, 1 M)

(cd+ie)(1—icz)
(c2d2 + 62) (02d2 + 62)2

ic3d(a + barctan(cz))?
(c2d? + €2)?
(a + barctan(cz))?
"~ 2e(d + ex)?

1+zca:)

1+2z'cz )

=)

Mathematica [A] (verified)

Time = 6.54 (sec) , antiderivative size = 479, normalized size of antiderivative = 0.97

(a +barctan(cz))®  ~  d®
(d+ex)3 2e(d + ex)?

N ab((—€® + *d?z(2d + ex) — c?e(3d* + 2dex + €*

a%)) arctan(cz) + c(d + ex) (—?d® — €® + 2¢%d(d + &
(c2d? + €)* (d + ex)?
c(d+ex
b2 2 2¢’ amtan( d) arctan(cz)? e(1+62$2) arctan(cz)? 2z arctan(cz)(e+cd arctan(cz)) —2e? arctan(cz)+2cde log( V1te2.
“\~ \/1—}- a2, B c?(d+ex)? + cd(d+ex) + Bd3tcde?
+ e
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[In] Integrate[(a + b*ArcTan[c*x])~2/(d + e*x)~3,x]

[Out] -1/2%a~2/(ex(d + e*xx)~2) + (a*xbx((-e”3 + c74*d~2*xx*(2*d + e*x) - c™2%e*(3*d
T2 + 2%dxexx + e72xx72))*ArcTan[cxx] + cx(d + e*x)*(-(c™2*%d"2) - e”2 + 2%c~
2xd*(d + exx)*Loglc*(d + e*x)] - c™2*d*(d + e*x)*Logl[l + c™2*xx"2])))/((c™2%
d”2 + e72)72x(d + e*xx)”"2) + (b™2xc™2%((-2*E~(I*ArcTan[(c*d)/e])*ArcTan[c*x]
~2)/(Sqrt[1 + (c™2*d~2)/e"2]*e) - (ex(1 + c~2*x~2)*ArcTan[c*x]~2)/(c"2*(d +
e*xx)”2) + (2*x*ArcTan[c*x]*(e + ckd*ArcTan[c*x]))/(cxd*(d + e*x)) + (-2xe”
2xArcTan[cxx] + 2*c*d*exLog[(cx(d + exx))/Sqrt[l + c”2%x72]]1)/(c”3%d"3 + cx*
dxe~2) - (2xcxd*((-I)*(Pi - 2*ArcTan[(c*d)/e])*ArcTan[c*x] - PixLog[1l + E~(
(-2%I)*ArcTan[c*x])] - 2x(ArcTan[(c*d)/e] + ArcTan[c*x])*Log[l - E~((2*I)*(
ArcTan[(c*d)/e] + ArcTan[c*x]))] - (PixLog[l + c™2*x72])/2 + 2xArcTan[(c*d)
/el*Log[Sin[ArcTan[(c*d)/e] + ArcTan[c*x]]] + IxPolyLog[2, E~((2*I)*(ArcTan
[(cxd)/e] + ArcTan[c#*x]))]1))/(c"2xd"2 + €72)))/(2*%(c”2%d"2 + e72))

Maple [A] (verified)

Time = 28.13 (sec) , antiderivative size = 729, normalized size of antiderivative = 1.47
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method result
_ arctan(cz)e 2 arctan(cz)ecd In(cex+cd) arctan(cz)2c2d2 _ arctan(cz) In (c2‘
— a?c3 —+b23 | — arctan(cz)? (62d2+62) (ceated) (C2d2+62)2 (c2d2+82)2
2(cex+cd)?e 2(cex+cd)?e
derivativedivides
_ arctan(cz)e 2 arctan(cz)ecd In(cez+cd) arctan(c:v)202d2 _ arctan(cz) ln(c |
_ a2c3 ——4+b2c3 | — arctan(cz)? (C2d2+52) (cea+ed) (02d2+e2)2 (02d2+e2)2
2(cea:+cd)2e 2(cea:+cd)2e
default
3 _ arctan(cz)e 2arctan(cz)ecdIn(cez+cd) |, arctan(cz)?c?d? _ arctan(cz)
(02d2+e2)(cez+cd) (czd2+e2)2 (c2d2+e2)2
3 2
2| _ c?arctan(cz)
b 2(cez+cd)26 +
arts @ __ 4
b 2(ex+d)%e

[In] int((atb*arctan(c*x))~2/(e*x+d) 3,x,method=_RETURNVERBOSE)

[Out] 1/cx(-1/2*xa~2%c”~3/(ckexx+c*d) ~2/e+b~2xc~ 3% (-1/2/ (c*xe*xx+c*d) ~2/e*xarctan (c*x)

~2+1/e*x(—arctan(c*x) *e/ (c"2*xd"2+e"2) / (cxe*x+c*d) +2*xarctan (cxx) *xe*xc*d/ (c~2*d
~2+e”2) "2*1n(cxexx+c*d)+1/(c"2*d"2+e~2) “2*arctan (c*xx) “2*c”2*d"2-arctan (c*x)
/(c™2*%d"2+e"2) "2x1n(c"2*x"2+1) *c*d*e-1/(c"2*xd"2+e~2) "2*arctan(c*x) ~“2*e~2-1/
2/ (c™2xd"2+e72) "2x(c~2*d"2-e"2) *arctan(c*xx) "2+e~2/ (c"2*d"2+e~2) "2*x1n (c*e*x+
c*xd)-1/2*%e"2/(c"2xd"2+e"~2) "2x1n(c"2*x"2+1) +e/ (c~2*d"2+e"2) "2xd*c*arctan (c*x
)+exckxd/(c™2xd"2+e"2) "2% (-1/2*I* (1n(c*x-I)*1n(c~2*x"2+1)-dilog(-1/2*I* (c*x+
I))-In(c*x-I)*1n(-1/2*I*(c*x+I))-1/2*x1n(c*x-1)"2)+1/2*%I* (In(c*x+I) *1n(c~2*x
~2+1)-dilog(1/2*I*(c*x-I))-1n(c*x+I)*1n(1/2*I*(c*x-I))-1/2%1n(c*x+I)"2))-2x%
e 2xcxd/ (c™2+%d"2+e"2) 2% (1/2*xIx1n(c*e*x+c*xd) * (-1ln((I*e-c*e*x)/(cxd+I*e))+1n
((Ixe+c*e*x)/(Ixe-c*d)))/e-1/2xI*(dilog((I*e-cxexx)/(c*d+I*xe))-dilog((Ixe+c
xexx) /(I*e-cxd)))/e)))+2xaxbxc”~3*(-1/2/ (cke*x+c*d) “2/e*arctan(cxx)+1/2/ex (-
e/ (c”2xd"2+e"2) / (cxe*x+c*d) +2*xexc*xd/ (c"2*d"2+e~2) "2*1n(c*exx+cxd)+1/(c~2xd™
2+e72) "2* (—c*d*ex1n(c”2*x"2+1)+(c"2*%d"2-e"2) *arctan(c*x)))))
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Fricas [F]

(a +barctan(cz))® , [ (barctan (cz) + a)® .
/ (d+ex)3 de = (ex + d)3 d

[In] integrate((a+b*arctan(c*x))~2/(e*x+d)"3,x, algorithm="fricas")
[Out] integral((b~2*arctan(c*x)~2 + 2%a*b*arctan(cxx) + a~2)/(e"3*x"3 + 3*d*e~2x*x

2 + 3*%d"2%exx + d73), x)

Sympy [F(-1)]

Timed out.

2
/ (a + barctan(CJU)) dx = Timed out
(d + ex)3

[In] integrate((a+b*atan(c*x))**2/(e*xx+d)**3,x)

[Out] Timed out

Maxima [F(-1)]

Timed out.

2
/ (a + barctan(Cx)) dz = Timed out
(d+ ex)?

[In] integrate((at+b*arctan(c*x))~2/(e*x+d)"3,x, algorithm="maxima")

[Out] Timed out

Giac [F]

(a +barctan(cz))® , [ (barctan (cz) + a)® .
/ (d+ex)3 do = (ex + d)3 d

[In] integrate((at+b*arctan(c*x))~2/(e*x+d)~3,x, algorithm="giac")

[Out] sageO*x
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Mupad [F(-1)]

Timed out.

(a +barctan(cz))® , / (a + batan(cx))”
(d+ex)d (d+e x)3

[In] int((a + b*xatan(c*x))~2/(d + e*xx)~3,x)
[Out] int((a + b*atan(c*x))~2/(d + exx)"3, x)
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3.15 [(d + ex)*(a + barctan(cz))? dz

Optimal result . . . . . . . . . . e 138
Rubi [A] (verified) . . . . . . . . 139
Mathematica [A] (verified) . . . . . . . . . . .. 147
Maple [C] (warning: unable to verify) . . . . . . . ... ... .. L. 148
Fricas [F] . . . . . o 150
Sympy [F] . . o 150
Maxima [F] . . . . . . 150
Giac [F] . . o o 1511
Mupad [F(-1)] . . . oo

Optimal result

Integrand size = 18, antiderivative size = 652

/(d + ex)3(a + barctan(cz))® dx

_ 3ab’de’z  be’z  b’e’arctan(cr)  3b’de’zarctan(cx)
e 4¢3 4ct c?
b’e*z?(a + barctan(cz))  3bde?(a + barctan(cz))?
+ —
4¢? 2c3
ibe3(a + barctan(cx))?  3ibe(6c2d? — €?) (a + barctan(cz))?
_|_ —
4ct 4ct
_ 3be(6c*d® — €*) x(a + barctan(cz))®  3bde’z*(a + barctan(cz))?
4¢3 2c
_ be’z®(a + barctan(c))? N id(cd — €)(cd + €)(a + barctan(cz))?
4c c?
(c*d* — 6c2d*e? + e*) (a + barctan(cz))? N (d + ex)*(a + barctan(cz))?
4cte 4e
N b?e®(a + barctan(cz))log (2=)  3b%e(6c*d® — €?) (a + barctan(cz)) log (52-)

14icx 1+icz
2ct 2c4
3bd(cd — e)(cd + e)(a + barctan(cz))?log (2=)  3b3de?log (1 + 2a?)

1+icx
c3 2¢3
ib%e® PolyLog (2,1 — 1+2icx) 3ib®e(6c*d* — e?) PolyLog (2,1 — 1+2m)
+ —
4ct 4ct
N 3ib*d(cd — €)(cd + €)(a + barctan(cz)) PolyLog (2,1 — 2-)

1+icx

c3

3bd(cd — e)(cd + ) PolyLog (3,1 — 12)
2c3

+

[Out] 3*axb~2kxd*xe~2%x/c~2-1/4*b"3*%e~3%x/c~3+1/4*xb~3*e”3*arctan(c*x)/c~4+3*xb~3*d*e
~2k«x*arctan(c*x) /c~2+1/4xb"2%e"3*x" 2% (a+b*arctan(c*x))/c~2-3/2xbxd*e”~2* (a+b
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xarctan(c*x))~2/c"3-3/4*Ixbxe* (6*%c™2xd"2-e"2) * (a+b*arctan(c*x))~2/c”4+1/4*1
*bxe”~3* (a+b*arctan(c*x)) ~2/c”4-3/4*bxex (6*c”2%d"2-e”2) *x* (a+b*arctan(c*x) )~
2/c~3-3/2%b*d*e~2xx"2* (a+b*arctan(c*x)) ~2/c-1/4*b*xe~3*x"3* (a+b*arctan(c*x))
~2/c-3/4*%Ixb~3*e* (6*xc~2*d"2-e~2) *polylog(2,1-2/(1+I*c*x))/c"4-1/4%(c~4*d"4-
6xc™2xd"2*e”~2+e~4) * (a+b*arctan(c*x) ) ~3/c"4/e+1/4* (e*x+d) ~4* (a+b*arctan (c*x)
)~3/e+1/2xb"2*xe"3* (a+b*arctan(c*x) ) *1n(2/ (1+I*c*x))/c”4-3/2*xb"2%e* (6*xc~2*d"™
2-e72)x(a+b*arctan(c*x) ) *1n(2/ (1+I*c*x))/c”~4+3*b*d* (cxd-e) * (cxd+e) * (a+b*arc
tan(c*x) ) "2*1n(2/ (1+Ixc*x))/c~3-3/2*xb~3*d*e " 2*x1n(c™2*x~2+1) /c"3+3*Ixb~2xd* (
c*xd-e) *(c*d+e) * (atb*arctan(c*x) ) *polylog(2,1-2/(1+I*c*x))/c~3+I*d* (c*xd-e) *(
cxd+e) * (a+bxarctan(c*xx))~3/c~3+1/4xI*b~3*e"3xpolylog(2,1-2/ (1+I*c*x))/c~4+3
/2%b~3*d* (c*d-e) * (c*d+e) *polylog(3,1-2/(1+I*c*x))/c~3

Rubi [A] (verified)

Time = 0.83 (sec) , antiderivative size = 652, normalized size of antiderivative = 1.00,

number of steps used = 29, number of rules used = 15, number of rules _ 0.833, Rules
integrand size

used = {4974, 4930, 5040, 4964, 2449, 2352, 4946, 5036, 266, 5004, 327, 209, 5104, 5114,
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6745}

/(d + ex)*(a + barctan(cz))? dz

bv*e*log (3%5) (a + barctan(cz))
B 2ct

N 3ib?d(cd — €)(cd + €) PolyLog (2,1 — —2-) (a + barctan(cz))

icz+1

3

N bPe*z?(a + barctan(cz))  3b%e(6c’d” — e*)log (2= ) (a + barctan(cz))

4c? 2ct

ibe®(a + barctan(cz))®  3bde?(a + barctan(cz))

4ct 2c3

N id(cd — e)(cd + €)(a + barctan(cz))?
3
N 3bd(cd — e)(cd + e) log (Hﬁ) (a + barctan(cz))?
3
_ 3ibe(6c’d® — €®) (a + barctan(cz))®  (c*d* — 6c°d®e” + e*) (a + barctan(cx))®
4ct 4cte

_ 3bex(6c’d® — €?) (a + barctan(cz))®  3bde’z*(a + barctan(cz))?

4¢3 B 2c

(d + ex)*(a + barctan(cz))®  bez3(a + barctan(cz))?  3ab’de’z

+ - +
4e 4c c?
bded arctan(cz) = 3b*de’z arctan(cr) N ib®e® PolyLog (2,1 — 227)
4ct c? 4ct
N 3b%d(cd — e)(cd + ) PolyLog (3,1 — -25) _ Pex
2¢3 4¢3
3ib36(602d2 — 62) POlyLOg (2, 1-— ica:2+1) _ 3b3d62 log (02:1;2 + ]_)
4ct 2¢3

[In] Int[(d + exx)~3*(a + b*ArcTan[c*x])~3,x]

[Out] (3*a*b~2*d*e~2*x)/c”2 - (b"3*e"3*x)/(4*c"3) + (b~3*e"3*ArcTan[c*x])/(4*xc™4)
+ (3*b~3*d*e~2*x*ArcTan[c*x])/c”2 + (b"2*e"3*x"2x(a + b*ArcTan[c*x]))/(4*c
~2) - (3*bxd*e~2x(a + b*ArcTan[c*x])~2)/(2xc”3) + ((I/4)*bxe~3*(a + b*ArcTa
nlcxx])~2)/c”4 - (((3%I)/4)*bxex(6*xc~2%d"2 - e~2)*(a + b*ArcTan[c*x])~2)/c”
4 - (3*bxe*x(6xc”2%d"2 - e”2)*x*(a + b*ArcTan[c*x])~2)/(4*c~3) - (3*bxd*xe”2x
x"2%(a + bxArcTan[c*x])~2)/(2*c) - (b*e”3*x~3*(a + b*ArcTan[c*x])~2)/(4*c)
+ (I*d*(cxd - e)*(cxd + e)*(a + bxArcTan[c*x])"3)/c”3 - ((c™4*d~4 - 6*c”2xd
“2%e”2 + e~4)*(a + bxArcTan[c*x])"3)/(4*c~4*e) + ((d + exx) 4x(a + b*ArcTan
[c*x])~3)/(4xe) + (b~2xe"3x(a + b*ArcTan[c*x])*Log[2/(1 + I*c*x)])/(2%c™4)
- (3*%b"2*xex(6%c”2xd"2 - e"2)*(a + bxArcTan[c*x])*Logl[2/(1 + Ixc*x)])/(2xc~4
) + (3*b*d*(c*d - e)*(c*d + e)*(a + b*ArcTan[c*x]) 2*Log[2/(1 + Ixc*x)])/c”
3 - (3*b~3xdxe~2xLogl[1l + c™2*x"2])/(2%c~3) + ((I/4)*b~3xe~3xPolyLogl[2, 1 -
2/(1 + Ixcxx)])/c™4 - (((3%I)/4)*b~3*ex(6%c~2*%d"2 - e~2)*PolyLog[2, 1 - 2/(
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1 + Ixcxx)])/c”4 + ((3*I)*b~2*d*(c*d - e)*(cxd + e)*(a + bkArcTan[c*x])*Pol
yLog[2, 1 - 2/(1 + I*c*x)])/c™3 + (3*b~3*d*(cxd - e)*(cxd + e)*PolyLogl[3, 1
- 2/(1 + Ixc*x)])/(2%c"3)

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symboll :> Simp[(1/(Rt[a, 21*Rt[b, 2]1))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 0]1)

Rule 266

Int[(x_)~"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 327

Int[((c_.)*(x_)) " (m_)*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*x(m + n*p + 1))), x] - Dist[
axcn*x((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] &% NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2352

Int[Logl(c_.)*(x_)1/((d.) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + cx*d, 0]

Rule 2449

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] && EqQle~2xf + d~2xg, 0]

Rule 4930

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcTan[c*x"n]) “p, x] - Dist[b*c*n*p, Int[x"n*((a + b*ArcTan[c*x"n])~(p
-1/ + c”2%x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, 0] &&
(EqQ[n, 11 || EqQlp, 11)

Rule 4946

Int[((a_.) + ArcTan[(c_.)*(x_)"(a_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :>
Simp[x~(m + 1)*((a + bxArcTan[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m +
1)), Int[x"(m + n)*((a + b*ArcTan[c*xx™n])~(p - 1)/(1 + c™2*xx~(2*n))), x], x
1 /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] && (EqQ[p, 1] || (EqQ[n, 1] &&
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IntegerQ[m])) && NeQ[m, -1]

Rule 4964

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))~(p_.)/((d_) + (e_.)*(x_)), x_Symboll
:> Simp[(-(a + bxArcTan[c*x]) p)*(Logl[2/(1 + ex(x/d))]/e), x] + Dist[bxcx(
p/e), Int[(a + bxArcTan[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]1/(1 + c~2%x72)),
x], x] /; FreeQ[{a, b, c, d, e}, x] & IGtQ[p, 0] && EqQ[c~2*d"2 + e~2, 0]

Rule 4974

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x]) p/(ex(q + 1))), x] - D
ist [bxcx(p/(ex(q + 1))), Int[ExpandIntegrand[(a + b¥ArcTan[c*x])~(p - 1), (
d + exx)"(q + 1)/(1 + c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQlq] && NeQlq, -1]

Rule 5004

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)/((@_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + b*ArcTan[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, p}, x] && EqQle, c”2xd] && NeQ[p, -1]

Rule 5036

Int[(((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)*((f_.)*(x_))"(m_))/((d_) + (e
_)*(x_)72), x_Symbol] :> Dist[f~2/e, Int[(f*x)"(m - 2)*(a + bxArcTan[c*x])
“p, x], x] - Dist[d*(£72/e), Int[(f*x)~(m - 2)*((a + b*ArcTan[c*x]) p/(d +
exx”2)), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1]

Rule 5040

Int[(((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)*(x_))/((d)) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(-I)*((a + b*ArcTan[c*x])~(p + 1)/(b*ex(p + 1))), x] - Di
st[1/(c*d), Int[(a + b*ArcTan[c*x]) p/(I - c*x), x], x] /; FreeQ[{a, b, c,
d, e}, x] & EqQle, c~2+d] && IGtQ[p, 0]

Rule 5104

Int[(((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)*((£f ) + (g_.)*(x_))"(m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + bxArcTan[c*x]) p
/(d + exx”2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && IGt
Qlp, 0] && EqQle, c~2*d] && IGtQ[m, O]

Rule 5114
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Int[(Loglu_l*((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.))/((d_) + (e_.)*(x_)"2
), x_Symbol] :> Simp[(-I)*(a + b*ArcTan[c*x]) “p*(PolyLog[2, 1 - ul/(2*c*d))
, x] + Dist[b*p*(I/2), Int[(a + b*ArcTan[c*x])~(p - 1)*(PolyLog[2, 1 - ul/(
d + exx~2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQle, ¢~
2x%d] && EqQ[(1 - w)"2 - (1 - 2%x(I/(I - c*x)))~2, 0]

Rule 6745

Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,
x]}, Simp[w*PolyLog[n + 1, vl, x] /; !FalseQ[wl]l /; FreeQ[n, x]

Rubi steps
integral = (d + ex)*(a + barctan(cz))?
N 4e
c2d?—e?) (a+barctan(cz e3x(atbarctan(cz ea?(a+tbarctan(cz ctd*—6c?d?e®+e' +4c?d(cd—e)el(c
(3bc)f< (6cd? )(Cjb tan(er))? | ddea tharctan D2 eta( tharctan D2 (6P P e vel 2¢igc(¢i+c)2x(2
4e
(d + ex)*(a + barctan(cz))?
B 4e
(3b)f (c4d4—Gcf"’d262—i-e4—}-402d(ti‘c-li_—cz)zez(cd—}-e)z)(a.—}-barct:an(cz))2 dr
4c3e
(3bde?) [ z(a+ barctan(cz))®*dz  (3be®) [ 2%(a + barctan(cz))? dz
c 4c
(3be(6c?d* — €?)) [(a + barctan(cz))? dz
4¢3
_ 3be(6c*d?® — e?) z(a + barctan(cz))®  3bde’z*(a + barctan(cz))?
N 4¢3 a 2c
be3z(a + barctan(cz))? N (d + ex)*(a + barctan(cz))3
4c 4e
ctd* (1 —6c?d?e et a+barctan(cz))?
(3b) f ( (+ C4d41+020)c§ + (cz)) + 4c2d(cd—e)e(cdii-j)ca2cg(ca2+barcta,n(cx))2) da
B 4c3e ,
2
+ barctan(cz)) 1 z°(a + barctan(cz))
32de?) [ © @ d —b”/ d
+ ( e)/ 1+ 22 x+2( e’) 1+ 22 z
N (3b2e(6c2d? — €?)) [ z(a+l{f§2§ () gy

202
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3ibe(6c?d? — €2) (a + barctan(cz))?  3be(6c2d? — €?) x(a + barctan(cz))?
4ct B 4c3
3bde’z%(a + barctan(cz))?  be3z3(a + barctan(cz))?
B 2c B 4c
N (d + ex)*(a + barctan(cz))? N (3b*de?) [(a + barctan(cz)) dx
4e c?
(3b%de?) [ %ﬁ(c@ dzx (b2e3) [ z(a+ barctan(cz)) dz
c? 2¢2
| (pe?) [ Herpergaal) gp (3bd(cd — e)(cd + ¢)) [ HetbEamen) gy
2¢2 c
(3b26(6c2d2 2)) f a+b arctan(ca:) dr
B 2¢3
(3b(cid — 6c2d2e? + ¢t)) [ (atbarctan(ca))? 7,

14c222
4c3e

3ab’de’r  b?e*z*(a + barctan(cz))  3bde?(a + barctan(cz))?
= 2 T 2 - 3
c 4c 2c
ibe3(a + barctan(cz))?  3ibe(6c2d? — €?) (a + barctan(cz))?
+ J—
4ct 4ct
_ 3be(6c*d® — €*) x(a + barctan(cz))®  3bde’z*(a + barctan(cz))?
4¢3 2c
_ be’z’(a + barctan(cz))? zd(cd —e)(cd + e)(a + barctan(cz))?
4c c3
(c*d* — 6c2d%e? + e*) (a + barctan(ca:))3 N (d + ex)*(a + barctan(cz))?
Acte 4e
3b%e(6c?d? — €?) (a + barctan(cz)) log (
B 2¢t
(3b3de?) [ arctan(cz)dz  (b%€®) [ ma;rc—gl(cx) dr  (0°¢%) [ g dz
+ + -
c? 2¢3 4c

N (3bd(cd — €)(cd +e)) [ (atbarctan(cz))? 7. .\ (36%e(6c2d? — €2)) [ lo g(1+m>

Thicz)

i—cT 14c222
c2 2¢3
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_ 3ab’de’z  be*r  3b’de’warctan(cr) N b’e*z%(a + barctan(cz))

2 4 c? 4c?

3bde*(a + barctan(cz))?  ibe3(a + barctan(cz))?
- +

2¢3 4ct
_ 3ibe(6c’d” — €?) (a + barctan(cx))®  3be(6c’d” — €®) z(a + barctan(cz))?
4ct 4c3
_ 3bde’z®(a + barctan(cz))®  be’z®(a + barctan(cz))?
2c 4c
N id(cd — e)(cd + €)(a + barctan(cz))3
3
_ (c*d* —6c*d?e? + %) (a + barctan(cz))’
4cte

(d+ ex)*(a + barctan(cz))®  b%e3(a + barctan(cz)) log (25)

+ +
4e 2ct

3b%e(6c*d® — €?) (a + barctan(cz)) log (12)
B 2¢t
N 3bd(cd — e)(cd + €)(a + barctan(cz))? log (1+2Z.cz)

c3
) [ s () ) s () J ) g
c 4¢3 2c3
_ (60%d(cd — €)(cd +e)) | esvarcnter) oe(iz) g
2

(3ibPe(6¢*d? — €?)) Subst (f % dz, T, 1+1m>

2ct
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_ 3ab*de’z  ble*zr  bPe?arctan(cx) N 3b3de?z arctan(cz)

2 A 4ct c?

b’er?(a + barctan(cz))  3bde?(a + barctan(cz))?
+ —

4c? 2¢3

ibe3(a + barctan(cz))?  3ibe(6c2d? — €?) (a + barctan(cz))?

+ —
4ct 4ct
_ 3be(6c*d® — €*) x(a + barctan(cz))®  3bde’z*(a + barctan(cz))?
4¢3 2c
_ be’z®(a + barctan(cr))? N id(cd — e)(cd + €)(a + barctan(cz))3
4c c3
_ (c*d* —6c*d?e? + ) (a + barctan(cz))’
4cte

(d+ ex)*(a + barctan(cz))®  b%e3(a + barctan(cz)) log (25)

+ +
4e 2ct

3b%e(6c*d® — €?) (a + barctan(cz)) log (12)
B 2¢t
N 3bd(cd — e)(cd + €)(a + barctan(cz))? log (1+2m)

c?

3b3de? log (1 + c2a?)  3ib’e(6¢*d® — €?) PolyLog (2,1 — 2=)
B 2c3 - 4ct
N 3ib*d(cd — e)(cd + €)(a + barctan(cz)) PolyLog (2,1 — 12)

3

(ib®e®) Subst ( J lig_(gz) dz, z, 7 +lz.cz>

* 204

PolyLog (2,1— H—iwz> d
1+c2z2 x

(3ib*d(cd — €)(cd + €)) [

c2
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_ 3ab’de’z  bPe*zr  bPe? arctan(cx) N 3b3de?z arctan(cz)

2 A 4ct c?

b’er?(a + barctan(cz))  3bde?(a + barctan(cz))?
+ —

4c? 2¢3

ibe3(a + barctan(cz))?  3ibe(6c2d? — €?) (a + barctan(cz))?

+ —
4ct 4ct
_ 3be(6c*d® — €*) x(a + barctan(cz))®  3bde’z*(a + barctan(cz))?
4¢3 2c
_ be’z®(a + barctan(cr))? N id(cd — e)(cd + €)(a + barctan(cz))3
4c c3
_ (c*d* —6c*d?e? + %) (a + barctan(cz))’
4cte

(d + ex)*(a + barctan(cz))®  b*e*(a + barctan(cz))log (HW)

+ +
4e 2ct

3b%e(6c*d® — €?) (a + barctan(cz)) log (12)
B 2¢t
N 3bd(cd — €)(cd + e)(a + barctan(cz))? log (12=) _ 3b%de?log (1 + c*z?)

c3 2c3
N ib®e? PolyLog (2,1 — 2=) _ 3ib%e(6c*d® — e?) PolyLog (2,1 — 2-)
4ct 4ct
N 3ib*d(cd — e)(cd + €)(a + barctan(cz)) PolyLog (2,1 — 12-)
3
N 3bd(cd — e)(cd + €) PolyLog (3,1 — 12)
2¢3

Mathematica [A] (verified)

Time = 2.01 (sec) , antiderivative size = 855, normalized size of antiderivative = 1.31

/(d + ex)?(a + barctan(cr))® dx
_ d’c(4ac’d® + 3be(—6c°d? + €?)) x + 6a’c’de(acd — be)x? + a’c’e*(dacd — be)x® + a’c*e’z* + 3a?b(6c*d>

[In] Integrate[(d + exx)~3*(a + bxArcTan[c*x])~3,x]

[Out] (a~2*c*x(4*xaxc~3*%d"3 + 3*bke*x(-6*c™2*xd"2 + €72))*x + 6*a~2%c 3*d*e*(axcxd -
b*xe) *x"2 + a~2kc”3*e"2x(4*xakxc*kd - bxe)*x"3 + a~3*xc”"4*e"3*x"4 + 3*a"2xbx(6*c
~2xd"2*%e - e~ 3)*ArcTan[c*x] + 3*a~2*bxc™4*x*(4*%d~3 + 6*%d"2%exx + 4*xd*e 2xx”
2 + e"3*x"3)xArcTan[c*x] + a*b™2*%e”3*%(1 + c™2%x~2 + (6*c*x - 2%c”3*x"3)*Arc
Tan[c*x] + 3*%(-1 + c™4*x"4)*ArcTan[c*x] "2 - 4xLog[l + c™2xx"2]) - 6*%a~2*b*c
*d*(c"2%d"2 - e”2)*Log[l + c™2*%x™2] + 18%a*b~2*kc~2*d"2%e* (-2*c*x*ArcTan[c*x
1 + (1 + c™2%x"2)*ArcTan[c*x] "2 + Log[1l + c™2*x72]) + 12%a*b~2xc~3*d"~3*(Arc
Tan[ckx]*((-I + c*x)*ArcTan[cxx] + 2xLog[1 + E~((2*I)*ArcTan[c*x])]) - I*Po
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lyLog[2, -E~((2*I)*ArcTan[c*x])]) + 12%a*b~2xcxd*e 2% (c*x + (I + c~3*x"3)*A
rcTan[c*x] "2 - ArcTan[c*x]*(1 + c™2*xx"2 + 2xLog[1 + E~((2*I)*ArcTan[c*x])])
+ I*PolyLog[2, -E~((2*I)*ArcTan[c*x])]) + 6%b~3%c~2*d"2*e*(ArcTan[c*x]*((3
*I - 3xcxx)*ArcTan[c*x] + (1 + c™2*%x"2)*ArcTan[c*x]~2 - 6xLogl[1l + E~((2*I)=*
ArcTan[c*x])]) + (3*%I)*PolyLog[2, -E~((2*I)*ArcTan[c*x])]) + b~3*e”3*(-(c*x
) - (4*%I - 3%c*x + c~3*%x"3)*ArcTan[c*x]"2 + (-1 + c"4*x"4)*ArcTan[c*x]~3 +

ArcTan[c*x]*(1 + c™2%x"2 + 8*xLog[l + E~((2*I)*ArcTan[c*x])]) - (4*I)*PolyLo
gl2, -E~((2*I)*ArcTan[c*x])]) + 2*¥b~3*c*d*e 2% (6xcxx*xArcTan[c*x] - 3*ArcTan
[c*x] "2 - 3*c™2*x"2*%ArcTan[c*x] "2 + (2*I)*ArcTan[c*x]~3 + 2%c~3*x"3*ArcTan[
c*x] "3 - 6xArcTan[c*x]"2+Log[1 + E~((2*I)*ArcTan[c*x])] - 3*Logl[l + c™2*x"2
1 + (6%I)*ArcTan[c*x]*PolyLog[2, -E~((2*I)*ArcTan[c*x])] - 3*PolyLog[3, -E~
((2*I)*ArcTan[c*x])]) + 2xb~3*c~3*d"3*(2*ArcTan[c*x] ~2*((-I + c*x)*ArcTan[c
xx] + 3xLog[l + E~((2*I)*ArcTan[c*x])]) - (6%I)*ArcTan[c*x]*PolyLog[2, -E~(
(2xI)*ArcTan[c*x])] + 3%PolyLogl[3, -E~((2*I)*ArcTan[c*x])]))/(4*c~4)

Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 93.44 (sec) , antiderivative size = 3122, normalized size of antiderivative = 4.79

method result size
parts Expression too large to display | 3122

derivativedivides | Expression too large to display | 3153
default Expression too large to display | 3153

[In] int((exx+d) 3*(at+b*arctan(c*x))~3,x,method=_RETURNVERBOSE)

[Out] 1/4*a”~3x(exx+d)~4/e+b”3/c*(1/4*cxe”3*arctan(c*x) “3*x~4+c*e”2*%arctan(c*x) 3%
X" 3*d+3/2*c*xexarctan (c*x) “3*%x~2*%d"2+arctan(c*x) "3*c*x*d~3+1/4*c/e*arctan(c*
x) "3*%d"4-3/4/c"3/ex(2xIxe~3*ckd*Pikcsgn (I* (1+I*c*xx)/(c™2*x"2+1)~(1/2))*csgn
(Ix(1+I*c*x)~2/(c™2%x"2+1)) "2*arctan(c*x) “2-Ixexc~3*d"3*Pi*csgn(I* (1+(1+I*c
*xx) "2/ (c™2*xx72+1) ) ) "2*csgn (I* (1+(1+I*c*x) "2/ (c™2%x"2+1)) “2) *arctan(c*x) ~2-2
*xIxexc”3*d"3*Pi*csgn(I* (1+I*c*x)/(c™2%x"2+1)7(1/2) ) *csgn(I* (1+I*c*x)~2/(c"2
*X~2+1) ) "2*arctan(c*x) “2+I*e*xc~3*xd"3*Pixcsgn (I* (1+I*c*x)/(c™2*xx"2+1)~(1/2))
~2xcsgn (I*(1+I*c*x) "2/ (c™2%x"2+1))*arctan(c*x) “2-I*e*xc~3xd~3*Pi*xcsgn(I/(1+(
1+I*c*x) "2/ (c™2%x72+1)) “2) *csgn (I* (1+Ixc*x) ~2/(c™2*x~2+1) / (1+(1+Ixc*x) "2/ (c
T2xx72+1))72) "2*arctan(c*x) “2+2*I*exc”3*d"3*Pikcsgn (I* (1+(1+I*c*xx) "2/ (c™2*x
~2+1)))*csgn(I*(1+(1+Ixc*x) "2/ (c™2%x"2+1)) ~2) "2*arctan(c*x) “2-I*e*xc”~3*d~3*P
i*csgn (I*(1+I*c*x) "2/ (c™2%x"2+1) ) *csgn (I* (1+I*c*x) "2/ (c™2*x"2+1) / (1+(1+I*c*
x) 72/ (c”™2*%x"2+1) ) ~2) "2*arctan(c*x) "2+I*e~3*c*d*Pi*csgn (I* (1+(1+I*c*x)~2/(c”
2xx72+1))) "2*csgn (I* (1+(1+I*c*x) ~2/(c™2%x"2+1)) “2) *arctan(c*x) “2-2*I*e”3*c*
d*Pi*csgn (I*(1+(1+I*c*x) "2/ (c™2*x"2+1))) *csgn(I*(1+(1+I*c*x) "2/ (c"2%x"2+1))
~2) "2*arctan(c*x) "2+I*e~3*c*d*Pixcsgn (I/(1+(1+I*c*x)~2/(c™2*x"2+1))"2)*csgn
(I*(1+4I*cxx) "2/ (c™2xx"2+1) / (1+(1+I*c*xx) "2/ (c™2*x"2+1) ) ~2) "2*arctan(c*x) ~2+I
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xe~3*ckd*Pik*csgn (I* (1+I*c*xx) "2/ (c™2%x"2+1) ) *csgn (I* (1+I*c*x) "2/ (c™2*%x"2+1)/
(1+(1+Ixc*x) "2/ (c"2*x"2+1))~2) "2*arctan(c*x) “2-I*e~3*cxd*Pikcsgn (I* (1+I*c*xx
)/ (c™2%x"2+1)~(1/2) ) "2*csgn (I* (1+I*c*x) "2/ (c™2%x"2+1) ) *arctan(c*x) ~2+1/3xe”
4dxarctan(c*x)* (c*xx-I) "2+arctan(c*x) “3*c~4*xd~4+4/3*xI*xe"4*arctan(c*x) “2-8/3*e
~4xarctan(c*x)*1n(1+I*(1+I*c*x)/(c™2*%x~2+1)~(1/2))-8/3*e~4*arctan(c*x)*1n(1
—I*(1+I*c*x)/(c™2%x"2+1) " (1/2))+8/3*Ixe~4*dilog(1+I* (1+I*c*x)/(c™2%x"2+1) ~(
1/2))+8/3*Ixe~4*dilog(1-I*(1+I*c*x)/(c™2%x"2+1)~(1/2))+arctan(c*x) " 3*e~4-1/
9% (6xCc~4*xd"4-36%Cc™2*%d"2*e"2+6%e~4) *arctan (c*x) “3-I*e " 3*kckd*Pixcsgn (I* (1+Ixc
xx) "2/ (c”2xx72+1) / (1+ (1+I*c*xx) ~2/(c™2*xx"2+1) ) ~2) “3*arctan (c*x) “2-I*e”3*cxdx*
Pixcsgn(I*(1+I*c*x)~2/(c™2*x"2+1)) "3*arctan(c*x) “2+I*e~3*cxd*Pi*csgn (I* (1+(
1+I*c*x) "2/ (c™2%x"2+1)) "2) “3*arctan(c*x) ~2+I*exc~3*d"3*Pi*csgn (I* (1+I*c*x) "
2/ (c”2*x~2+1) ) "3*arctan(c*x) "2+I*e*c”~3*d"3*xPixcsgn (I* (1+I*c*x) "2/ (c™2*xx"2+1
)/ (1+(1+Ixc*x) "2/ (c™2%x"2+1)) ~2) “3*arctan(c*x) “2-I*e*xc~3*xd~3*Pixcsgn (I* (1+(
1+I*xc*xx) "2/ (c™2%x"2+1)) ~2) "3*arctan(c*xx) “2+2*arctan (c*x) “2*1In(c”~2*x"~2+1) *c~
3*xd~3*e-2*arctan(c*xx) “2*x1n(c~2*x~2+1) *ckd*e~3+12*xe”2*%d~2*c~2*arctan (c*x) *1n
(1+I*(1+I*c*x)/(c™2%x"2+1) " (1/2) ) +12*xe~2*%d"2*c"2*arctan (c*x) *1n (1-I* (1+I*c*
x)/(c™2xx"2+1) " (1/2) ) -4*e*1n(2) *c~3*d"3*arctan(c*x) ~2+4*e”3*1n(2) *cxd*arcta
n(c*x) "2+1/3*arctan(c*x) “2*e 4*c~3*x"3-arctan(c*x) ~“2*e 4*cxx—6*arctan(c*xx)”
3%c72xd"2%e"2-Ixe 3*ckd*Pikxcsgn(I/ (1+(1+I*c*x) "2/ (c”2%x"2+1)) "2) *csgn (I*(1+
Ixc*x) "2/ (c™2%x72+1) ) *csgn (I* (1+I*c*x) "2/ (c™2*x"2+1) / (1+(1+I*c*x) ~2/(c™2*x"
2+1))~2)*arctan(c*x) “2+I*e*xc~3*xd~3*Pixcsgn(I/(1+(1+I*c*x)~2/(c™2*x"2+1))"2)
xcsgn (Ix (1+Ixc*x) "2/ (c™2*x"2+1)) *csgn(I* (1+Ixc*x) ~2/(c™2*x"2+1) / (1+(1+I*c*x
)"2/(c™2%x72+1)) "2) *arctan(c*x) "2-4*xe”3*kc*d*arctan (c*x) * (cxx—I)-4*e*d~3*c”3
*1n ((1+I*cxx)/(c™2*x"2+1) " (1/2)) *arctan(c*x) "2+4*e " 3*xd*cx1n((1+I*c*xx)/(c™2%
x"2+1)7(1/2))*arctan(c*x) "2-12*I*e~2*d"2*c~2*dilog (1+I* (1+I*c*x)/(c™2*x~2+1
)~ (1/2))-12%I*e”2%d"2*c"2*%dilog (1-I* (1+I*c*x)/(c™2%x"2+1) ~(1/2) ) -6%I*e~2%d"
2*xc~2*xarctan (c*x) “2+4/3*I*exd"3*c”3*arctan(c*x) ~3-4/3*xI*e”3*d*c*arctan (c*x)
~3+1/3%e”4x (ckx+I)-2*exc”3*d"3*polylog(3,-(1+I*c*x) ~2/(c™2%x"2+1))+2%e~3*c*
d*polylog(3,-(1+I*c*x) "2/ (c™2*%x"2+1) ) -4*e”3*c*kd*1n(1+(1+I*c*x) "2/ (c™2%x"2+1
))+2xe~3*c*d*arctan(c*x) "2+2/3*xI*xe~4*arctan (c*x) * (ckxx-I1)-2/3*e"4*arctan (c*x
) * (c*x-I)*(cxx+I)+6*arctan(c*x) ~2xc~3*d~2*e” 2xx+2*arctan (cxx) ~2*e”3*c”3*d*x
~2+4xI*e*xc~3xd"3*arctan(c*x)*polylog(2,-(1+Ixc*x) "2/ (c™2*x"2+1))-4*I*e 3*c*
dxarctan(c*x)*polylog(2,-(1+I*c*x) "2/ (c™2*x"2+1))) ) +3*axb~2/c* (1/4*c*e”3*xar
ctan(c*x) "2*x"4+c*xe”2*arctan (c*x) "2*x~3*d+3/2*c*exarctan (c*x) “2xx~2*d"2+arc
tan(c*xx) “2xcxx*d~3+1/4*c/e*arctan(c*xx) “2*xd~4-1/2/c"3/e*(6*arctan(c*x)*c~3*d
~2%e”2xx+2*xarctan (c*x) *e~3*xc”3xd*x"2+1/3*arctan (c*x) *e~4*c~3*x~3-arctan (c*xx
)xe " 4*ckx+2xarctan (c*x)*1n(c”2*x"2+1) *c"3*d " 3*e-2*arctan (cxx) *1n(c”2*x"2+1)
xcxdxe”3+arctan(c*x) "2*%c~4*xd"4-6*arctan(ckx) "2*%c 2xd"2*e " 2+arctan(c*x) "2xe”
4-1/12% (6*c~4*d"4-36*c™2xd"2xe"2+6*e"4) *arctan (c*x) "2-1/3*e”~2* (6*xc”2*d*e*x+
1/2xc™2%e”2%x"2+1/2% (18*c~2+%d"2-4*e~2) *1n(c~2*x~2+1) -6*e*arctan (c*x) *c*xd) -2
xcxdxex (c™2%d"2-e72) * (-1/2*I* (In(c*x-I)*1n(c™2*%x"2+1) -dilog(-1/2%I* (c*x+I))
-In(cxx-I)*1n(-1/2%I* (c*x+I))-1/2*%1In(c*x-1)"2)+1/2*I* (In(c*x+I)*1n(c™2*x"2+
1)-dilog(1/2*%I*(c*x-I))-1n(c*x+I)*1n(1/2*I*(c*x-I))-1/2%1n(c*x+I)"2))))+3*a
~2xb/c* (1/4*cxe”3*arctan(c*xx) *x"4+c*e~2xarctan (c*x) *x~3*d+3/2*xc*xe*arctan (c*
x)*x"2*d"2+arctan (c*x) *c*x*d~3+1/4*c/exarctan(c*x)*d~4-1/4/c”3/e*x (6*c~3*d"2
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*e " 2xx+2%e " 3%c " 3kd*xx"2+1/3%e " 4*xc " 3*x"3-cke " 4dxx+1/2*% (4*c”3xd " 3ke—4*ckd*xe~3) *
In(c™2%x"2+1)+(c~4*d~4-6%c~2*%d"2*%e~2+e~4) *arctan(c*x)))

Fricas [F|
/(d + ex)3(a + barctan(cz))® dr = / (ex + d)*(barctan (cz) + a)° dz

[In] integrate((e*x+d) ~3*(atb*arctan(c*x))~3,x, algorithm="fricas")

[Out] integral(a”3*e~3*x~3 + 3*a~3*d*e”2%x"2 + 3*a~3*d"2%e*xx + a~3*%d"3 + (b~3xe”3
*x"3 + 3*%b"3xd*e”2*x"2 + 3*b"3*d"2*exx + b~3*d"3)*arctan(c*x) "3 + 3*(a*b~2x*
e”3*x"3 + 3*axb"2xd*e”2*x"2 + 3*a*b”2*xd"2xe*x + axb~2xd"3)*arctan(c*x) "2 +

3% (a"2xb*e”3*%x"3 + 3*a"2*bxd*xe"2*x"2 + 3*a~2kb*d"2*exx + a”~2%b*d~3)*arctan(

c*x), X)

Sympy [F]
/(d + ex)?(a + barctan(cz))® dz = / (a + batan (cz))® (d + ex)® dz

[In] integrate((e*x+d)**3*(atb*atan(c*x))**3,x)

[Out] Integral((a + b*atan(c*x))#**3x(d + e*x)**3, x)

Maxima [F]
/(d + ex)®(a + barctan(cz))® dz = / (ex 4 d)*(barctan (cz) + a)’ dz

[In] integrate((e*x+d) ~3*(atb*arctan(c*x))~3,x, algorithm="maxima")

[Out] 1/4*a~3xe”3*x"4 + a~3*d*e”2xx"3 + 7/32xb~3*d”"3*arctan(c*x)~4/c + 112xb~3*c~
2xe~3xintegrate(1/128*x~5*arctan(c*x) ~3/(c™2%x"2 + 1), x) + 12%xb~3*c”2%e”"3*
integrate(1/128*x~5*arctan(c*x)*log(c™2*x"2 + 1)72/(c™2*%x"2 + 1), x) + 384%
axb~2xc"2*e”~3*integrate(1/128*x~b*arctan(c*x)~2/(c"2*x"2 + 1), x) + 336xb~3
xC"2*d*e”"2xintegrate(1/128+x"4*arctan(c*x)~3/(c"2*xx"2 + 1), x) + 12*%b~3*c~2
*xe~3*integrate(1/128*x~5*arctan(c*x)*log(c™2*xx"2 + 1)/(c”™2*%x"2 + 1), x) + 3
6%b~3xc"2*d*e"2xintegrate (1/128*x 4*arctan(c*x)*log(c™2*x"2 + 1)72/(c™2*x"2

+ 1), x) + 1152%a*b~2*c~2xd*e”2*integrate(1/128*x~4*arctan(c*x) "2/ (c~2*x"2

+ 1), x) + 336%b~3*c”2*d"2*exintegrate(1/128*x~3*arctan(c*x)~3/(c"2*x"2 +

1), x) + 48xb~3*c”2*xdxe"2*integrate(1/128*x~4*arctan(c*x)*log(c™2*xx~2 + 1)/
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(c™2%x72 + 1), x) + 36%b~3*c~2*d"2xexintegrate(1/128*x"3*arctan(c*x)*log(c”
2*x72 + 1)72/(c”2%x72 + 1), x) + 1152%a*b~2*c~2xd"2*e*xintegrate(1/128*x~3*a
rctan(c*x)"2/(c"2*x"2 + 1), x) + 112xb~3*c~2xd"3*integrate(1/128*x"2*arctan
(cxx)~3/(c™2%x”2 + 1), x) + 72%b~3%c”2*d"2*e*xintegrate(1/128*x~3*arctan(c*x
)*¥log(c™2*x~2 + 1)/(c™2%x"2 + 1), x) + 12%xb~3*c~2*d"3*integrate(1/128*x"2*a
rctan(c*x)*log(c™2*xx~2 + 1)72/(c”2*%x"2 + 1), x) + 384*axb~2*c~2*d"3*integra
te(1/128*x~2*arctan(c*x)~2/(c"2*x"2 + 1), x) + 48%b~3*c~2+d"3*integrate(1/1
28xx"2xarctan(c*x) *log(c™2*x"2 + 1)/(c™2*x"2 + 1), x) + 3/2%a"3%d"2%e*x"2 +
a*b~2*d"3*arctan(c*x) ~3/c - 12%b~3*c*ke~3*integrate(1/128*x"4*arctan(c*x) 2
/(c™2%x"2 + 1), x) + 3%b~3%c*e"3xintegrate(1/128*x"4xlog(c™2*x~2 + 1)72/(c”
2*x"2 + 1), x) - 48%b~3*cxdxe~2*integrate(1/128*x~3*arctan(c*x) "2/ (c”~2*x"2
+ 1), x) + 12xb~3*c*kd*e"2xintegrate(1/128*x"3xlog(c™2*x"2 + 1)72/(c™2%x"2 +
1), x) - 72xb"3*c*d"2xexintegrate(1/128*x"2xarctan(c*x)~2/(c™2*x"2 + 1), x
) + 18%b~3%c*d"2xe*integrate(1/128*x"2xlog(c™2*x~2 + 1)72/(c™2%x"2 + 1), x)
- 48%b"3xcxd"3*integrate(1/128*x*arctan(c*x)~2/(c”2%x"2 + 1), x) + 12%b~3%
c*d~3*integrate(1/128*x*log(c™2%x"2 + 1)72/(c™2*x"2 + 1), x) + 9/2x(x"2*arc
tan(c*x) - c*(x/c”2 - arctan(c*x)/c”3))*a"2*b*d"2%e + 3/2%(2*x"3*arctan(c*x
) - cx(x72/c”2 - log(c™2*x~2 + 1)/c™4))*a~2xb*d*e”2 + 1/4%(3*x"4*arctan(c*x
) - cx((c™2xx”3 - 3%x)/c”4 + 3*arctan(c*x)/c”5))*a"2*b*e”3 + a~3*d"3*x + 11
2¥b~3*e”3*integrate(1/128*x"3*arctan(c*x) ~3/(c"2*x"2 + 1), x) + 12*¥b~3%e”3%
integrate(1/128%x~3*arctan(c*x)*log(c™2*x"2 + 1)72/(c™2%x"2 + 1), x) + 384%
axb~2xe~3*integrate(1/128*x~3*arctan(c*x) ~2/(c™2*x"2 + 1), x) + 336%b~3*d*e
~2xintegrate(1/128*x~2*arctan(c*x) ~3/(c"2*¥x"2 + 1), x) + 36*%b~3*d*e”2*integ
rate(1/128+x~2*arctan(c*x)*log(c™2*x~2 + 1)72/(c™2*x"2 + 1), x) + 1152%a*b”
2xd*e~2*integrate(1/128*x~2*arctan(c*x) ~2/(c™2*x"2 + 1), x) + 336%b~3xd"2*e
xintegrate(1/128*x*arctan(c*x)~3/(c™2*x"2 + 1), x) + 36%b~3*d"2*e*integrate
(1/128*x*arctan(c*x)*log(c™2*x"2 + 1)72/(c™2*x"2 + 1), x) + 1152%axb~2*d"~2x%
exintegrate(1/128*x*arctan(c*x)~2/(c™2*x"2 + 1), x) + 12%b~3*d"3*integrate(
1/128*arctan(c*x)*log(c™2*x"2 + 1)72/(c™2*x"2 + 1), x) + 3/2x(2*c*x*arctan(
c*x) - log(c™2*x™2 + 1))*a”~2*%b*d"3/c + 1/32%(b"3%e”3*x"4 + 4*b~3*d*e”2%x"3
+ 6xb~3%d"2%e*x”"2 + 4*b~3*d"3*x)*arctan(c*x)”3 - 3/128%(b"3*e"3*x"4 + 4*b~3
*xd*xe”2*%x"3 + 6%b~3*%d"2xexx"2 + 4xb~3%d"3*x)*arctan(c*x)*log(c”2*x"2 + 1)72

Giac [F]
/(d + ex)?(a + barctan(cz))® dzx = / (ex + d)®(barctan (cz) + a)® dz

[In] integrate((exx+d) ~3*(atb*arctan(c*x))~3,x, algorithm="giac")

[Out] sageO*x
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Mupad [F(-1)]

Timed out.

/(d + ex)3(a + barctan(cz))® dz = / (a +batan(cz))® (d + ex)® dz

[In] int((a + b*atan(c*x)) 3*(d + e*x)~3,x)

[Out] int((a + b*atan(c*x)) 3*(d + e*x)~3, x)
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3.16 [(d + ex)*(a + barctan(cz))? dz

Optimal result . . . . . . . . . . . . e 153
Rubi [A] (verified) . . . . . . . . . 154
Mathematica [A] (verified) . . . . . . . . . .. 158]
Maple [C] (warning: unable to verify) . . . . . . ... ... ... o oL 150
Fricas [F] . . . . . o e 161
Sympy [F] . o o o [161]
Maxima [F] . . . . . o 161
Giac [F] . . . o o 162
Mupad [F(-1)] . . . oo 162

Optimal result

Integrand size = 18, antiderivative size = 411

/(d + ex)*(a + barctan(cz))® dx

ab’e’r  bde’rarctan(cr) 3ibde(a + barctan(cz))?
T2 + c? B c?
_ be*(a+barctan(cz))®  3bdex(a + barctan(cz))?
2¢3 c
_ be?z*(a + barctan(cz))? N i(3c*d? — €?) (a + barctan(cz))?
2c 3c3

B d<d2 - %) (a + barctan(cz))? 4 (d + ex)3(a + barctan(cz))?
3e 3e
6b%de(a + barctan(cz)) log (2-) N b(3c?d? — €?) (a + barctan(cz))? log (2-)

Tries 1+icx
c? ¢’
be2log (1 + 2z?)  3ibPdePolyLog (2,1 — 2-)
B 2c3 B c?
ib?(3c%d? — €?) (a + barctan(cz)) PolyLog (2, 1- H-chz)
3
| B3 — &) PolyLog (3,1 - )
2c3

+

[Out] a*b~2xe~2%x/c”~2+b~3*e~2*x*arctan(c*x)/c~2-3*Ixbxd*e* (at+b*arctan(c*x))~2/c~2
-1/2xbxe”2* (a+b*arctan(c*x)) ~2/c”~3-3*bxd*e*xx* (a+b*arctan(c*x)) ~2/c-1/2*bxe”
2%x~2x (a+b*arctan(c*x)) ~2/c+1/3*I* (3*c~2*xd"2-e"2) * (a+b*arctan(c*x)) ~3/c"3-1
/3*d* (d"2-3*%e~2/c”2) * (a+b*arctan(c*x)) ~3/e+1/3* (exx+d) "3* (a+b*arctan(c*x) )~
3/e-6xb~2*xd*ex* (a+b*arctan(c*x))*1n(2/ (1+I*c*x))/c”2+b*x(3*c~2xd"2-e"2) * (a+bx*
arctan(c*x)) "2x1n(2/ (1+I*c*x))/c~3-1/2*b~3*e~2*1n(c~2+x~2+1) /c~3-3*I*b~3*d*
expolylog(2,1-2/(1+Ixc*x))/c"2+I*b~2%(3*%c~2*d"2-e~2) * (atb*arctan(c*x) ) *poly
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log(2,1-2/(1+I*c*x))/c~3+1/2*%b~3*(3*c~2xd~2-e~2) *polylog(3,1-2/(1+I*c*x))/c
-3

Rubi [A] (verified)

Time = 0.54 (sec) , antiderivative size = 411, normalized size of antiderivative = 1.00,

number of steps used = 20, number of rules used = 13, Rumber of rules _ () 799 Ryjes
integrand size

used = {4974, 4930, 5040, 4964, 2449, 2352, 4946, 5036, 266, 5004, 5104, 5114, 6745}

/(d + ex)?(a + barctan(cz))® dx
6b?de log (2-) (a + barctan(cz))

1+icx
= >
N ib*(3c*d® — €?) PolyLog (2,1 — ;225) (a + barctan(cz)) _ be*(a + barctan(cz))*
c? 2¢3
B d<d2 - %) (a+ barctan(cz))® _ 3ibde(a + barctan(cz))?
3e c?

i(3cd? — €?) (a + barctan(cz))? b(3c2d2 — 62) log (1+2icx> (a+ barctan(cw))2
+ 3c3 + c3
_ 3bdez(a + barctan(cz))? N (d +ex)*(a + barctan(cr))®  be’z*(a + barctan(cz))?

c 3e 2c

ab’e®c  bPe’zarctan(cz) 3ib’dePolyLog (2,1 — ;225)
+ c? + c? B c?
N b*(3c*d® — €?) PolyLog (3,1 — ;225) _ be’log (*2? +1)

2¢3 2¢3

[In] Int[(d + exx)~2*%(a + bxArcTan[c*x]) 3,x]

[Out] (a*xb~2*e"2x*x)/c”2 + (b~3*e”~2*x*ArcTan[c*x])/c”2 - ((3*I)*bxd*ex(a + b*ArcTa
nlc*x])"2)/c”2 - (b*xe"2x(a + b*ArcTan[c*x])~2)/(2*c"3) - (3*bkxd*e*x*(a + bx*
ArcTan[c*x])"2)/c - (b*e"2*x"2x(a + b*ArcTan[c*x])~2)/(2xc) + ((I/3)*(3*c~2

*d"2 - e"2)*(a + bxArcTan[c*x])~3)/c”3 - (d*(d"2 - (3*e”"2)/c"2)*(a + b*ArcT
an[c*x])~3)/(3*e) + ((d + e*x)~3*(a + b*ArcTan[c*x])~3)/(3xe) - (6%b~2xd*ex

(a + b*ArcTan[c*x])*Log[2/(1 + I*c*x)])/c”2 + (b*(3*xc™2*%d"2 - e~2)*(a + bxA
rcTan[c*x]) “2xLog[2/(1 + I*c*x)])/c”3 - (b~3%e”"2xLog[1l + c~2*x~2])/(2%c~3)

- ((3*I)*b~3*d*e*PolyLog[2, 1 - 2/(1 + Ixcxx)])/c”2 + (I*b"2%(3*c"2xd"2 - e
~2)*(a + bxArcTan[c#*x])*PolyLog[2, 1 - 2/(1 + Ixc*x)])/c”3 + (b~3*(3*%c~2*d"”

2 - e"2)*PolyLog[3, 1 - 2/(1 + I*xc*x)])/(2*c"3)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 2352
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Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d)) + (e_.)*(x_))1/((f_ ) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQlc, 2%d] &k EqQle~2%f + d~2%g, 0]

Rule 4930

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcTan[c*x"n]) “p, x] - Dist[b*c*n*p, Int[x"n*((a + b*ArcTan[c*x"n])~(p
- 1)/(1 + c™2%x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, 0] &&
(EqQ[n, 11 || EqQlp, 11)

Rule 4946

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)1*(b_.)) " (p_.)*(x_)"(m_.), x_Symbol] :>
Simp[x~(m + 1)*((a + b*ArcTan[c*x"n])"p/(m + 1)), x] - Dist[b*cxn*(p/(m +
1)), Int[x"(m + n)*((a + bxArcTan[c*x™n])~(p - 1)/(1 + c™2*x~(2*n))), x], x
1 /; FreeQ[{a, b, c, m, n}, x] & IGtQ[p, 0] && (EqQ[p, 11 || (EqQ[n, 1] &&

IntegerQ[m])) && NeQ[m, -1]

Rule 4964

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]
:> Simp[(-(a + b*ArcTan[c*x]) “p)*(Logl[2/(1 + ex(x/d))]1/e), x] + Dist[b*cx(
p/e), Int[(a + bxArcTan([c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 + c~2*x"2)),
x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 + e~2, 0]

Rule 4974

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_)*((d ) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x])"p/(ex(q + 1))), x] - D
ist [b*cx(p/(e*x(q + 1))), Int[ExpandIntegrand[(a + bxArcTan[c*x])~(p - 1), (
d + exx)"(q + 1)/(1 + c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQq] && NeQlq, -1]

Rule 5004

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + bxArcTan[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, p}, x] & EqQle, c~2xd] && NeQ[p, -1]

Rule 5036
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Int[(((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)*((f_.)*(x_))"(m_))/((d_) + (e
_)*(x_)"2), x_Symbol] :> Dist[f~2/e, Int[(f*x)"(m - 2)*(a + bxArcTan[c*x])
“p, x], x] - Dist[d*(£72/e), Int[(f*x)~(m - 2)*((a + bxArcTan[c*x]) p/(d +
exx~2)), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1]

Rule 5040

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)*(x_))/((d_) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(-I)*((a + b*ArcTan[c*x])~(p + 1)/(b*ex(p + 1))), x] - Di
st[1/(c*d), Int[(a + bkArcTan[c*x])~p/(I - c*x), x], x] /; FreeQ[{a, b, c,
d, e}, x] && EqQle, c~2xd] && IGtQ[p, 0]

Rule 5104

Int[(((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)*((£f ) + (g_.)*(x_))"(m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x]) p
/(@ + exx~2), (f + gxx)"m, x], x] /; FreeQ[{a, b, ¢, d, e, f, g}, x] && IGt
Qlp, 0] && EqQle, c~2*d] && IGtQ[m, 0]

Rule 5114

Int[(Loglu_l*((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.))/((d_) + (e_.)*(x_)"2
), x_Symbol] :> Simp[(-I)*(a + b*ArcTan[c*x]) “p*(PolyLog[2, 1 - ul/(2%c*d))
, x] + Dist[b*p*(I/2), Int[(a + bxArcTan[c*x])~(p - 1)*(PolyLog[2, 1 - ul/(
d + exx~2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQle, ¢~
2+%d] && EqQ[(1 - w)™2 - (1 - 2%(I/(I - c*x)))~2, 0]

Rule 6745

Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,
x]}, Simp[w*PolyLog[n + 1, vl, x] /; !FalseQ[wl]l /; FreeQ[n, x]

Rubi steps

integral
(d + ex)*(a + barctan(cz))?
3e

e2(a arctan(cz))? e3z(a arctan(cz))? 243 —3de? 3c2d2—e2 atbar 2
(bc)f (3(1 ( +b62t (cz)) + (a+b CZt (cx)) + (c e?+e 002(14_(22);2))( +barctan(cz)) ) de

e

c?d®—3de?+-e(3c2d?—e?)z) (a+barctan(cz))?
(d + ex)3(a + barctan(cz))? bf( d®—3de®te(3 d1+c2z)2)( tbarctan(ez))” .

3e ce
_ (3bde) [(a+ barctan(cz))*dz  (be?) [ z(a + barctan(cz))? dz

Cc (&
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3bdex(a + barctan(cz))*  be’z?(a + barctan(cr))? L (d + ex)3(a + barctan(cz))?

c 2c 3e
c?d?(1 2 2 (a+barctan(cx))2 —3c2d?+e?)z(a+barctan(cz))
b ( (& 1)+ e etor ) o
ce ,
9 z(a + barctan(czx)) 5 9 / z*(a + barctan(czx))
+ (6bde) / T+ g dz + (b’e?) T+ a2 dx
__ 3ibde(a + barctan(cz))®  3bdex(a + barctan(cz))®  be*z*(a + barctan(cx))?
N c? c 2c
N (d + ex)(a + barctan(cz))® (6b%de) [ erbarcton(cs) gy
3e c
N (b%?) [(a + barctan(cz)) dz (e [ %W dz
c? c?
cd®>  3e (a + barctan(cz))? (b(3c?d® —e?)) [ w+m))2 dz
— (pa & —2¢ dr —
e c 1+ c2x?
_ ab’¢’z  Bibde(a + barctan(cr))®  be’(a + barctan(cz))® 3bdez(a + barctan(cz))?
2 c? 2c3 c
_ be’z*(a + barctan(cz))? N i(3c*d* — €?) (a + barctan(cz))?
2c 3c3
62
- al(d2 ) (a + barctan(cz))? . (d + ex)?(a + barctan(cz))?
3e 3e
log( 52—
6b2de(a + barctan(cz)) log (3=) N (6bde) [ ?g:g;“;) dz
2
(8%?) [ arctan(cz) dz (b(3c2d? — €2)) [ M dz
. ; +
¢ c?
ab’e’r  bde’rarctan(cr) 3ibde(a + barctan(cz))?  be?(a + barctan(cz))?
2 + c? B c? B 2¢3
_ 3bdex(a + barctan(cz))®  be*z*(a + barctan(cz))?
c 2c
i(3Ed2 — €2) (a + barctan(cz))? d(d2 3¢ ) (a + barctan(cz))?
+ —_
3c3 3e
N (d + ex)®(a + barctan(cz))® 6b?de(a + barctan(cz)) log (1+m)
3e c?
b(3c*d? — €?) (a + barctan(cz))? log (Hﬁ) (6ib°de) Subst (f log(2x) dz, z, 1+zcx>
+ 3 2
() [ phmdr (0GP &) | (“+bma’11:ffﬁii°g(”"°m> dz

c 2
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_ ab*e’z N b*e’zvarctan(cx)  3ibde(a + barctan(cr))®  be?(a + barctan(cz))?

c? c? 3 c? 2c3
_ 3bdex(a + barctan(cz))®  be*z*(a + barctan(cz))? N i(3c*d? — €?) (a + barctan(cz))?
c 2c 3c3
B d(d2 - %) (a + barctan(cz))® N (d + ex)3(a + barctan(cz))?
3e 3e
6b>de(a + barctan(cz)) log (5=) N b(3c*d® — €?) (a + barctan(cz))? log (525)
a c? c3
Be?log (1 + cz?)  3ibPdePolyLog (2,1 — 22)
B 2c3 B c?
ib?*(3c*d® — €?) (a + barctan(cz)) PolyLog (2,1 — 2)
+ 3
. PolyLog 2,1—%
(ib3(3c*d* — €?)) [ 1J<rc2x2 i) dz
_ >
_ ab’e’z N b*e’zvarctan(cx)  3ibde(a + barctan(cr))®  be?(a + barctan(cz))?
2 c? c? 2c3
_ 3bdex(a + barctan(cz))®  be*z*(a + barctan(cz))? N i(3c2d? — €?) (a + barctan(cz))?
c 2c 3c3
B d(d2 - %) (a + barctan(cz))® N (d + ex)3(a + barctan(cz))?
3e 3e
6b>de(a + barctan(cz)) log (3) N b(3c*d® — €?) (a + barctan(cz))? log (525)
B c? c3
Belog (1 + c2z?)  3ib*dePolyLog (2,1 — 2)
B 2c3 B c?
N ib*(3c*d® — €?) (a + barctan(cz)) PolyLog (2,1 — 2)
3
N b*(3c*d® — €?) PolyLog (3,1 — 25)
2¢3

Mathematica [A] (verified)

Time = 1.16 (sec) , antiderivative size = 621, normalized size of antiderivative = 1.51

/(d + ex)?(a + barctan(cz))? dx

_ 6a’c*d(acd — 3be)x + 3a’c’e(2acd — be)x® + 2a°c’e*x® 4 18a’bede arctan(cz) + 6a”bc’x(3d” 4 3dex + e

[In] Integrate[(d + exx)~2x(a + bxArcTan[c*x])~3,x]

[Out] (6*%xa~2%c”~2xd*(axcxd - 3xb*e)*x + 3*%a~2%c”2xex(2%axc*d — b*e)*x~2 + 2%a~3*c”
3%e~2*%x"3 + 18%a~2xbkxcxd*exArcTan[c*x] + 6%a~2%bxc 3*x*(3*d"2 + 3*d*e*xx + e
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~2xx72)*ArcTan [c*x] - 3*%a~2xbx(3*xc”2+%d"2 - e~2)*Log[l + c™2*x~2] + 18%axb~2
xcxd*e* (-2xcxx*xArcTan[c*x] + (1 + c™2*xx"2)*ArcTan[c*x]~2 + Log[l + c™2*x"2]
) + 18%a*b~2*xc”~2*d"2* (ArcTan[c*x]*((-I + c*x)*ArcTan[c*x] + 2*xLog[l + E~((2
*I)*ArcTan[c*x])]) - I*PolyLog[2, -E~((2*I)*ArcTan[c*x])]) + 6%a*b~2%e~2x*(c
*x + (I + c”3%x"3)*ArcTan[c*x]~2 - ArcTan[c*x]*(1 + c™2*x"2 + 2xLog[1l + E~(
(2xI)*ArcTan[c*x])]) + IxPolyLogl[2, -E~((2*I)*ArcTan[c*x])]) + 6%b~3*c*d*ex*
(ArcTan[c*x]*((3*I - 3*c*x)*ArcTan[c*x] + (1 + c™2*x"2)*ArcTan[c*x]~2 - 6*L
ogl[1 + E~((2xI)*ArcTan[c*x])]) + (3*I)*PolyLog[2, -E~((2*I)*ArcTan[c*x])])

+ b~ 3%e” 2% (6*ckx*xArcTan[c*x] - 3*ArcTan[c*x]~2 - 3xc™2*x"2*xArcTan[c*x]~2 +

(2xI)*ArcTan[c*x] "3 + 2%c~3*x"3*ArcTan[c*x] "3 - 6*ArcTan[c*x] “2xLog[1 + E~(
(2xI)*ArcTan[c*x])] - 3*Logl[l + c~2*x~2] + (6%I)*ArcTan[c*x]*PolyLog[2, -E~
((2%I)*ArcTan[c*x])] - 3*PolyLogl[3, -E~((2*I)*ArcTan[c*x])]) + 3*b~3%c~2*d~
2% (2*%ArcTan [cxx] 2% ((-I + cxx)*ArcTan[c*x] + 3*Log[l + E~((2*I)*ArcTan[c*x]
)1) - (6xI)*ArcTan[c*x]*PolyLog[2, -E~((2*I)*ArcTan[c*x])] + 3%PolyLogl[3, -
E~((2*I)*ArcTan[c*x])]))/(6%c”3)

Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 32.97 (sec) , antiderivative size = 2633, normalized size of antiderivative = 6.41

method result size
parts Expression too large to display | 2633

derivativedivides | Expression too large to display | 2647

default Expression too large to display | 2647

[In] int((e*x+d) "2*x(at+b*arctan(c*x))~3,x,method=_ RETURNVERBOSE)

[Out] 1/3*a~3x*(exx+d)~3/e+b”3/c*(1/3*cxe”2*arctan(c*x) "3*x~3+c*e*arctan(c*x) ~3*x~
2xd+arctan(c*x) “3*c*x*d~2+1/3%c/e*arctan(cxx) “3*xd~3-1/c"2/e*x(d"3*c~3*arctan
(c*x) ~3+1/2*polylog(3,-(1+Ixc*x) "2/ (c"2*x"2+1))*e"3-e"3*1n(1+(1+I*c*x) ~2/(c
“2xx72+1))+1/2*%e”3*arctan (c*x) "2+6%e”~2*kd*ckarctan (c*x) *1n(1+I* (1+I*c*x)/(c”
2%x72+1) 7 (1/2) ) +6%e~2*d*c*arctan (c*x) *1n(1-I* (1+I*c*x)/(c™2%x"2+1)~(1/2))-3
xexd~2*c”~2x1n(2) *arctan(c*x) "2-3*ex1n((1+I*c*xx)/(c™2*x"2+1) " (1/2)) *c™2*d"~2%
arctan(c*x) "2+3/2*arctan(c*x) ~2*1n(c”~2*x"2+1) *exc~2*d"2-6xI*e~2*d*c*dilog(1
—Ix(1+I*c*x)/(c™2*%x72+1) " (1/2) ) +1/4%I*e~3*Pixcsgn (I* (1+(1+I*c*x) "2/ (c™2*x"2
+1))72)"3*arctan(c*x) "2-1/4*I*e”3*Pixcsgn (I* (1+I*c*x) "2/ (c™2*x"2+1)) "3*arct
an(c*x) "2-1/4*Ixe~3*%Pi*xcsgn (I* (1+I*c*x) "2/ (c™2%x"2+1)/(1+(1+I*c*x) ~2/(c™2*x
~2+1))72) "3*arctan(c*x) "2-3*xIxc*d*e”2*arctan(c*x) “2-6*I*e”~2*d*c*dilog (1+I*(
1+I*c*x)/(c™2%x72+1) " (1/2) ) +I*e*xc”2*d~2*arctan (c*x) “3+3/2*I*e*xd~2*c~2*Pi*cs
gn(Ix (1+(1+I*c*x) "2/ (c™2*%x"2+1)) ) *csgn (I* (1+(1+I*xcxx) "2/ (c™2*x"2+1))~2) "2*a
rctan(c*x) "2+3/4*xIxe*xd~2*c"2xPixcsgn (I* (1+I*c*x)/(c™2*xx~2+1)~(1/2)) ~2*csgn(
Ix(1+Ixc*xx) "2/ (c™2*x"2+1))*arctan(c*x) "2-3/2*I*e*xd~2*c~2*Pixcsgn (I* (1+I*c*x
)/ (c™2%x72+1) " (1/2) ) *csgn (I* (1+I*c*x) "2/ (c™2*%x"2+1) ) "2*%arctan(c*x) "2-3/4*Ix*
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exd~2xc~2*Pi*csgn (I* (1+I*c*x) "2/ (c™2*%x"2+1) ) *csgn (I* (1+I*c*x) "2/ (c™2%x"2+1)
/ (1+(1+Ixcxx) "2/ (c"2*xx"2+1))~2) "2*arctan(c*xx) “2-3/4*I*exd~2xc~2*Pi*csgn (I/(
1+ (1+Ixc*x) "2/ (c™2%x72+1)) "2) *csgn (I* (1+I*cxx) "2/ (c™2xx~2+1) / (1+(1+I*c*x) "2
/(c™2%x72+1) ) ~2) “2*arctan(c*x) “2-3/4*I*exd~2xc~2*Pi*csgn (I* (1+(1+I*c*x) ~2/(
c~2%x"2+1))) "2*csgn (I* (1+(1+Ixc*x) "2/ (c™2*x"2+1)) ~2) *arctan(c*x) "2-1/2*arct
an(c*x) "2*1n(c~2*x"2+1)*e~3-1/3*%I*e"3*arctan(c*x) ~“3-e~3*arctan(c*x) * (c*x-I)
+1n((1+Ixc*x)/(c™2*xx"2+1)~(1/2))*e~3*arctan(c*x) “2+e~3*1n(2) *arctan(c*x) ~2-
3xe~2xd*c*arctan(c*x) “3+1/2*arctan (c*x) "2*%e~3*c"2%x"2-2/3*d*c* (c"2*d"2-3*e”
2)*arctan(c*x) ~"3-I*polylog(2,-(1+I*c*x)~2/(c"2*x"2+1))*e"3*arctan(c*x)-3/2*
expolylog(3,-(1+I*c*x) "2/ (c"2*%x"2+1))*c~2*d~2+3*arctan(c*x) “2*c~2xd*e 2*x-1
/2%I*xe”~3*Pikcsgn(I* (1+(1+I*c*xx) "2/ (c™2*x"2+1))) *csgn(I*(1+(1+Ixc*x)~2/(c"2*
X"2+1))72) "2*arctan(c*x) "2+1/4xI*e " 3*Pi*csgn (I* (1+(1+I*c*x) "2/ (c™2%x"2+1)))
~2xcsgn (I*(1+(1+Ixc*x)~2/(c"2*x"2+1))"2)*arctan(c*x) "2+1/4*I*e”~3*Pi*csgn(I/
(1+(1+4I*c*x) "2/ (c™2%x"2+1) ) "2) *csgn (I* (1+Ixc*x) "2/ (c™2*x"2+1) / (1+(1+I*c*x) "~
2/(c™2%x72+1))"2) "2*arctan(c*x) “2+1/2xI*e 3*Pi*csgn (I* (1+Ixc*xx)/(c~2%x"2+1)
~(1/2))*csgn(I*(1+Ixc*x) "2/ (c™2%x"2+1)) “2*arctan(c*x) ~2+1/4*Ixe~3*Pixcsgn (I
* (1+Ixcxx) "2/ (c™2xx"2+1) ) *csgn (I* (1+Ixcxx) "2/ (c™2*xx"2+1) / (1+(1+I*c*x)~2/(c”
2*x~2+1))"2) "2*arctan(c*x) "2-1/4*I*e " 3*Pikcsgn (I* (1+I*c*xx)/(c™2*x"2+1)~(1/2
)) "2xcsgn(I*(1+I*c*x) "2/ (c™2%x"2+1))*arctan(c*x) ~2+3*I*expolylog(2,-(1+I*c*
x) "2/ (c™2*%x"2+1) ) *c"2*d"2*arctan(c*x)-1/4*I*e”3*Pixcsgn(I/ (1+(1+I*c*x) "2/ (c
“2xx72+1)) "2) *csgn (I* (1+I*c*x) "2/ (c™2%x"2+1) ) *csgn (I* (1+I*c*x) "2/ (c™2*x"2+1
)/ (1+(1+Ixc*x) "2/ (c™2%x"2+1)) ~2) *arctan(c*x) “2+3/4*I*exd~2*c~2*Pi*csgn (I*(1
+I*c*xx) "2/ (c™2*%x"2+1)) "3*arctan(c*x) "2+3/4*I*e*xd~2xc~2+Pixcsgn (I* (1+I*c*x) "~
2/ (c™2%x72+1) / (1+(1+I*c*x) "2/ (c™2%x"2+1) ) "2) "3*arctan(c*x) “2-3/4*Ixexd~2%c”
2*¥Pixcsgn (I* (1+(1+I*c*x) "2/ (c™2%x"2+1)) ~2) "3*arctan(c*x) "2+3/4*I*xe*xd~2%c™ 2%
Pikxcsgn(I/(1+(1+I*c*x) "2/ (c™2%x"2+1)) ~2) *csgn(I* (1+I*c*x) ~2/(c™2*x"2+1))*cs
gn(I*x(1+I*xc*xx) "2/ (c™2*x~2+1) / (1+(1+I*c*x) "2/ (c™2*x"2+1)) "2) *arctan(c*x) ~2))
+3*%axb~2/c*(1/3*c*e”2*arctan(c*x) “2xx~3+c*exarctan(c*x) “2xx~2*d+arctan(c*x)
~2xc*x*d”"2+1/3*c/e*arctan(c*xx) "2*xd"3-2/3/c”2/ex(3*arctan(c*x) *c~2*d*e”2xx+1
/2*arctan (c*x)*e~3*%c~2*x"2+3/2*arctan(c*x) *1n(c~2*x"2+1) *e*c~2*d"2-1/2*arct
an(c*x)*1n(c™2*x"2+1) *e~3+arctan (c*x) "2*c~3*d"3-3*arctan(ckxx) “2*ckd*e~2-1/2
xex (3xc™2%d"2-e72) *(-1/2*I* (In(c*x-I)*1n(c"2*x"2+1)-dilog(-1/2*%I* (c*x+I))-1
n(cxx-I)*1n(-1/2*I*(cxx+I))-1/2%1n(c*x-I)"2)+1/2*%I*(ln(c*x+I)*1n(c™2*x"2+1)
-dilog(1/2*I*(c*x-I))-1n(c*x+I)*1n(1/2*I*(c*x-I1))-1/2*1n(c*x+I)"2))-3/2%e"2
*1n(c™2%x"2+1)*c*d+1/2*e”"3*arctan (c*x)-1/2*%c*kx*e~3-1/2*%d*c* (c"2*xd"2-3*e~2) *
arctan(c*x) ~2))+a”~2*b*e~2*arctan (c*x) *x~3+3*a”~2*b*e*arctan (ckx) *x~2*d+3*a”2
*xbxarctan (c*x) *x*d~2-1/2/c*e”2%a~2xb*x~2-3/c*d*e*x*a~2xb-3/2%a"~2*b/c*1n(c~2
*xx"2+1)*d"2+1/2%a”2%b/c"3*e”2*1n(c"2*x"2+1) +3*a”2*b/c"2*e*arctan (c*x) *d
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Fricas [F]
/(d + ex)?(a + barctan(cz))® dzr = / (ex + d)*(barctan (cz) + a)® dz

[In] integrate((e*x+d) ~2*(atb*arctan(c*x))~3,x, algorithm="fricas")

[Out] integral(a”3*e~2*x~2 + 2%a"3*d*exx + a~3*d"2 + (b~3%e”2*x"2 + 2*b~3*kd*exx +
b~3*d"2)*arctan(c*x) "3 + 3*(a*b™2xe"2*x"2 + 2*axb”~2*d*exx + a*b”~2*d"2)*arc
tan(c*x) "2 + 3x(a~2%b*e”2%x"2 + 2%a " 2xbxdxexx + a~2xb*d~2)*arctan(c*x), x)

Sympy [F]
/(d + ex)*(a + barctan(cz))® dz = / (a + batan (cz))® (d + ex)® dz

[In] integrate((e*x+d)**2x*(atb*atan(c*x))**3,x)

[Out] Integral((a + b*atan(c*x))#**3x(d + e*x)**2, x)

Maxima [F]
/(d + ex)?(a + barctan(cz))® dr = / (ex + d)*(barctan (cz) + a)° dz

[In] integrate((e*x+d) ~2*(at+b*arctan(c*x))~3,x, algorithm="maxima")

[Out] 1/3*a”3*%e"2*x"3 + 7/32%b~3*d~2*arctan(c*x)~4/c + 28%b~3*c~2*e"2*integrate(1
/32*x"4*xarctan(c*x)~3/(c™2%x"2 + 1), x) + 3*b~3*c"2xe"2*xintegrate(1/32*%x~4*
arctan(c*x)*log(c™2*x"2 + 1)72/(c™2*x"2 + 1), x) + 96%axb~2xc”2*e"2xintegra
te(1/32*x"4*xarctan(c*x) "2/(c"2*¥x"2 + 1), x) + 56%b~3*c~2*d*exintegrate(1/32
*xx~3*arctan(c*x) ~3/(c™2*x"2 + 1), x) + 4*b~3xc"2*e " 2*xintegrate(1/32*x"4*arc
tan(c*x)*1log(c™2*x"2 + 1)/(c™2%x"2 + 1), x) + 6%b~3*%c"2xd*e*integrate(1/32%
x"3*arctan(c*x)*log(c™2*x"2 + 1)72/(c”2*x"2 + 1), x) + 192*%axb~2*c”2*d*exin
tegrate(1/32*x~3*arctan(c*x)~2/(c"2*x"2 + 1), x) + 28%b~3*c~2*d"2*integrate
(1/32*xx~2*arctan(c*x) ~3/(c™2*%x"2 + 1), x) + 12xb~3*c”2*d*exintegrate(1/32*x
~3xarctan(c*x)*log(c™2*x"2 + 1)/(c™2%x"2 + 1), x) + 3%b~3*c"2xd"2*integrate
(1/32#x~2*arctan(c*x) *log(c™2*xx"2 + 1)72/(c™2%x"2 + 1), x) + 96%axb~2*c~2*d
“2xintegrate(1/32*x"2*arctan(c*x)~2/(c™2*x"2 + 1), x) + 12%b~3%c”2*d”"2*inte
grate(1/32*x~2*arctan(c*x)*log(c™2*x~2 + 1)/(c™2*x"2 + 1), x) + a"3*d*e*x"2
+ axb~2*d"2*arctan(c*x)~“3/c - 4*b~3xcxe”2*integrate(1/32*x"3*arctan(c*x) "2
/(c”2xx"2 + 1), x) + b~ 3*c*e"2*xintegrate(1/32*x"3xlog(c™2*x~2 + 1)72/(c™2*x
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2 + 1), x) - 12%b"3*cxdxexintegrate(1/32*x"2*arctan(c*x)~2/(c"2*x"2 + 1),
Xx) + 3*b~3*c*d*exintegrate(1/32*x"2xlog(c™2*x"2 + 1)72/(c™2%x"2 + 1), x) -
12%b~3*c*d~2*integrate (1/32*x*arctan(c*x)~2/(c”2*xx"2 + 1), x) + 3*b~3%c*d"2
*xintegrate(1/32*x*log(c™2%x"2 + 1)72/(c™2*x"2 + 1), x) + 3*(x"2*arctan(c*x)
- c*(x/c”2 - arctan(c#*x)/c”3))*a"2xb*dxe + 1/2*%(2+x"3xarctan(cxx) - c*(x"2
/c”2 - log(c™2%x"2 + 1)/c”™4))*a"2*%bxe”2 + a~3*d"2xx + 28%b~3*e"2xintegrate(
1/32xx"2*arctan(c*x) ~3/(c™2*x"2 + 1), x) + 3*b"3xe~2*integrate(1/32*x"2*arc
tan(c*xx)*log(c™2%x"2 + 1)72/(c™2*x"2 + 1), x) + 96%axb~2xe"2xintegrate(1/32
*xx~2*arctan(c*x)~2/(c”2%x"2 + 1), x) + 56%b~3*d*exintegrate(1/32*x*arctan(c
*xx)"3/(c”2*x"2 + 1), x) + 6*%b"3xd*exintegrate(1/32*x*arctan(c*x)*log(c™2*x"
2 + 1)72/(c™2*x"2 + 1), x) + 192xa*b~2*d*exintegrate(1/32*x*arctan(c*x)~2/(
c"2*x"2 + 1), x) + 3*b~3xd"2*integrate(1/32*arctan(c*x)*log(c™2*%x"2 + 1)72/
(c™2%x72 + 1), x) + 3/2*%(2*c*x*arctan(cxx) - log(c™2*x~2 + 1))*a~2xb*xd~2/c
+ 1/24%(b"3%e"2%x"3 + 3%b"3xd*e*x”2 + 3*%b~3%d"2*x)*arctan(c*x)”~3 - 1/32%(b”
3%e"2*%x"3 + 3*%b"3*d*e*x”2 + 3*%b”3*%d"2#x)*arctan(c*x)*log(c”2*x"2 + 1)72

Giac [F]
/(d + ex)*(a + barctan(cz))® dz = / (ex + d)*(barctan (cz) + a)° dz

[In] integrate((e*xx+d) 2*(atb*arctan(c*x))~3,x, algorithm="giac")

[Out] sageO*x

Mupad [F(-1)]

Timed out.

/(d + ex)?(a + barctan(cz))® dz = / (a + batan(cz))® (d+ ex)’ dz

[In] int((a + bxatan(c*x)) "3x(d + e*xx)~2,x)
[Out] int((a + b*atan(c*x)) "3*(d + e*x)~"2, x)



163

3.17 [(d + ex)(a + barctan(cz))? dz

Optimal result . . . . . . . . . . . . e 163l
Rubi [A] (verified) . . . . . . . . . 164
Mathematica [A] (verified) . . . . . . . . . ... 167l
Maple [C] (warning: unable to verify) . . . . . . . ... ... .. L. 168
Fricas [F] . . . . . o 1701
Sympy [F] . . o 170
Maxima [F] . . . . . o 170
Giac [F] . . o o Il
Mupad [F(-1)] . . . .o Ival

Optimal result

Integrand size = 16, antiderivative size = 264

_ 3ibe(a + barctan(cz))*  3bex(a + barctan(cz))?
2¢? 2c

e2

N id(a + barctan(cz))® <d2 - c_2> (a + barctan(cz))®
c 2e
(d + ex)*(a + barctan(cz))?
* 2e
3b%e(a + barctan(cz)) log (2= )

1+icx

/(d + ex)(a + barctan(cz))® dz =

c2

N 3bd(a + barctan(cz))? log (=2 )

1+icx

Cc

3ib%e PolyLog (2,1 — %)
B 2¢?

N 3ib%d(a + barctan(cz)) PolyLog (2, 1 2-)

" 1+ticx

C

3b%d PolyLog (3,1 — 1-2-)
+ 2c

[Out] -3/2*Ixb*ex*(atb*arctan(c*x))~2/c~2-3/2xb*exx* (atb*arctan(c*x))~2/c+I*d*(a+b
*xarctan(c*x))~3/c-1/2%(d"2-e"2/c~2) *(a+b*arctan(c*x)) ~3/e+1/2* (exx+d) ~2* (a+
b*arctan(c*x)) ~3/e-3*b~2*e* (a+b*arctan(c*x))*1n(2/ (1+I*c*x))/c”2+3*b*xd* (a+b
*xarctan(c*x)) ~2x1n(2/ (1+I*c*x))/c-3/2xIxb~3*e*polylog(2,1-2/(1+I*c*x))/c”2+
3*%I*b~2*d* (atb*arctan(c*x) ) *polylog(2,1-2/(1+I*c*x))/c+3/2%b~3*d*polylog(3,
1-2/(1+I*c*x))/c
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Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 264, normalized size of antiderivative = 1.00,

number of steps used = 14, number of rules used = 10, number of rules _ 0.625, Rules
integrand size

used = {4974, 4930, 5040, 4964, 2449, 2352, 5104, 5004, 5114, 6745}

3b%elog (2= ) (a + barctan(cz))

1+icx

/(d + ex)(a + barctan(cz))® dz =

2
N 3ib?d PolyLog (2,1 — —2-) (a + barctan(cz))

icz+1
[

(d2 - i—;) (a + barctan(cz))?
B 2e
_ 3ibe(a + barctan(cx))?
2c?
N (d + ex)?(a + barctan(cz))? N id(a + barctan(cz))3
2e c
N 3bdlog (-2-) (a + barctan(cz))?

1+icx

c
_ 3bex(a + barctan(cz))® 3ib%e PolyLog (2,1 — ;225)
2c 2c?

N 3b°d PolyLog (3,1 — 227)
2c

[In] Int[(d + exx)*(a + b*ArcTan[c*x])"3,x]

[Out] (((-3%I)/2)*bxex(a + bxArcTan[c*x])~2)/c”2 - (3*bkxe*x*(a + b*ArcTan[c*x])~2
)/ (2%c) + (Ixd*(a + bxArcTan[c*x])~3)/c - ((d"2 - e"2/c"2)*(a + b*ArcTan[c*
x])"3)/(2%xe) + ((d + exx)~2x(a + bkArcTan[c*x])~3)/(2%e) - (3*%b~2xex(a + bx
ArcTan[c*x])*Log[2/(1 + I*c*x)])/c™2 + (3%b*d*(a + bxArcTan[c*x]) ~2*Log[2/(

1 + Ixc*x)])/c - (((3*I)/2)*b~3*exPolyLogl[2, 1 - 2/(1 + Ixc*x)])/c”2 + ((3*
I)*b~2*d*(a + b*ArcTan[c*x])*PolyLog[2, 1 - 2/(1 + I*c*x)])/c + (3*%b~3*d*Po
lyLogl3, 1 - 2/(1 + I*c*x)])/(2%c)

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQl{c, 4, e}, x] && EqQ[e + cx*d, 0]

Rule 2449

Int[Logl(c_.)/((d_ ) + (e_.)*(x_)1/((£_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQ[c, 2*d] && EqQl[e~2xf + d~2*g, 0]

Rule 4930
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Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcTan[c*x"n])“p, x] - Dist[b*c*n*p, Int[x"n*((a + b*ArcTan[c*x"n])~(p
- 1)/ + c™2%x~(2*n))), x]1, x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, 0] &&
(EqQ[n, 11 || EqQlp, 11)

Rule 4964

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]
:> Simp[(-(a + bxArcTan[c*x]) p)*(Logl[2/(1 + ex(x/d))]/e), x] + Dist[bxcx(
p/e), Int[(a + bxArcTan[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 + c"2*x"2)),
x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d"2 + e~2, 0]

Rule 4974

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.)) " (p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x]) p/(ex(q + 1))), x] - D
ist [bxcx(p/(e*x(q + 1))), Int[ExpandIntegrand[(a + bxArcTan[c*x])~(p - 1), (
d + exx)"(q + 1)/(1 + c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &
I1GtQ[p, 1] && IntegerQl[ql && NeQ[q, -1]

Rule 5004

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + bxArcTan[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, p}, x] && EqQle, c"2xd] && NeQ[p, -1]

Rule 5040

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(-I)*((a + bxArcTan[c*x])~(p + 1)/(b*ex(p + 1))), x] - Di
st[1/(c*d), Int[(a + bkArcTan[c*x])~p/(I - c*x), x], x] /; FreeQ[{a, b, c,
d, e}, x] && EqQle, c™2xd] && IGtQ[p, 0]

Rule 5104

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)*((f_) + (g_.)*(x_)) " (m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x]) p
/(@ + exx~2), (f + gxx)"m, x], x] /; FreeQ[{a, b, ¢, d, e, f, g}, x] && IGt
Qlp, 0] && EqQle, c~2*d] && IGtQ[m, O]

Rule 5114

Int [(Loglu_l*((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.))/((d_) + (e_.)*(x_)"2
), x_Symbol] :> Simp[(-I)*(a + b*ArcTan[c*x]) “p*(PolyLog[2, 1 - ul/(2*c*d))
, x] + Dist[b*p*(I/2), Int[(a + b*ArcTan[c*x])~(p - 1)*(PolyLog[2, 1 - ul/(
d + exx~2)), x], x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, O] && EqQle, c~
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2xd] &% EqQL(1 - w)™2 - (1 - 2x(I/(I - c*x)))"2, 0]

Rule 6745

Int[(u_)#*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,
x]}, Simp[w*PolyLog[n + 1, v], x] /; !FalseQ[w]l]l /; FreeQ[n, x]

Rubi steps

(d + ex)?(a + barctan(cz))?

2e

(3bC) f (62(a+barccztan(cm))2 + (C2d2—62+2cc22¢2i:i)c(2az—i;l;arctan(cx))2> da

2e

integral =

c2d2—e?+42c%dex) (a+barctan(cz))?
(d + ex)?(a + barctan(cz))?  (3b) [ (EL-cF2der)afbarcton(ee))” g,

2e 2ce
(3be) [(a + barctan(cz))? dz
2c
3bex(a + barctan(cz))?  (d + ex)?(a + barctan(cz))?
2c + 2e
(3b) f (02‘12 (1—%)(‘14'17”0173“(”))2 + 202dex(a+barctan(cx))2) dx

142z 14+c2z?

2ce

0 z(a + barctan(cz))
+ (3b e) / 1+ a2 dz
3ibe(a + barctan(cz))®  3bex(a + barctan(cz))?
2202 ; 2c )
4 (d + ex)*(a + barctan(cz))® (3bed) / z(a + barctan(cz))
2e 1+ c?22

(3b2¢) [ atbarctan(en) gy (3p(cd — €)(cd +e)) [ erbarctan(en)” gy

i—cT

XL

C 2ce

3ibe(a + barctan(cz))?  3bez(a + barctan(cr))?

2c2 2c

N id(a + barctan(cr))® <d2 - %2) (a + barctan(cz))’
c 2e
N (d + ex)*(a + barctan(cz))® 3b%e(a + barctan(cz)) log (25)
2e c2

10g<1 2zcz)
2 3b3e tiee) dx
L (3bd)/ (a—f-b?rctan(cx)) dz + (3b%) | iy

Xz
— CT C
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3ibe(a + barctan(cz))?  3bex(a + barctan(cz))? N id(a + barctan(cz))?

92¢2 2c ¢
<d2 _ ‘é_§> (a + barctan(cw))?’

N (d + ex)?(a + barctan(cz))3

2e 2e
3b%e(a + barctan(cz)) log (1:25)  3bd(a + barctan(cz))?log (525)
B c? + c
) (a + barctan(cz)) log (25) (3ib’€) Subst (f 6 dz, , 1+1icz>
_ (68%d) / i) gy
1+ c?2? c?

3ibe(a + barctan(cz))®  3bex(a + barctan(cz))? N id(a + barctan(cz))?
2c? 2c c

~ <d2 _ ﬁ) (a + barctan(cz))? . (d + ex)(a + barctan(cz))?

2e 2e
3b%e(a + barctan(cz)) log (25) N 3bd(a + barctan(cz))? log (3= )
_ >
3zb3e PolyLog (2,1 — 1 ch) 3ib?d(a + barctan(cx)) PolyLog (2,1 — 2=)
2c? c
PolyLog (2,1 — )
_ 13 1+zcx
(3zb d) / 1+ a2 dz
__ 3ibe(a +barctan(cz))®  3bex(a + barctan(cz))?
B 2c? 2c
+ id(a + barctan(cz))® <d2 - i‘?) (a + barctan(cz))®
c 2e
(d + ex)?(a + barctan(cr))? B 3b%e(a + barctan(cr)) log (Hm)
2e c?
N 3bd(a + barctan(cz))?log (5 Hcm) 3ibe PolyLog (2,1 — 2)
c 2c?
N 3ib%d(a + barctan(cz)) PolyLog (2,1 — 2) N 3b*d PolyLog (3,1 — 2)
c 2c

Mathematica [A] (verified)

Time = 0.98 (sec) , antiderivative size = 342, normalized size of antiderivative = 1.30

/(d + ex)(a + barctan(cr))® dx

_a’c(2acd — 3be)z + a’c’ex” + 3a’be arctan(cx) + 3a’bc’x(2d + ex) arctan(cz) — 3a’bed log (1 + *z?) +

[In] Integrate[(d + exx)*(a + b*ArcTan[c*x])~3,x]
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[Out] (a™2%c*(2*a*xcxd - 3xbke)*x + a~3*c™2xe*x™2 + 3*a”2*bkexArcTan[c*x] + 3%a~2x
bxc”2*x* (2%d + exx)*ArcTan[c*x] - 3*a~2*%bxcxd*Log[l + c™2%x72] + 3*axb~2xex
(-2%c*x*ArcTan[c*x] + (1 + c™2*x"2)*ArcTan[c*x]~2 + Log[l + c™2*x"2]) + 6%a
*xb~2*ckd* (ArcTan [cxx] *((-I + c*x)*ArcTan[c*x] + 2xLog[l + E~((2*I)*ArcTan[c
*x])]) - I*PolyLog[2, -E~((2*I)*ArcTan[c*x])]) + b~3*ex(ArcTan[c*x]*((3*I -
3xcxx)*ArcTan[c*x] + (1 + c”2*x"2)*ArcTan[c*x]~2 - 6xLog[1l + E~((2*I)*ArcT
an[c*x])]) + (3xI)*PolyLogl[2, -E~((2*I)*ArcTan[c*x])]) + b~3*cxd*(2*ArcTan[
cxx] 2% ((-I + c*x)*ArcTan[cxx] + 3xLog[l + E~((2+I)*ArcTan[c*x])]) - (6+I)*
ArcTan [c*x]*PolyLog[2, -E~((2*I)*ArcTan[c*x])] + 3*PolyLogl[3, -E~((2*I)*Arc
Tan[c*x])]))/(2%c™2)

Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 7.93 (sec) , antiderivative size = 3886, normalized size of antiderivative = 14.72

method result size
parts Expression too large to display | 3886

derivativedivides | Expression too large to display | 3901
default Expression too large to display | 3901

[In] int((exx+d)*(at+b*arctan(c*x))~3,x,method=_RETURNVERBOSE)

[Out] a™3%(1/2*%exx~2+d*x)+b~3/c*(1/2*arctan(c*x) “3*xc*x~2*e+arctan(c*x) “3*xc*x*d-3/
2/cx(arctan(c*x) “2xcxx*xe-c*d*polylog(3,-(1+I*c*x) "2/ (c™2%x"2+1))-2*d*c*1n((
1+Ixc*x)/(c™2*x"2+1) ~(1/2))*arctan(c*x) "2-2%1n(2) *c*kd*arctan(c*x) ~2+2*c*d*1
n(2)*dilog(1+I*(1+I*c*x)/(c™2*xx"2+1)~(1/2))+2*c*d*1n(2)*dilog(1-I* (1+I*c*x)
/(c™2xx72+1)~(1/2) ) -c*d*1n(2) *polylog(2,-(1+I*c*x) "2/ (c"2*x"2+1) ) +1n(c”~2*x~
2+1)*arctan(c*x) “2*cxd+e*arctan(c*x) *1n(1+I* (1+I*kc*x)/(c™2*x"2+1) " (1/2)) +ex
arctan(c*x)*1n(1-I* (1+I*xc*xx)/(c™2*x"2+1) " (1/2))+exarctan(c*x) *1n(1+(1+I*c*x
)~2/(c™2*%x"2+1) ) -1/3*%arctan(c*x) "3%e-1/4*I*d*c*Pixcsgn (I*(1+(1+I*c*x)~2/(c”
2xx72+1))) "2*csgn (I* (1+(1+I*c*x) "2/ (c™2%x"2+1)) "2) * (2*I*arctan(c*x) *1n(1+(1
+I%c*x) "2/ (c™2%x"2+1) ) +2*arctan(c*x) “2+polylog(2, - (1+I*c*x) "2/ (c™2*x"2+1)))
-1/4*%I*xd*xcxPixcsgn(I*(1+Ixc*x)~2/(c™2*x"2+1))*csgn(I*(1+I*c*x) "2/ (c™2*xx"2+1
)/ (1+(1+I*c*xx) "2/ (c™2xx"2+1) ) ~2) "2* (2*I*arctan(c*x) *1n (1+(1+I*c*x) "2/ (c™2*x
~2+1) )+2*arctan(c*x) “2+polylog(2,-(1+I*c*x) "2/ (c”2*x"2+1)))-1/4*I*d*c*Pi*cs
gn(I/(1+(1+I*c*x) "2/ (c™2%x"2+1)) ~2) *csgn (I* (1+I*c*x) "2/ (c™2*x"2+1) / (1+(1+I*
c*x) "2/ (c72%x72+1) ) "2) "2* (2*I*arctan (cxx) *1n (1+(1+I*ckxx) "2/ (c™2%x"2+1) ) +2%a
rctan(c*x) "2+polylog(2,-(1+Ixc*x) "2/ (c™2*x"2+1)) ) +1/2*xI*xd*c*Pi*csgn (I*(1+(1
+I*c*xx) "2/ (c™2*%x"2+1))) "2xcsgn (I* (1+(1+Ixc*x) "2/ (c"2*x"2+1))~2) *(I*arctan(c
*x)*1n (1+I* (1+I*c*x) /(c™2%x~2+1) " (1/2) ) +I*arctan(c*x) *1n(1-I* (1+I*c*x)/(c"2
*x"2+1)7(1/2))+dilog (1+I* (1+I*c*x)/(c™2%x"2+1)~(1/2))+dilog(1-I*(1+I*c*x)/(
c”2%x72+1)7(1/2)) ) +1/2*I*d*c*Pi*csgn (I* (1+I*c*x) "2/ (c™2*x~2+1) ) *csgn (I*(1+I
xc*x) "2/ (c™2%x72+1) / (1+(1+I*c*x) “2/ (c™2xx"2+1) ) "2) “2x (I*arctan(c*x) *1n(1+I*
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(1+I*cxx) /(c™2*x~2+1) " (1/2) )+I*arctan(c*x) *1n(1-I* (1+I*c*xx)/(c™2*x"2+1) "~ (1/
2))+dilog(1+I*(1+I*cxx)/(c™2*x~2+1)~(1/2))+dilog(1-I*(1+I*c*x)/(c™2*x~2+1)"
(1/2)))+1/4*I*d*cxPixcsgn(I* (1+I*cxx)/(c™2*xx"2+1)~(1/2)) "2*csgn (I* (1+I*c*x)
~2/(c72xx72+1) ) * (2*I*arctan(c*x) *1n(1+(1+I*c*x) "2/ (c"2*x"2+1) ) +2*xarctan(c*x
) "2+polylog(2,-(1+Ixc*x) "2/ (c™2xx"2+1)))-1/2*I*d*c*Pixcsgn (I*(1+I*c*x)/(c"2
*x"2+1)~(1/2) ) *csgn (I* (1+I*c*x) "2/ (c™2%x"2+1)) “2* (2xI*arctan(c*x) *1n(1+(1+I
xcxx) "2/ (c"2xx"2+1) ) +2*xarctan(c*x) “2+polylog(2,-(1+I*c*x) "2/ (c"2*x"2+1)))-1
/2*I*xd*cxPikcsgn (I* (1+I*xcxx)/(c™2%x"2+1) 7 (1/2)) "2xcsgn (I* (1+I*c*x) 2/ (c™2*x
~2+1) ) *(I*arctan(c*x) *1n(1+I* (1+I*c*x)/(c™2%x"2+1) " (1/2) ) +I*arctan(c*x)*1n(
1-I*x(1+I*c*x)/(c™2%x"2+1) " (1/2) ) +dilog (1+I* (1+Ixc*x)/(c™2*x"2+1)~(1/2))+dil
og(1-T*x(1+I*c*x)/(c™2%x"2+1)~(1/2)) ) +1/2xI*xd*c*Pi*csgn(I/ (1+(1+I*c*x)~2/(c”
2xx72+1) ) "2) *csgn (I* (1+I*c*x) "2/ (c™2*%x"2+1) / (1+(1+I*c*x) "2/ (c™2*%x"2+1))"2)~
2x (I*xarctan(c*x) *1n(1+I* (1+I*c*x)/(c™2*x~2+1) " (1/2))+I*arctan(c*x)*1n(1-I*(
1+I*c*x) /(c™2*%x"2+1) " (1/2) ) +dilog (1+I* (1+I*c*x)/(c~2*x~2+1)~(1/2))+dilog(1-
I*x(1+I*c*x)/(c™2*%x"2+1) " (1/2))) +Ixd*cxPi*csgn(I* (1+I*c*x)/(c™2%x™2+1)"(1/2)
)xcsgn (Ix (1+I*xc*x) "2/ (c™2*%x"2+1)) ~2* (I*arctan(c*x) *1n(1+I* (1+I*c*xx)/(c™2%x~
2+1)~(1/2) )+I*arctan(c*x)*1n(1-I*(1+Ixc*x)/(c"2*xx"2+1)~(1/2))+dilog(1+I*(1+
Ixc*x)/(c™2%x72+1) " (1/2) )+dilog(1-I* (1+I*c*x)/(c™2%x"2+1)~(1/2))) -I*d*c*Pi*
csgn(I*(1+(1+I%c*xx) "2/ (c™2*x"2+1) ) ) *csgn(I* (1+(1+I*c*x) "2/ (c™2%xx"2+1))~2) "2
* (I*arctan(c*x) *1n (1+I* (1+I*c*x)/(c™2*x"2+1)~(1/2) )+I*arctan(c*x) *1n(1-I*(1
+Ixc*x)/(c™2%x72+1) 7 (1/2) ) +dilog (1+I* (1+I*c*x) /(c™2%x"2+1) " (1/2) ) +dilog(1-1I
* (1+Ixcxx)/(c™2*x72+1)~(1/2)))+1/2*I*d*c*Pikcsgn (I* (1+(1+I*c*x) "2/ (c™2*x~2+
1)))*csgn(I*x(1+(1+I*cxx) "2/ (c™2*x"2+1))~2) "2* (2*¢I*arctan(c*x) *1n (1+(1+I*c*x
)"2/(c™2%x"2+1) ) +2*arctan(c*x) “2+polylog(2,-(1+I*c*x) ~2/(c™2%x"2+1)) ) +1/4%1
*xd*xc*kPixcsgn(I/(1+(1+Ixc*x) "2/ (c™2*x"2+1) ) "2) *csgn(I* (1+I*c*x) "2/ (c™2*%x"2+1
))*csgn (Ix (1+I*c*x) ~2/(c™2*%x"2+1) / (1+(1+I*c*xx) "2/ (c™2*x"2+1)) "2) *(2*I*arcta
n(c*x)*1n(1+(1+Ixc*x) ~2/(c™2*x~2+1))+2*arctan(c*x) ~2+polylog(2,-(1+I*c*x) "2
/(c”2xx72+1)) ) -1/2*Ixd*c*Pi*csgn (I/(1+(1+Ixc*x) "2/ (c"2*x"2+1)) " 2) *csgn(I* (1
+I*xc*xx) "2/ (c™2%x"2+1) ) *csgn (I* (1+I*c*x) "2/ (c™2*x"2+1) / (1+(1+I*c*x) "2/ (c”~2*x
~2+1))"2) *(I*arctan(c*x) *1n(1+I* (1+I*c*x)/(c™2%x"2+1) ~(1/2) ) +I*arctan(c*x)*
In(1-I*(1+Ixc*xx)/(c™2%x"2+1) " (1/2))+dilog(1+I* (1+I*c*x)/(c™2*%x~2+1)~(1/2))+
dilog(1-I*(1+I*c*x)/(c™2*x"2+1)~(1/2)))-I*arctan(c*x) "2xe-I*e*xdilog(1+I*(1+
Ixc*x)/(c™2%x72+1) " (1/2) ) -I*exdilog(1-I* (1+I*c*x)/(c™2*x"2+1)~(1/2))-1/2*I*
expolylog(2,-(1+I*c*x)~2/(c™2%x"2+1))-1/2*%I*d*xcxPixcsgn (I* (1+I*c*x) "2/ (c"2*
x72+1) ) "3*%(I*arctan(c*x)*1n(1+I* (1+I*c*x)/(c"2*%x"2+1) " (1/2))+I*arctan(c*x) *
In(1-I*(1+Ixc*x)/(c™2%x"2+1) " (1/2))+dilog(1+I* (1+I*c*x)/(c™2%x™2+1)~(1/2))+
dilog(1-TI*(1+I*c*x)/(c™2*%x"2+1)~(1/2)))+1/4*Ixd*c*Pi*xcsgn(I*(1+I*c*x)~2/(c”
2xx72+1) / (1+(1+I*c*x) "2/ (c™2*x"2+1)) ~2) "3* (2*I*arctan (c*x) *1n(1+(1+I*c*x) "2
/(c™2xx72+1))+2xarctan(c*x) “2+polylog(2,-(1+I*cxx) "2/ (c"2*x"2+1)) ) +1/4*Ixd*
c*Pixcsgn (I*(1+I%c*x) "2/ (c™2%x"2+1)) "3* (2*I*arctan(c*x)*1n(1+(1+I*c*x) 2/ (c
T2%x72+1) ) +2*arctan(c*x) “2+polylog(2,-(1+I*c*x) "2/ (c™2%x72+1)) ) +2*I*1n(2) *c
xd*arctan (c*xx)*1n(1+I* (1+Ixc*x)/(c™2*xx"2+1)~(1/2) ) +2*I*1n(2)*c*xd*arctan(c*x
)*1n(1-I* (1+I*c*x)/(c™2*xx"2+1)~(1/2))-2*I*1n(2) *cxd*arctan (c*x)*1n(1+(1+I*c
*x) "2/ (c"2%x72+1) ) +1/2xI*d*c*Pi*csgn (I* (1+(1+I*c*x) "2/ (c™2%x"2+1)) ~2) "3* (I*
arctan(c*x)*1n(1+I*(1+I*c*x)/(c™2%x"2+1) " (1/2))+I*arctan(c*x)*1n(1-I*(1+I*c
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*xx)/(c™2*%x"2+1) " (1/2))+dilog(1+I* (1+I*c*x)/(c™2*x~2+1)~(1/2))+dilog(1-I*(1+
Ixc*x)/(c™2%x72+1)~(1/2)))-1/4*I*d*cxPixcsgn (I* (1+(1+I*c*x) "2/ (c™2*x"2+1))"
2) "3x(2*I*arctan(c*x)*1n(1+(1+I*c*x) "2/ (c™2*x"2+1))+2*arctan(c*x) “2+polylog
(2,-(1+4I*c*x) "2/ (c™2%x"2+1) ) ) -1/2*I*d*c*xPikcsgn (I* (1+I*c*xx) "2/ (c™2*xx~2+1) /(
1+(1+I*c*x) "2/ (c™2*x72+1) ) ~2) "3* (I*arctan(c*x) *1n (1+I* (1+Ixc*x)/(c™2%x"2+1)
~(1/2))+I*arctan(c*x)*1n(1-I* (1+I*c*x)/(c™2*%x"2+1)~(1/2) )+dilog(1+I* (1+I*c*
x)/(c™2*%x"2+1)~(1/2) ) +dilog(1-I* (1+I*c*x)/(c™2*x"2+1) " (1/2)) ) +2*I*d*c*arcta
n(c*xx)*polylog(2,-(1+I*c*x) "2/ (c™2%x"2+1))+2/3*I*xcxd*arctan(c*x) ~3))+3*a*xb”
2/c*(1/2*arctan(c*x) “2*c*x~2*%e+arctan(c*x) "2*c*x*d-1/c*(ln(c™2*x"2+1) *arcta
n(c*x)*ckd-1/2xarctan(c*x) “2*e+arctan (cxx)*exckx—1/2%ex1ln(c”2*x~2+1) -d*c* (-
1/2*I*(In(c*xx-I)*1n(c~2*x"2+1)-dilog(-1/2*I*(c*x+I))-1n(c*x-I)*1n(-1/2*I*(c
*x+1))-1/2%1n(c*x-1)"2)+1/2*I*(ln(c*x+I)*1n(c"2*x"2+1)-dilog(1/2*I*(c*x-1))
-1n(c*x+I)*1n(1/2*I*(c*x-I))-1/2*1n(c*x+I)"2))))+3*a~2*b/c*(1/2*c*arctan(c*
X)*x~2*%e+arctan (c*x) *cxx*d-1/2/c* (cxe*xx+d*c*1n(c~2*x"2+1) -e*arctan(c*x)))

Fricas [F]
/(d + ex)(a + barctan(cz))® dx = / (ex 4 d)(barctan (cz) + a)® dx

[In] integrate((e*x+d)*(atb*arctan(c*x))~3,x, algorithm="fricas")

[Out] integral(a~3*exx + a~3*d + (b~3*e*x + b~3*d)*arctan(c*x)”~3 + 3x(a*b”2*e*x +
a*b~2*d) *arctan(c*x) "2 + 3*x(a"2*b*e*x + a~2*b*d)*arctan(c*x), x)

Sympy [F]
/(d + ex)(a + barctan(cr))® dr = / (a + batan (cz))® (d + ex) dz

[In] integrate((e*x+d)*(atb*atan(c*x))**3,x)

[Out] Integral((a + b*atan(c*x))**3*(d + exx), x)

Maxima [F]
/(d + ex)(a + barctan(cz))® dz = / (ex + d)(barctan (cz) + a)® dz

[In] integrate((e*x+d)*(atb*arctan(c*x))~3,x, algorithm="maxima")
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[Out] 7/32%b~3*d*arctan(c*x)~4/c + 56%b~3*c~2xexintegrate(1/64*x~3*arctan(c*x) 3/
(c™2%x72 + 1), x) + 6%b~3*c"2xexintegrate(1/64*x"3*arctan(c*x)*log(c™2*x"2
+ 1)72/(c™2*x"2 + 1), x) + 192xaxb~2xc”2xexintegrate(1/64*x~3*arctan(c*x) 2
/(c™2%x"2 + 1), x) + 56%b~3*c”2*d*integrate(1/64*x"2*arctan(c*x) "3/ (c™2*x"2
+ 1), x) + 12%b"3xc"2*e*integrate(1/64*x~3*arctan(c*x)*log(c™2*xx"2 + 1)/(c
“2%x72 + 1), x) + 6%b~3%c"2xdxintegrate(1/64*x"2*arctan(c*x)*log(c”2*x"2 +
1)72/(c™2*x"2 + 1), x) + 192xa*xb~2*c~2xd*integrate(1/64*x~2*arctan(c*x)~2/(
C72%x72 + 1), x) + 24xb~3xc”2xdxintegrate(1/64*x~2*arctan(c*x)*log(c~2*x~2
+ 1)/(c”2*x"2 + 1), x) + 1/2*%a"3*e*x"2 + a*b~2xd*arctan(c*x) ~3/c - 12*xb~3*c
*xexintegrate (1/64*x"2xarctan(c*x) ~2/(c™2*x"2 + 1), x) + 3xb~3*ckexintegrate
(1/64*xx~2x1og(c™2*x"2 + 1)72/(c™2%x"2 + 1), x) - 24xb~3*c*d*integrate(1/64x
xxarctan(c*x) "2/(c”2%x"2 + 1), x) + 6%b~3*cxdxintegrate(1/64*xxlog(c™2*x"2
+ 1)72/(c”2*%x”2 + 1), x) + 3/2x(x"2*arctan(c*x) - c*x(x/c”2 - arctan(c*x)/c”
3))*a~2xb*e + a~3*d*x + 56%b~3*exintegrate(1/64*x*arctan(c*x)~3/(c”2*x"2 +
1), x) + 6%b~3*xexintegrate(1/64*x*arctan(c*x)*log(c™2*x~2 + 1)72/(c™2*x"2 +
1), x) + 192*%axb~2*exintegrate(1/64*x*arctan(c*x)~2/(c™2*x"2 + 1), x) + 6%
b~3*d*integrate(1/64*arctan(c*x)*log(c™2*%x"2 + 1)72/(c"2*x"2 + 1), x) + 3/2
*x (2xcxxxarctan(c*x) - log(c™2*x™2 + 1))*a~2*b*d/c + 1/16*(b"3*e*x”2 + 2xb~3
*xd*x)*arctan(c*x) "3 - 3/64*(b~3*e*x”"2 + 2%b~3*d*x)*arctan(c*x)*log(c 2*x"2
+ 1)72

Giac [F]
/(d + ex)(a + barctan(cz))® dz = / (ex + d)(barctan (cz) + a)® dx

[In] integrate((e*xx+d)*(atb*arctan(c*x))~3,x, algorithm="giac")

[Out] sageO*x

Mupad [F(-1)]

Timed out.

/(d + ex)(a + barctan(cz))® dz = / (a + batan(cz))® (d + ex) dx

[In] int((a + b*atan(c*x)) " 3*(d + e*x),x)
[Out] int((a + b*atan(c*x)) " 3*(d + e*xx), x)
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Optimal result

Integrand size = 18, antiderivative size = 320

(a + barctan(cz))? do— (a + barctan(cz))? log (=)

d+ex e

c(d+ex
(a + barctan(cz))? log <m>

+
e
N 3ib(a + barctan(cz))® PolyLog (2,1 — =)
2e

3ib(a + barctan(cz))? PolyLog (2, 1-— %)

2e
3b?(a + barctan(cz)) PolyLog (3,1 — %)
- 2e
2 2¢(d+ex)
3b%*(a + barctan(cz)) PolyLog (3, 1-— m)
+
2e
3ib® PolyLog (4,1 — 22-)

4de

. 2c(d+-ex)
3’llb3 POIYLOg (4, 1- W)
+
4e

[Out] -(atb*arctan(c#*x))~3*1n(2/(1-I*c*x))/e+(atb*arctan(c*x)) ~3*1n(2*c* (e*xx+d)/(
ckd+Ixe)/(1-I*c*x))/e+3/2xIxbx(atb*xarctan(c*x)) "2*xpolylog(2,1-2/(1-I*c*x))/
e-3/2*Ixb* (a+b*arctan(cxx)) ~2*polylog(2,1-2xc* (e*x+d)/(cxd+Ixe)/(1-I*c*x))/
e-3/2xb~2* (at+b*arctan(c*x))*polylog(3,1-2/(1-I*c*x))/e+3/2*¥b~2* (at+tb*arctan(
c*x))*polylog(3,1-2*c*(exx+d) /(cxd+I*e)/(1-Ixc*x))/e-3/4*I*b~3*polylog(4,1-

2/ (1-I*xc*x))/e+3/4xIxb~3*polylog(4,1-2*c*x (exx+d)/(c*d+I*xe)/(1-I*c*x))/e
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Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 320, normalized size of antiderivative = 1.00,

number of steps used = 1, number of rules used = 1, number of rules _ 0.056, Rules used
integrand size
— {4970}

d+ex 2e
3b? PolyLog (3,1 — %) (a + barctan(cz))

1—icz

2e

3ib(a + barctan(cz))? PolyLog (2, 1-— %)
2e

2¢c(d+-ex
(a + barctan(cz))? log (W)

2¢c(d+ex
/ (a + barctan(cz))? o 3b?(a + barctan(cz)) PolyLog <3, 1-— m>

+
e
3ibPolyLog (2,1 — 1) (a + barctan(cz))?
+ 2e
log (%2-) (a + barctan(cz))?

l—icz

e

13 2c(d+-ex)
37/b POlyLOg (4, 1-— m)
_|_

4e

3ib® PolyLog (4,1 — 2-)

1—icx
4e

[In] Int[(a + b*ArcTan[c*x])~3/(d + e*x),x]

[Out] -(((a + b*ArcTan[c*x]) 3xLog[2/(1 - I*c*x)])/e) + ((a + b*ArcTan[c*x]) ~3*Lo
gl(2*%cx(d + exx))/((c*xd + Ixe)*(1 - Ixcxx))])/e + (((3*I)/2)*bx(a + bxArcTa
n[c*x])~2xPolyLog[2, 1 - 2/(1 - Ixc*x)])/e - (((3%I)/2)*b*(a + b*ArcTan[c*x
1)~"2*%PolyLog[2, 1 - (2%c*(d + e*x))/((c*d + Ixe)*(1 - Ixc*x))])/e - (3*b~2x

(a + b*ArcTan[c*x])*PolyLog[3, 1 - 2/(1 - I*c*x)])/(2xe) + (3*b~2*(a + b*Ar
cTan[c*x])*PolyLog[3, 1 - (2*c*(d + exx))/((c*d + Ixe)*x(1 - Ixc*x))])/(2*e)

- (((3%I)/4)*b~3*PolyLogl[4, 1 - 2/(1 - I*c*x)])/e + (((3*I)/4)*b~3*PolyLog

[4, 1 - (2%c*x(d + e*xx))/((cxd + I*e)*x(1 - I*c*x))])/e

Rule 4970

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))~3/((d_) + (e_.)*(x_)), x_Symbol] :>
Simp[(-(a + bxArcTan[c*x])~3)*(Logl[2/(1 - I*c*x)]/e), x] + (Simp[(a + b*Arc
Tan[c*x]) ~3*(Log[2*xc*((d + exx)/((cxd + I*e)*(1 - I*c*x)))]/e), x] + Simp[3
*Ixb*(a + b*ArcTan[c*x]) 2*(PolyLog[2, 1 - 2/(1 - Ixc*x)]/(2%e)), x] - Simp
[3¥Ixb*(a + b*ArcTan[c*x]) 2% (PolyLog[2, 1 - 2*c*((d + e*x)/((c*d + Ixe)*(1
- Ixcx*x)))]/(2%e)), x] - Simp[3*b~2*(a + bxArcTan[c*x])*(PolyLog[3, 1 - 2/
(1 - I*c*x)]/(2*%e)), x] + Simp[3*b~2*(a + b*ArcTan[c*x])*(PolyLog[3, 1 - 2%
cx((d + exx)/((c*d + Ixe)*(1 - Ixcxx)))]/(2%e)), x] - Simp[3*I*b~3*(PolyLog
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[4, 1 - 2/(1 - Ixc*x)]/(4*e)), x] + Simp[3*I*b~3*(PolyLogl[4, 1 - 2*cx((d +
exx)/((cxd + Ixe)*(1 - Ixc*xx)))]1/(4*e)), x]) /; FreeQl{a, b, c, d, e}, x] &

& NeQ[c™2xd~2 + €72, 0]

Rubi steps
. (a + barctan(cz))®log (2-) (a+ barctan(cz))® log (%)
integral = — . + .
N 3ib(a + barctan(cz))® PolyLog (2,1 — =)
2e
- 3ib(a + barctan(cz))? PolyLog (2, 1-— %)
2e
B 3b?(a + barctan(cz)) PolyLog (3,1 — =)
2e
3b?(a + barctan(cz)) PolyLog (3, 1-— %)
+
2e
B 3ib% PolyLog (4, 1— l_m) N 3ib* PolyLog <4a 1- %)
4e 4e
Mathematica [F(-1)]
Timed out.
3
/ (a+t b;:c_t:;(cz)) dx = $Aborted

[In] Integrate[(a + b*ArcTan[c*x])~3/(d + e*x),x]

[Out] $Aborted

Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 18.20 (sec) , antiderivative size = 2398, normalized size of antiderivative = 7.49

method result size

derivativedivides | Expression too large to display | 2398
default Expression too large to display | 2398
parts Expression too large to display | 2405

[In] int((atb*arctan(c*x))~3/(exx+d),x,method=_RETURNVERBOSE)
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[Out] 1/c*(a”3*c*1ln(cxe*x+c*d)/e+b~3*cx(1ln(cxe*x+c*d)/exarctan(cxx) ~3-3/e*(1/3*ar
ctan(c*x) ~3*1n(-Ixe* (1+I*c*x) ~2/(c™2%x"2+1)+ckd* (1+I*cxx) "2/ (c™2*x~2+1) +I*e
+c*d)-1/6%I*Pi*xcsgn(I* (-I*ke* (1+Ixcxx) "2/ (c™2xx"2+1)+c*d* (1+Ixc*xx) "2/ (c™2*x™
2+1)+I*xe+cxd)/ (1+(1+I*c*xx) "2/ (c™2%x"2+1) ) ) *(csgn(I* (-Ixe* (1+I*c*x) ~2/(c™2*x
~2+1)+cxd* (1+I*c*x) "2/ (c™2%x"2+1)+I*e+c*d) ) *csgn(I/ (1+(1+I*c*x) "2/ (c™2*x~2+
1)))-csgn(I* (~Ixe*x (1+Ixc*x) "2/ (c™2xx"2+1)+ckd* (1+I*c*x) "2/ (c™24x~2+1) +Ixe+c
*d) / (1+(1+Ixc*x) ~2/(c~2*%x~2+1)) ) *csgn(I/ (1+(1+I*c*x) "2/ (c™2%x~2+1)) ) -csgn(I
* (—I*xe* (1+I*c*x) "2/ (c™2*%x"2+1) +cxd* (1+Ixc*x) “2/(c™2*x"2+1) +I*e+c*xd) ) *csgn (I
* (—I*e* (1+I*c*x) "2/ (c™2%x"2+1) +cxd* (1+Ixc*x) “2/(c™2%x"2+1) +I*e+c*xd) / (1+(1+I
*xcxx) "2/ (c™2%x72+1) ) ) +csgn (I* (-Ixex (1+Ixc*x) ~2/(c™2%x"2+1) +ckd* (1+I*c*x) "2/
(c™2*%x~2+1)+Ixe+c*xd) / (1+(1+I*c*xx) "2/ (c™2*x"2+1))) ~“2) *arctan(c*x) ~3-1/2*I*ar
ctan(c*x) "2*polylog(2,-(1+I*c*x)~2/(c"2*xx~2+1))+1/2*arctan(c*x) *polylog(3,-
(1+I*cxx) "2/ (c™2%x72+1) ) +1/4xI*polylog(4,- (1+I*cxx) "2/ (c™2%x"~2+1) ) -1/3*c*d/
(cxd-Ix*e)*arctan(c*x) ~3*1ln(1-(I*e-c*d)/(c*xd+I*e)*(1+I*c*x)~2/(c™2%x"2+1))-1
/2xc*d/ (c*d-Ix*e)*arctan(c*x)*polylog(3, (I*e-c*d)/(c*d+I*e)*(1+I*c*x)~2/(c”2
*X"2+1) )+1/2xI*c*d/ (c*d-I*e)*arctan(c*x) "2*polylog(2, (I*e-c*d)/(c*d+I*e)*(1
+I*xc*x) "2/ (c™2*%x"2+1))-1/4*Ixc*d/ (c*xd-I*e)*polylog(4, (Ixe-c*d)/(cxd+I*e)*(1
+I%c*x) "2/ (c™2%x~2+1))-1/3*e*arctan (c*x) ~3*1n(1-(I*xe-c*d)/(cxd+Ixe)* (1+I*cx
x) 72/ (c™2*%x"2+1) )/ (e+I*d*c)-1/2*%exarctan(c*x)*polylog(3, (I*xe-c*d)/(c*d+I*e)
* (1+I*xc*x) "2/ (c™2*%x"2+1)) / (e+I*d*c)+1/2*Ixexarctan(c*x) “2*polylog(2, (I*e-c*
d) / (ckd+I*e)* (1+I*c*x) "2/ (c™2*x"2+1) )/ (e+I*d*c)-1/4*I*expolylog(4, (I*xe-c*d)
/ (cxd+Ix*xe) * (1+Ixc*xx) "2/ (c™2*xx"2+1) )/ (e+I*d*c)))+3*xaxb~2*c* (1n(cxe*xx+c*d) /ex
arctan(c*x) ~2-2/ex(1/2*arctan(c*x) “2*1n(-I*ex (1+I*c*x) "2/ (c™2*x"2+1)+cxd* (1
+I*c*xx) "2/ (c™2%x"2+1) +Ixe+c*d) -1/4*I*Pikcsgn (I* (—Ixe* (1+I*c*x) "2/ (c™2*x"2+1
)+ckdk (1+Ikcxx) "2/ (c™2%x~2+1) +Ixe+ckd) / (1+ (1+Ixc*x) ~2/ (c™2%x"2+1)) ) * (csgn (I
* (—I*xe* (1+I*c*x) "2/ (c™2%x"2+1)+cxd* (1+Ixc*x) ~2/(c™2*x"2+1) +I*e+c*d) ) *csgn (I
/ (1+(1+I*c*x) "2/ (c™2*xx"2+1) ) ) —csgn (I* (~I*e* (1+I*c*x) "2/ (c™2%x"2+1) +cxd* (1+1
*cxx) "2/ (c™2%x"2+1) +I*xe+cxd) / (1+(1+I*cxx) "2/ (c™2*x~2+1) ) ) *csgn (I/ (1+(1+I*cx*
x) "2/ (c™2*x"2+1))) -csgn (I* (-Ixe* (1+Ixc*x) "2/ (c™2*x~2+1) +c*xd* (1+I*c*x) "2/ (c”
2xx72+1) +Ixe+c*d) ) *csgn (I* (—I*e*x (1+I*ckx) "2/ (c™2%x~2+1) +cxd* (1+I*c*x) ~2/(c”
2*%x"2+1) +Ixe+cxd) / (1+(1+I*c*x) "2/ (c™2%x72+1) ) ) +csgn (I* (~Ixex (1+I*c*x) ~2/(c”
2xx"2+1) +cxd*k (1+Ixc*x) "2/ (c™2+x"2+1) +I*e+c*d) / (1+(1+Ixc*x) "2/ (c™2*%x"2+1)) )"
2) *arctan(c*x) "2-1/2xI*arctan(c*x) *polylog(2,-(1+I*c*x) "2/ (c™2*xx"2+1))+1/4x*
polylog(3,-(1+I*c*x)~2/(c™2*%x"2+1))+1/2*I*cxd/ (cxd-I*e)*arctan(c*x)*polylog
(2, (Ixe-c*d) / (c*xd+Ixe)* (1+Ixc*x) "2/ (c"2*xx"2+1))-1/2*c*d/ (cxd-I*e)*arctan(c*
x)"2*x1n(1-(I*e-c*xd)/ (c*d+I*xe)* (1+I*c*x) "2/ (c"2*x"2+1))-1/4*cxd/ (cxd-I*e) *po
1ylog(3, (I*e-c*d)/(ckd+I*e)* (1+I%c*x) ~2/(c~2%x~2+1))+1/2*I*e*arctan (c*x)*po
1ylog(2, (Ixe-cxd)/(cxd+I*xe)* (1+I*c*x) "2/ (c™2*x~2+1))/(e+I*d*c)-1/2xexarctan
(c*x) ~2*%1n(1-(I*e-c*d)/ (cxd+Ixe)* (1+I*c*x) 2/ (c™2%x"2+1) )/ (e+I*dxc)-1/4*ex*p
olylog(3, (Ixe-cxd)/(ckd+Ixe)* (1+I*xcxx) "2/ (c"2*xx~2+1))/(e+I*d*c)))+3*a~2*b*c
* (1n (cxexx+cxd) /e*arctan (c*xx)-1/2%I*1n (ckexx+ckd) * (-1n((I*xe-c*e*x)/ (cxd+Ixe
))+1n((I*e+c*ex*x)/(I*e-c*d)))/e+1/2*I*(dilog((I*e-cxexx)/(cxd+I*xe))-dilog((
I*xe+cke*x)/(Ixe-c*d)))/e))
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Fricas [F]

3 3
/ (a + barctan(cz)) dr — (barctan (cz) + a) i
d+ex ex+d

[In] integrate((a+b*arctan(c*x)) 3/ (e*x+d),x, algorithm="fricas")
[Out] integral((b~3*arctan(c*x)~3 + 3*a*b~2*arctan(c*x)~2 + 3*a~2*b*arctan(c*x) +

a~3)/(exx + d), x)

Sympy [F]

(a + barctan(cz))? (a + batan (cz))®
dr = dz
d+ex d+ex

[In] integrate((a+b*atan(c*x))**3/(e*x+d) ,x)

[Out] Integral((a + b*atan(c*x))#**x3/(d + e*x), x)

Maxima [F]

3 3
/ (a + barctan(cz)) dr — / (barctan (cz) + a) i
d+ezx er +d

[In] integrate((a+b*arctan(c*x)) 3/ (e*x+d),x, algorithm="maxima")

[Out] a~3*log(e*x + d)/e + integrate(1/32*(28xb~3*arctan(c*x)~3 + 3*b~3*arctan(c*
x)*log(c™2%x"2 + 1)72 + 96*a*b~2*arctan(c*x) 2 + 96%a~2xbkarctan(c*x))/(e*x

+d), x)

Giac [F(-1)]

Timed out.

3
/ (a+barctan(cz))” , 4o
d+ex

[In] integrate((at+bxarctan(c*x))~3/(e*x+d),x, algorithm="giac")

[Out] Timed out
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Mupad [F(-1)]

Timed out.

dz

(a + barctan(cz))? / (a + batan(cx))®
dxr =
d+ex d+ex

[In] int((a + b*atan(c*x))~3/(d + e*x),x)
[Out] int((a + b*xatan(c*x))~3/(d + e*x), x)
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3.19 f (a+barctan(cz))? dx

(d+ex)?
Optimal result . . . . . . . . . . e 178
Rubi [A] (verified) . . . . . . . . . . 1791
Mathematica [F] . . . . . . . ... 184
Maple [C] (warning: unable to verify) . . . . . . . . ... ... Lo 184
Fricas [F] . . . . o o e 186
Sympy [F] . . o 186
Maxima [F] . . . . . . 186
Giac [F(-1)] . . o o o 187
Mupad [F(-1)] . . . oo 187

Optimal result

Integrand size = 18, antiderivative size = 499

(d+ ex)? v 2d? + e? + e (c2d? + €?)
_ (a+barctan(cz))®  3bc(a+ barctan(cz))?log (=)
e(d + ex) 2d? + e2
N 3bc(a + barctan(cz))?log (3=)
c2d? + e2

3bc(a + barctan(cz))? log ( _ 2c(dtex) )

/ (a + barctan(cz))? ic(a + barctan(cz))®  c*d(a + barctan(cz))?

4 (cd+ie)(1—icz)

c2d? +e?
3ib?c(a + barctan(cz)) PolyLog (2,1 — %)
c2d? +e?
3ib*c(a + barctan(cz)) PolyLog (2,1 — 2-)
* c2d? + e?

3ib%c(a + barctan(cz)) PolyLog (2, 1-— %)

c2d? + e?
3b%cPolyLog (3,1 — 2—) 3b3cPolyLog (3,1 — 2-)

l—icx 1+icz

2 (2 + €2) 2 (22 + €2)

3 __ 2c(d+ex)
3b°c PolyLog (3, 1 dtio)(i—ic) —H'e)(l—icz))

2(c2d? + €?)

+

[Out] Ixcx(a+b*arctan(c*x))~3/(c~2*d"2+e~2)+c~2*d*(a+b*arctan(c*x))~3/e/(c"2%d "2+
e~2)-(atb*arctan(c*x)) ~3/e/ (e*x+d) -3*b*c* (at+b*arctan(c*x)) ~2*1n(2/ (1-I*c*x)
)/ (c™2%d"2+e"2) +3*b*c* (a+b*arctan(c*x)) ~2*1n(2/(1+I*c*x))/(c"2*d"2+e~2) +3*b
*xc* (a+bxarctan (cxx)) “2x1n(2xc* (exx+d) / (c*xd+I*e)/(1-I*xc*x))/(c™2*xd"2+e”2) +3*
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I*xb~2*c* (atb*arctan(c*x))*polylog(2,1-2/(1-I*xc*x))/(c™2%d"2+e"2) +3*I*b~2*c*
(atb*arctan(c*x))*polylog(2,1-2/(1+I*c*x))/(c"2*d"2+e~2) -3*I*b~2*c* (atb*arc
tan(c*x))*polylog(2,1-2*xc*(exx+d)/(cxd+Ixe)/(1-Ixc*x))/(c"2*%d"2+e~2)-3/2*b~
3*c*polylog(3,1-2/(1-I*c*x))/(c"2*%d"~2+e~2)+3/2*b~3*c*polylog(3,1-2/ (1+I*c*x
))/(c™2*d"2+e~2)+3/2*b"3*c*polylog(3, 1-2xc* (exx+d) / (cxd+I*xe) / (1-I*c*x))/(c”
2xd"2+e"2)

Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 499, normalized size of antiderivative = 1.00,
number of steps used = 10, number of rules used = 8, number of rules _ 0.444, Rules used

integrand size
= {4974, 4968, 5104, 5004, 5040, 4964, 5114, 6745}

(d+ ex)? v 2d? + e?
N 3ib*cPolyLog (2,1 — ;25 ) (a + barctan(cz))
c2d? + e?
- 3ib%c(a + barctan(cz)) PolyLog (2, 1-— %)
2d2 + ¢2
ic(a + barctan(cz))? N c*d(a + barctan(cz))?
c2d? + e? e(c2d? + e?)

3bclog (%) (a + barctan(cz))?
- 2d2 + e2
N 3bclog (2-) (a + barctan(cz))?

/ (a +barctan(cz))® | 3ib’cPolyLog (2,1 — 15 ) (a + barctan(cz))

1+icx
2d? + e?
2 2¢(d+ex)
3bc(a + barctan(cz))? log (—(1_m) o +ie)>
c2d? + e?
(a + barctan(cz))? 3 3b3cPolyLog (3,1 — =)
e(d + ex) 2(cd? + €?)
3b3c PolyLog (3, 1-— m2+1)
2(cd? + e?)
2c(d+ex
3b3c PolyLog (3, 1-— (Cdﬂ(e)Tzcz))
2 (c%d? + e?)

+

+

+

[In] Int[(a + bxArcTan[c*x])~3/(d + e*x)~2,x]

[Out] (I*c*(a + bxArcTan[c*x])~3)/(c”2*xd"2 + e72) + (c"2*dx(a + b*ArcTan[c*x])~3)
/(ex(c™2*d"2 + e72)) - (a + b*ArcTan[c*x])~3/(ex(d + e*x)) - (3*xb*cx(a + bx*
ArcTan[c*x]) "2*Log[2/(1 - I*c*x)])/(c”2*%d"2 + e~2) + (3*bxc*(a + b*ArcTan[c
*x]) "2*Log[2/(1 + I*c*x)])/(c™2%d"2 + e72) + (3*bxc*(a + b*ArcTan[c*x]) ~2*L
ogl(2xc*x(d + e*x))/((c*xd + Ixe)*(1 - I*xc*x))])/(c”2*%d"2 + e72) + ((3*I)*b~2
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xcx(a + bxArcTan[c*x])*PolyLog[2, 1 - 2/(1 - I*c*x)])/(c”2%d"2 + e~2) + ((3
*I)*xb~2*c*(a + bxArcTan[c*x])*PolyLog[2, 1 - 2/(1 + Ixc*x)])/(c"2*d"2 + e~2
) — ((3*I)*b~2*cx(a + b*ArcTan[c*x])*PolyLog[2, 1 - (2*c*(d + exx))/((cxd +
Ixe)*(1 - Ixc*x))])/(c™2%d™2 + e72) - (3*%b~3*c*PolyLog[3, 1 - 2/(1 - Ixc*x
)1)/(2%(c™2%d"2 + e72)) + (3*%b~3*cxPolyLogl[3, 1 - 2/(1 + Ixc*x)])/(2x(c"2xd
~2 + e72)) + (3*%b~3xc*PolyLog[3, 1 - (2kcx(d + e*x))/((cxd + Ike)*(1 - Ixcx
x))1)/(2%(c™2*d"2 + e72))

Rule 4964

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]
:> Simp[(-(a + bxArcTan[c*x]) p)*(Logl[2/(1 + ex(x/d))]/e), x] + Dist[bxcx(
p/e), Int[(a + bxArcTan[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 + c"2*x"2)),
x], x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] && EqQ[c~2xd"2 + e~2, 0]

Rule 4968

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>
Simp[(-(a + bxArcTan[c*x])~2)*(Log[2/(1 - I*c*x)]/e), x] + (Simp[(a + b*Arc
Tan[c*x]) "2*(Log[2*xc*((d + exx)/((cxd + I*e)*(1 - I*c*x)))]/e), x] + Simpl[I
*xbx(a + b¥ArcTan[c*x])*(PolyLog[2, 1 - 2/(1 - Ixc*x)]/e), x] - Simp[I*bx(a
+ bxArcTan[c*x])*(PolyLog[2, 1 - 2*c*x((d + e*x)/((c*d + Ixe)*(1 - Ixc*x)))]
/e), x] - Simp[b~2*(PolyLogl[3, 1 - 2/(1 - I*c*x)]/(2xe)), x] + Simp[b~2x*(Po
lyLog[3, 1 - 2%c*((d + e*x)/((ckd + Ixe)*(1 - Ikxc*x)))]/(2xe)), x]) /; Free
Ql{a, b, c, d, e}, x] && NeQ[c™2xd"2 + e~2, 0]

Rule 4974

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_)*((d_ ) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTan[c*x]) p/(ex(q + 1))), x] - D
ist [bxcx(p/(e*x(q + 1))), Int[ExpandIntegrand[(a + bxArcTan[c*x])~(p - 1), (
d + exx)"(q + 1)/(1 + c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQ[ql && NeQ[q, -1]

Rule 5004

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + bxArcTan[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, p}, x] && EqQ[e, c"2xd] && NeQ[p, -1]

Rule 5040

Int[(((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)*(x_))/((d_) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(-I)*((a + bxArcTan[c*x])~(p + 1)/(b*ex(p + 1))), x] - Di
st[1/(c*d), Int[(a + b*ArcTan[c*x])"p/(I - c*x), x], x] /; FreeQ[{a, b, c,
d, e}, x] & EqQ[e, c~2xd] && IGtQ[p, 0]
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Rule 5104

Int[(((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)*((£f ) + (g_.)*(x_))"(m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x]) p
/(@ + exx"2), (f + g*x)"m, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && IGt
Qlp, 0] && EqQle, c~2*d] && IGtQ[m, O]

Rule 5114

Int[(Loglu_l*((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.))/((d_) + (e_.)*(x_)"2
), x_Symbol] :> Simp[(-I)*(a + b*ArcTan[c*x]) “p*(PolyLog[2, 1 - ul/(2*c*d))
, x] + Dist[b*p*(I/2), Int[(a + b*ArcTan[c*x])~(p - 1)*(PolyLog[2, 1 - ul/(
d + exx~2)), x], x] /; FreeQ[{a, b, c, d, e}, x] & IGtQ[p, 0] && EqQ[e, ¢~
2+%d] && EqQ[(1 - w)™2 - (1 - 2%x(I/(I - c*x)))~2, 0]

Rule 6745

Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,
x]}, Simp[w*PolyLog[n + 1, v]l, x] /; !FalseQ[wl]l /; FreeQ[n, x]

Rubi steps
e?(a+barctan(cz))? c?(d—ex)(a+barctan(cz))?
) (a+ barctan(cw))3 (3be) [ < (@@t (dten) T (@de+e?)(14c%2?) > dx
integral = —
e(d+ ex) e
er)la arctan(cr 2 a arctan(cr 2
_ (a+ barctan(cz))? . (3bc®) [ (d—ex)( 14:)(:2 tan(cz))? 7. .\ (3bce) [ % dx
e(d + ex) e(cd? + e?) c2d? + e?

(a+ barctan(cm))g 3bc(a + barctan(cz))? log (=)
e(d+ ex) c2d? +e?

3bc(a + barctan(cz))? log (%)

+

2d% 1 2
3ib?c(a + barctan(cz)) PolyLog (2,1 — 12-)
+ c2d2 + 62

3ib%*c(a + barctan(cz)) PolyLog <2, 1-— %)

c2d2 + 62
c(d+ex
3b3c PolyLog (3,1 — =) N 3b*c PolyLog <3a 1-— %)
2 (c%d? + €2?) 2 (c?d? + e?)
(3bC3) f (d(a-I—bla;liiga:;:l;(cz))2 _ ea:(a—l—l;ircczt:;(cx )2> dx

+ e (c*d? + e2)
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_(a+barctan(cz))® 3bc(a + barctan(cz))? log (=5;)
e(d + ex) c2d? + e?

3bc(a + barctan(cz))? log (%)

+

c2d? + e?
3ib’c(a + barctan(cz)) PolyLog (2,1 — %)
+
c2d? + e?
) _ 2¢(d+-ex)
- 3ib°c(a + barctan(cz)) PolyLog <2, 1 — i (1_m))
2d2 + ¢2
_ 3b°cPolyLog (3,1 - +2) N 3b°c PolyLog (3, 1- %)
2 (c2d? + €?) 2 (c2d? + €?)
_ @) [t (o) | et g
c2d? + e? e (c*d? + e2)
_ic(a+barctan(cz))® | c*d(a +barctan(cz))®  (a+ barctan(cz))®
c2d? + e? e (cd? + e?) e(d + ex)
3bc(a + barctan(cz))?log (2)  3bc(a+ barctan(cz))® log (%)
B c2d? + e? * c2d? + e?
3ib?c(a + barctan(cz)) PolyLog (2,1 — )
+
c2d? + e?
.79 . 2¢(d+ex)
- 3ib°c(a + barctan(cz)) PolyLog <2, 1 — o —ia (1_icz))
2d2 + ¢2
3b*cPolyLog (3,1 — 12-)

2 (c2d? + €?)

3b3cPolyLog (3, 1-— %) (3bc?) [ (a+ba1£c_t:;1(cm))2 i

+ 2 (c2d? + e?) 2d? + e?
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ic(a + barctan(cz))® = c*d(a + barctan(cz))3

B c2d? + €2 + e(cd? + e?)
_(a+ barctan(cz))? B 3bc(a + barctan(cz))? log (155;)
e(d + ex) c2d? + e?
3bc(a + barctan(cx))? log (5= ) 3bc(a + barctan(cz))* log (@féﬁ%)
+ +
242 + 2 2d2 + 2
3ib?c(a + barctan(cz)) PolyLog (2,1 — 2-)
+ 22 1 o2
c2d* +e
~ 3ib?c(a + barctan(cz)) PolyLog (2, 1-— ﬂ%)
c2d? + €2
c(d+ex
_ 3bcPolyLog (3,1 - 23) N 3b°c PolyLog (3, 1- %)
2(c2d? + €?) 2(c*d? + €?)
a+barctan(cz)) log( =2—
(Gp2ce) [ ettt oe (i) g
c2d? + e?
_ic(a+ barctan(cx))®  c*d(a+ barctan(cz))?
c2d? + e? e(c2d? + e?)
(a + barctan(cz))®  3bc(a + barctan(cz))? log (=)
e(d + ex) c2d? + e?
3bc(a + barctan(cr))?log (2) 3bc(a + barctan(cz))? log (%)
+ +
2d2 + e2 2d2 + ¢2
3ib?c(a + barctan(cz)) PolyLog (2,1 — 12-)
+ 242 1 o2
c2d” +e
3ib%c(a + barctan(cz)) PolyLog (2,1 — 2)
+ c2d? + e?
~ 3ib?c(a + barctan(cz)) PolyLog <2, 1— %)
c2d? + e?
B 3b*cPolyLog (3,1 — 1) N 3b°c PolyLog <3a 1- %)
2(c2d? + €?) 2(c?d? + €?)
PolyLog(2,1——2—
ey )

c2d? + e?
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ic(a + barctan(cz))®  c*d(a + barctan(cz))3

B c2d? + €2 + e(cd? + e?)
_(a+ barctan(cz))? B 3bc(a + barctan(cz))? log (55;)
e(d + ex) c2d? + e?
3bc(a + barctan(cx))? log (3= ) 3bc(a + barctan(cz))* log <@f$%)
c2d2 + e? + c2d? + e2

3ib?c(a + barctan(cz)) PolyLog (2,1 — 12-)

+
c2d? +e?
3ib%c(a + barctan(cz)) PolyLog (2,1 — 2)
c2d? + e?
- 3ib%c(a + barctan(cz)) PolyLog <2, 1-— %)
c2d? + €2
B 3b’cPolyLog (3,1 — =) 3b*cPolyLog (3,1 — >5)
2 (c%d? + €?) 2 (c?d? + e?)
2¢c(d+ex
. 36 PolyLog (3,1 — ¢ 28te) )
2(cd? + €?)
Mathematica [F]
(a + barctan(cz))? (a + barctan(cz))?
x = d
(d+ ex)? (d+ ex)?

[In] Integrate[(a + bxArcTan[c*x])~3/(d + e*xx)~2,x]
[Out] Integratel[(a + b*ArcTan[c*x])~3/(d + e*x)~2, x]

Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 22.85 (sec) , antiderivative size = 2398, normalized size of antiderivative = 4.81

method result size

derivativedivides | Expression too large to display | 2398
default Expression too large to display | 2398
parts Expression too large to display | 2406

[In] int((at+b*arctan(c*x))~3/(exx+d) 2,x,method=_RETURNVERBOSE)

[Out] 1/c*(-a~3xc~2/(cxe*x+c*xd)/e+b~3*%c”~2x(-1/ (c*xe*x+c*d) /exarctan(c*x) ~3+3/e*x(ar
ctan(c*x) ~2*e/ (c~2*%d"2+e~2) *1n (c*xe*x+c*xd)-1/2*arctan(c*x) ~2/(c~2xd~2+e~2) *e
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*1n(c™2*x"2+1)+1/3*arctan(c*x) 3/ (c"2*d"2+e"2) *d*c+e/ (c~2*d"2+e~2) *arctan(c
*x) “2*1n((1+Ixc*x)/(c™2*xx"2+1) " (1/2) ) -e/(c~2*d"2+e"2) *arctan(c*x) “2*1n(-I*e
* (1+I%c*x) "2/ (c™2%x72+1) +cxd* (1+I*c*x) "2/ (c™2*x"2+1) +I*e+c*d) -1/ (c™2*%d"2+e”
2) *e*xc*d/ (cxd-Ixe)*arctan(c*x)*polylog(2, (I*xe-c*d)/(c*xd+Ixe)*(1+I*xc*xx)~2/(c
~2xx72+1))+1/(c"2%d"2+e"2) *exc*xd/ (c*d-I*e) *arctan (c*x) "2*1n(1-(I*e-c*d) / (c*
d+Ixe)*(1+Ixcxx)~2/(c™2*xx"2+1))+1/2/(c"2*xd"2+e"2) *e*xc*d/ (cxd-Ixe)*polylog(3
, (Ixe-cxd) / (c*kd+Ixe)* (1+I*c*xx) "2/ (c"2*x"2+1))-I*e"2xarctan(c*x)*polylog(2, (
Ixe-cx*d)/(cxd+Ixe)* (1+Ixc*xx)~2/(c"2*xx"2+1))/(c"2*%d"2+e~2)/(e+I*d*c)+e”2*arc
tan(c*x) “2*1n(1-(I*xe-c*d) /(cxd+I*e)* (1+Ixc*x)~2/(c™2*x"2+1))/(c"2*xd"2+e~2)/
(e+I*dxc)+1/2xe”~2*polylog(3, (I*e-c*d)/(ckd+I*e)* (1+I*c*x) 2/ (c"2*x~2+1))/(c
~2+%d"2+e"2)/ (e+Ixd*c)-1/3*I*xe/(c~2*d"2+e"2) *arctan(c*x) ~3+1/4*e/(c"2*xd"2+e”
2) *(IxPixcsgn(I*(1+Ixc*x)~2/(c"2*xx"2+1))*csgn(I*(1+Ixcxx)~2/(c™2*xx~2+1)/(1+
(1+I*c*x) "2/ (c™2%x72+1)) ~2) "2+2*I*Pi*csgn (I* (-I*ex (1+Ixcxx) "2/ (c™2*xx"2+1)+c
*xdk (1+I*xc*x) "2/ (c™24x~2+1) +Ixe+c*d) / (1+(1+I*c*xx) "2/ (c™2*x~2+1)) ) “3+I*Pi*csg
n(I*x(1+(1+Ixc*xx) "2/ (c™2*xx"2+1))) "2*csgn (I* (1+(1+I*c*x) “2/(c™2%x"2+1) ) "2) +I*
Pikcsgn(I/(1+(1+I*c*x) "2/ (c™2*%x"2+1)) ~2) *csgn(I* (1+I*c*x) "2/ (c™2*x"2+1)/(1+
(1+I*c*x) "2/ (c™2%x72+1)) ~2) "2-I*Pixcsgn (I* (1+I*c*x)/(c™2*xx"2+1)~(1/2)) "2*cs
gn(I*(1+Ixc*xx) 2/ (c™2%x"2+1) ) -2%I*Pixcsgn(I* (1+(1+I*c*x) "2/ (c”2%x"2+1))) *cs
gn(I*(1+(1+I*c*x) "2/ (c™2%x"2+1))~2) "2-I*Pikcsgn(I/ (1+(1+I*c*x) "2/ (c™2*x"2+1
))"2)*csgn(I*(1+I*xcxx) "2/ (c™2*xx"2+1) ) *csgn(I* (1+I*xc*xx) "2/ (c™2*xx~2+1) / (1+(1+
Ixc*x) "2/ (c™2%x72+1)) "2) +I*Pi*xcsgn (I* (1+(1+I%c*x) "2/ (c™2%x"2+1)) ~2) “3-2*%I*P
i*csgn(I/(1+(1+I*c*x) "2/ (c™2%x"2+1)) ) *csgn(I* (—I*e* (1+I*c*x) "2/ (c™2*x"2+1)+
ckxd* (1+Ixc*xx) "2/ (c™2xx"2+1)+Ixe+c*d)/ (1+(1+I*c*x) “2/(c™2%x"2+1))) "2-I*Pi*cs
gn(I*(1+Ixc*xx) "2/ (c™2%x"2+1) / (1+(1+Ixc*x) "2/ (c"2*x"2+1)) ~2) "3+2*I*Pi*csgn(I
* (1+Ixcxx)/(c™2*x72+1) " (1/2) ) *csgn(I* (1+I*c*x) "2/ (c™2%x~2+1)) “2-I*Pi*csgn(I
* (1+Ixcxx) "2/ (c™2%xx"2+1) ) "3-2xI*Pixcsgn(I* (-I*xe*x (1+I*c*x) "2/ (c™2*x"2+1)+cxd
* (1+Ixcxx) "2/ (c™2xx"2+1) +I*e+c*d) ) *csgn (I* (~I*xex (1+I*c*xx) "2/ (c™2*x"2+1)+cxd
* (1+Ixcxx) "2/ (c™2xx"2+1) +I*e+c*d) / (1+(1+I*c*x) “2/(c™2%x"2+1)) ) "2+2xI*Pi*csg
n(I/(1+(1+Ixc*x) "2/ (c™2*x72+1)) ) *csgn (I* (-Ixe* (1+I*c*x) ~2/(c™2*x"2+1) +c*dx* (
1+I*c*x) "2/ (c™2%x"2+1) +I*e+c*d) ) *csgn (I* (-Ixex (1+I*c*x) ~2/(c™2%x"2+1)+c*xd* (
1+I*c*xx) "2/ (c™2xx"2+1) +I*e+c*d) / (1+(1+Ixc*x) "2/ (c™2*x"2+1) ) ) +4x1n(2) ) ¥arcta
n(c*x)~2))+3*xa*b~2*c”~2x(-1/ (cxe*x+c*xd) /e*xarctan (c*x) “2+2/ex (arctan(c*x) *e/ (
c"2xd"2+e~2) *1n(cxexx+cxd) -1/2*arctan(c*x) / (c"2*d"2+e"2) xe*1n(c"2*x"2+1)+1/
2/ (c~2*d"2+e"2) *d*xc*arctan(c*x) “2-e”2/(c"2*d"2+e"2) * (1/2*I*1n(cxe*x+c*d) * (-
1In((I*e-c*e*x)/(cxd+I*e))+1ln((I*e+ckexx)/(I*e-c*xd)))/e-1/2*%I*(dilog((I*e-cx*
e*x)/(cxd+Ix*e))-dilog((I*e+cxexx)/(I*xe-c*xd)))/e)+1/2%e/(c™2*%d"2+e”2)*(-1/2%
I*(In(c*x-I)*1n(c™2*x"2+1)-dilog(-1/2*%I* (c*x+I))-1n(c*x-I)*1n(-1/2*I* (c*x+I
))-1/2%1n(c*x-I)~2)+1/2*I* (In(c*x+I)*1n(c~2*x"2+1)-dilog(1/2*I* (c*x-I))-1n(
ckx+I)*1n(1/2%I*(c*x-I))-1/2%1n(c*x+I)"2))))+3*a~2%b*c~ 2% (-1/ (cxexx+cxd) /ex*
arctan(c*x)+1/ex(e/(c”2xd"2+e"2) *1n(cxe*x+cxd)+1/(c~2xd"2+e"2) *(-1/2*xe*1n(c
~2%x~2+1)+d*c*arctan(c*x)))))
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Fricas [F]

(a +barctan(cz))® , [ (barctan (cz) + a)® i
/ (d+ ex)? d (ex + d)? 4

[In] integrate((a+b*arctan(c*x)) 3/ (e*x+d)~2,x, algorithm="fricas")

[Out] integral((b~3*arctan(c*x)~3 + 3*a*b~2*arctan(c*x) "2 + 3*a~2xbxarctan(c*x) +
a~3)/(e”2%x”2 + 2xd*e*xx + d~2), x)

Sympy [F]

(a+barctan(cz))® , [ (a+batan (cz))® .
(d+ex)? dr = / (d+ ex)? d

[In] integrate((a+b*atan(c*x))**3/(e*xx+d)**2,x)
[Out] Integral((a + b*atan(cxx))#**3/(d + e*x)**2, x)

Maxima [F]

/ (a + barctan(cz))? 4o / (barctan (cz) + a)® N

(d+ ex)? (ex + d)*

[In] integrate((a+b*arctan(c*x)) 3/ (e*x+d)~2,x, algorithm="maxima")

[Out] 3/2*%((2xc*d*arctan(c*x)/(c"2*d"2xe + e73) - log(c™2*x"2 + 1)/(c™2*%d"2 + e~2
) + 2xlog(e*x + d)/(c”™2*d"2 + e"2))*c - 2%arctan(c*x)/(e"2*x + d*e))*a”2*b

- a”3/(e”2xx + d¥e) - 1/32%(4*b"3xarctan(c*x)”~3 - 3*b~3*arctan(c*x)*log(c~2

*X"2 + 1)72 - 32%(e”2#x + d*e)*integrate(1/32%(28*(b~3*c~2*e*x”"2 + b~ 3%e)*a
rctan(c*x) "3 + 12%(8%axb~2xc"2%e*xx"2 + b~ 3xckexx + b~3*cxd + 8*axb~2%e)*arc
tan(c*x) "2 - 12%(b~3*c”2*e*x"2 + b~3*c"2xd*x)*arctan(c*x)*log(c™2*x~2 + 1)

- 3*%(b"3xcxexx + b~3xcxd - (b"3%c”2%e*x"2 + b~ 3xe)*arctan(c*x))*log(c”2xx"2

+ 1)72)/(c™2%e"3%x"4 + 2%c"2xd*e”2*x"3 + 2xd*e”2*%x + d"2%e + (cT2xd"2xe +

e~3)*x72), x))/(e"2*%x + dxe)
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Giac [F(-1)]

Timed out.

3
/ (a + barctan(Cx)) dz = Timed out
(d+ ex)?

[In] integrate((atb*arctan(c*x))~3/(e*x+d)~2,x, algorithm="giac")

[Out] Timed out

Mupad [F(-1)]

Timed out.

(a+barctan(cz))® , [ (a+batan(c ) .
/ (d+ ex)? de = / (d+ eac)2 d

[In] int((a + b*atan(c*x))~3/(d + e*x)~2,x)
[Out] int((a + b*atan(c*x))~3/(d + exx)"2, x)
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f (a+barctan(cz))? dx

(d+ex)?
Optimal result . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . . .
Mathematica [F] . . . . . . . ...
Maple [C] (warning: unable to verify) . . . . . . . ... ... .. L.

Fricas [F] . . .
Sympy [F(-1)]
Maxima [F(-1)]
Giac [F(-1)] . .
Mupad [F(-1)]
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139
190
201]
202
202
202
202
20)
209)



Optimal result

Integrand size = 18, antiderivative size = 936

(a+barctan(cz))® | 3bc’d(a + barctan(cz))® | 3ibc’e(a + barctan(cz))?
(d + ex)3 = 2 (c2d? + 62)2 2 (c2d? + 62)2
3bc(a + barctan(cz))?  ic3d(a + barctan(cz))3
©2(Ad? + €2) (d + ex) (c2d? + e2)?

c*(cd — €)(cd + €)(a + barctan(cz))?
2e (c2d? + €2)°

_ (a+ barctall(cl'))3 _ 3b*c*e(a + barctan(cz)) log (1—2icx)
3bc*d(a + barctan(cz))? log (12)
(c2d? + e2)?
3b202€(a +b arctan(ca:)) lOg <1+zcx)
(c2d? + €2)?
3bc*d(a + barctan(cz))? log (132)
+
(c2d? + €2)?
3b2c2e(a + barctan(czx)) log < cdicugj(LlexZarJ
_|_
(c2d? + €2)?
3 2 2¢(d+ex)
3bc*d(a + barctan(cz))? log ((cd—i—ze)(l Zica) )
+
(c2d? + e2)°
3ib*c?e PolyLog (2,1 — =)
+
2 (c2d? + €2)?

N 3ib?c*d(a + barctan(cz)) PolyLog (2,1 — 2)
(c2d? + e2)?
3ib®c’e PolyLog (2,1 —
+
2 (c2d? + e2)*
N 3ib*c*d(a + barctan(cz)) PolyLog (2,1 — 12)
(c2d? + e2)?
. 2c(d+ex
3ib3c?e PolyLog (2, 1— W)
2 (c2d? + e2)’
3ib?c3d(a + barctan(cz)) PolyLog <2, 1— %)
(c2d? + e2)?
B 3b°c*d PolyLog (3,1 — 2-)  3b*c*d PolyLog (3,1 —

1+zcx)
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1+'LC.’L‘)

2 (c2d? + e2)* 2 (c2d? + e2)*

3 3 _ 2¢(d+-ex)
3b°c’d PolyLog (3, 1 dtio) (i) +ie)(1_m))

+
2 (c2d? + e2)*
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[Out] 3/2*%bxc~3*d*(atb*arctan(c*x))~2/(c"2*%d"2+e~2)"2+3/2*I*b~3*c~2*e*polylog(2,1
-2/ (1-I*xc*x))/(c”2*xd"2+e~2) "2-3/2*b*c* (a+b*arctan(c*x)) "2/ (c"2*xd"2+e"2) / (ex*
x+d) +3*%I*b~2%c~3*d* (at+tb*arctan(c*x))*polylog(2,1-2/(1-I*c*x))/(c"2*d"2+e"2)
~2+1/2%c” 2% (c*kd-e) *(cxd+e) * (atb*arctan(c*x)) ~3/e/(c"2*xd"2+e~2) "2-1/2* (a+b*a
rctan(c*x)) ~3/e/ (exx+d) ~2-3*%b~2*xc”~2xe* (a+b*arctan (c*x))*1n(2/(1-I*c*x))/(c”
2*%d"2+e"2) "2-3*bxc”~3*d* (a+b*arctan(c*x) ) “2*x1n(2/ (1-I*c*x))/(c™2*xd"2+e"2) "2+
3xb~2*c”"2*ex (a+b*arctan(c*x) ) *1n(2/ (1+I*c*x))/(c~2*d"2+e~2) "2+3*b*c~3*xd* (a+
bxarctan(c*xx)) “2*1n(2/(1+I*c*x))/(c™2*d"2+e~2) “2+3*b~2*c~2*e* (a+b*arctan (c*
x) ) *1n(2xc* (exx+d) / (c*d+I*e)/(1-Ixc*x))/(c~2xd"2+e”2) “2+3*bxc~3*d* (atb*arct
an(c*x)) ~2x1n(2xc* (exx+d) / (cxd+I*e) / (1-Ixc*x) )/ (c~2%d"2+e"2) “2+3/2%I*b~3%c"
2xexpolylog(2,1-2/(1+I*c*x))/(c"2*d"2+e~2) “2+I*c~3*d* (atb*arctan(c*x))~3/(c
~2xd"2+e"2) "2-3/2xI*b"3%c”"2xexpolylog(2,1-2*c* (e*x+d) / (cxd+I*e) /(1-I*c*x))/
(c™2%d"2+e"2) "2-3*Ixb~2*c~3*d* (at+bxarctan(c*x) ) *polylog(2,1-2xc* (exx+d) / (c*
d+Ix*e)/(1-I*c*x))/(c™2*d"2+e~2) "2+3/2*%I*bxc”~2*e* (a+b*arctan(c*x))~2/(c"2*d"
2+e72) "2+3xI*b"2xc"3xd* (at+b*arctan(c*x) ) *polylog(2,1-2/(1+I*xc*x))/(c"2%d~2+
€72)"2-3/2xb~3%c~3*d*polylog(3,1-2/(1-I*c*x))/(c"2*d"2+e~2) “2+3/2*%b~3*c~3*d
*polylog(3,1-2/(1+I*c*x))/(c™2*d"2+e~2) “2+3/2*%b"3*c~3*d*polylog(3,1-2xc* (e*
x+d)/ (cxd+I*e)/(1-I*xc*x))/(c"2*d"2+e"2) "2

Rubi [A] (verified)

Time = 0.75 (sec) , antiderivative size = 936, normalized size of antiderivative = 1.00,

number of rules _ 0.667, Rules
integrand size

number of steps used = 23, number of rules used = 12,
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used = {4974, 4966, 2449, 2352, 2497, 5104, 5004, 5040, 4964, 4968, 5114, 6745}

(a + barctan(cz))? 3ic’e PolyLog (2,1 — 2-) b3 N 3ic’e PolyLog (2,1 — ;225) b°
r =
(d + ex)? 2 (2d? + €2)° 2 (d? + )’
- 3ic’e PolyLog (2, 1 - %) b’
2 (c2d? + e2)?
3c3d PolyLog (3,1 — =) b® 3c*dPolyLog (3,1 — ;25) b®

2 (c2d? + €2)” 2 (c2d? + e2)?

2¢(d+ex)
3(33d POIYLOg (3, 1-— W) b3

2 (c2d? + e2)?

3c%e(a + barctan(cz))log (=) b?
(d? + 62)2

3c’e(a + barctan(cz)) log (;27) b?
(c2d? + e2)°

3c?e(a + barctan(cz)) log (—(c di(e‘%efgcxﬂ b?

(2d? + 62)2

+

+

N 3ic*d(a + barctan(cz)) PolyLog (2,1 — %) b*
(22 + 2)?
N 3ic*d(a + barctan(cx)) PolyLog (2,1 — ;-25) b°
(c2d? + €2)°
3ic*d(a + barctan(cz)) PolyLog (2, 1-— %) b2

(c2d? + €2)?
3c(a + barctan(cz))?b  3c*d(a + barctan(cz))?b
©2(d? 4 €2) (d + ex) 2 (c2d? + e2)?
3ic’e(a + barctan(cz))?b
2 (2d? + e2)?
3c*d(a + barctan(cz))?log (%) b
(c2d? + €2)?
3c*d(a + barctan(cz))? log (
(c2d? + e2)?
3c3d(a + barctan(cz))? log <M> b

zcx+1) b

(cd+ie)(1—ica)
(2d? + 62)2
ic3d(a + barctan(cz))3
(c2d? + €2)?
c*(cd — €)(cd + e)(a + barctan(cz))®  (a + barctan(cz))?
%e (2d? + e2)? "~ 2e(d + ex)?

+
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[In] Int[(a + bxArcTan[c*x])~3/(d + e*x)~3,x]

[Out] (3*b*c~3*d*(a + bxArcTan[c*x])~2)/(2%(c™2%d"2 + e72)72) + (((3%I)/2)*b*c 2%
ex(a + bxArcTan[c*x])~2)/(c"2+%d"2 + €72)"2 - (3*b*c*(a + b*ArcTan[c*x])~2)/
(2% (c™2%d"2 + e72)*(d + exx)) + (I*c"3*d*(a + bxArcTan[c*x])"3)/(c"2%d"2 +
e”2)72 + (c™2%(cxd - e)*(cxd + e)*(a + bxArcTan[c*x])~3)/(2%ex(c™2*%d"2 + e~
2)72) - (a + b*ArcTan[c*x])~3/(2xe*x(d + exx)~2) - (3*b"2xc”"2*ex(a + b*ArcTa
nlc*x])*Log[2/(1 - I*c*x)])/(c™2%d"2 + e72)72 - (3*b*c~3*d*(a + bxArcTan[c*
x])"2%Log[2/(1 - Ixc*x)])/(c”2%d"2 + e72)"2 + (3*b~2xc"2*e*(a + bxArcTan[c*
x])*Log[2/(1 + Ixc*x)])/(c™2%d"2 + e72)72 + (3*bxc~3xd*(a + b*ArcTan[c*x])~
2xLog[2/(1 + Ixc*x)])/(c™2xd"2 + e72)72 + (3*b~2*c"2*ex(a + b*ArcTan[c*x])*
Log[(2*c*(d + e*x))/((c*d + I*xe)*x(1 - I*xc*x))])/(c™2xd"2 + e72)72 + (3xb*c”
3*dx(a + bxArcTan[c*x]) 2xLog[(2*c*(d + e*x))/((cxd + I*xe)*(1 - I*c*x))])/(
c"2xd"2 + e72)72 + (((3%I)/2)*b~3*c"2xexPolyLog[2, 1 - 2/(1 - I*c*x)])/(c~2
*d"2 + e72)72 + ((3*I)*b~2*c~3*d*(a + bxArcTan[c*x])*PolyLogl[2, 1 - 2/(1 -
Ixc*x)])/(c™2%xd"2 + e72)72 + (((3*I)/2)*b~3*c"2xexPolyLog[2, 1 - 2/(1 + I*c
*x)]1)/(c™2xd™2 + e€72)72 + ((3*I)*b~2*c~3*d*(a + b*ArcTan[c*x])*PolyLog[2, 1
- 2/(1 + Ixc*xx)])/(c”2%d"2 + e72)72 - (((3*I)/2)*b~3*c~2*e*PolyLog[2, 1 -
(2xc*x(d + e*x))/((cxd + I*xe)*(1 - I*xc*x))])/(c™2+%d”2 + e72)72 - ((3*I)*b~2x%
c~3*d*(a + bxArcTan[c*x])*PolyLog[2, 1 - (2xcx(d + e*x))/((c*d + I*e)*(1 -
Ixc*x))])/(c™2%d"2 + €72)72 - (3*%b~3*c~3*d*PolyLog[3, 1 - 2/(1 - Ixcx*x)])/(
2% (c"2%d"2 + e72)72) + (3*xb~3%c”3*d*PolyLogl3, 1 - 2/(1 + Ixc*x)])/(2*(c™2*
d”2 + e72)72) + (3*b~3%c”~3*d*xPolyLogl[3, 1 - (2%cx(d + exx))/((cxd + Ixe)*(1
- Ixcxx))])/(2%(c™2%d"2 + e72)72)

Rule 2352

Int[Logl(c_.)*(x_)1/((d.) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + cx*d, 0]

Rule 2449

Int[Logl(c_.)/((d_) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2%d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] && EqQle~2xf + d~2*g, 0]

Rule 2497

Int[Loglu_J*(Pq_ )~ (m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/
D[u, x]1)]}, Simp[CxPolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &%
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 4964

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d@.) + (e_.)*(x_)), x_Symbol]
:> Simp[(-(a + bxArcTan[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[b*cx(
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p/e), Int[(a + bxArcTan[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 + c"2*x"2)),
x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d~2 + e~2, 0]

Rule 4966

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> Si
mp[(-(a + b*ArcTan[c*x]))*(Log[2/(1 - Ixc*x)]/e), x] + (Dist[bx(c/e), Int[L
ogl2/(1 - Ikcxx)]/(1 + c™2*%x~2), x], x] - Dist[b*(c/e), Int[Logl[2*cx((d + e
*x)/((cxd + I*xe)*(1 - I*c*xx)))]/(1 + c™2*x~2), x], x] + Simp[(a + b*ArcTan[
c*x])*(Log[2*xcx((d + exx)/((cxd + Ixe)*(1 - Ixcxx)))1/e), x]1) /; FreeQl{a,

b, c, d, e}, x] && NeQ[c™2*xd"2 + e¢~2, 0]

Rule 4968

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>
Simp[(-(a + bxArcTan[c*x])~2)*(Logl[2/(1 - I*c*x)]/e), x] + (Simp[(a + b*Arc
Tan[c*x]) "2*(Log[2*xc*((d + exx)/((cxd + I*e)*(1 - I*c*x)))]/e), x] + Simpl[I
*bx(a + b¥ArcTan[c*x])*(PolyLog[2, 1 - 2/(1 - I*c*x)]/e), x] - Simp[I*bx(a
+ bxArcTan[c*x])*(PolyLog[2, 1 - 2*c*x((d + e*x)/((c*d + Ixe)*(1 - Ixc*x)))]
/e), x] - Simp[b~2*(PolyLog[3, 1 - 2/(1 - I*c*x)]/(2xe)), x] + Simp[b~2x*(Po
lyLog[3, 1 - 2xcx((d + exx)/((c*d + Ixe)*(1 - Ixc*x)))]1/(2*e)), x]) /; Free
Ql{a, b, c, d, e}, x] && NeQ[c"2xd"2 + e~2, 0]

Rule 4974

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.)) " (p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTan[c*x]) p/(ex(q + 1))), x] - D
ist [b*cx(p/(ex(q + 1))), Int[ExpandIntegrand[(a + bxArcTan[c*x])~(p - 1), (
d + exx)"(q + 1)/(1 + c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQ[q] && NeQ[q, -1]

Rule 5004

Int[((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + b*ArcTan[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, p}, x] && EqQle, c"2xd] && NeQ[p, -1]

Rule 5040

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(-I)*((a + bxArcTan[c*x])~(p + 1)/(bxex(p + 1))), x] - Di
st[1/(cxd), Int[(a + b*ArcTan[c*x])"p/(I - c*x), x], x] /; FreeQ[{a, b, c,
d, e}, x] & EqQ[e, c~2xd] && IGtQ[p, 0]

Rule 5104
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Int[(((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)*((£f ) + (g_.)*(x_))"(m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + bxArcTan[c*x]) p
/(d + exx"2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && IGt
Qlp, 0] && EqQle, c~2*d] && IGtQ[m, 0]

Rule 5114

Int [(Loglu_]*((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.))/((d_) + (e_.)*(x_)"2
), x_Symbol] :> Simp[(-I)*(a + b*ArcTan[c*x]) “p*(PolyLog[2, 1 - ul/(2%c*d))
, x] + Dist[b*p*(I/2), Int[(a + b*ArcTan[c*x])~(p - 1)*(PolyLog[2, 1 - ul/(
d + e*xx~2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQle, ¢~
2+%d] && EqQ[(1 - w)™2 - (1 - 2%x(I/(I - c*x)))~2, 0]

Rule 6745

Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,
x]}, Simp[w*PolyLog[n + 1, vl, x] /; !FalseQ[w]l]l /; FreeQ[n, x]

Rubi steps
integral

_ (a+barctan(cz))?

B 2e(d + ex)?

e?(a+barctan(cz))? 2c2de? (a+barctan(cz))? (c*d?—c?e?—2c*dex) (a+barctan(cz))?
4 (3bc) f < (c2d2+e2)(d+ex)? (c2d2+e?)? (d+ex) (c2d2+4-€2)? (14-c222) > dz
2e
C4 2—0262— C4 ex ) a rctan(cr 2
_ (a+barctan(cz))® | (3bc) [ (™ 2 licz);;ba cton(e))” gy
2e(d + ex)? 2e (A2 + €2)?
(3bcide) [ (rbarctan(c))? g, (3hee) [ (etbarctana)” gy

(d? + ¢2)° * 2 (2 + €2)
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_ 3bc(a + barctan(cr))®  (a + barctan(cz))?
2(c2d? + €?) (d + ex) 2e(d + ex)?
3bc3d(a + barctan(cz))? log (2=) N 3bc’d(a + barctan(cz))? log (%)
(c2d? + e2)? (c2d? + €2)?
3ib?c*d(a + barctan(cz)) PolyLog (2,1 — 2-)
+ 3
(2 + ¢2)
3ib%c3d(a + barctan(cr)) PolyLog (2, 1- %)
(d? + 62)2
B 3b°c*d PolyLog (3,1 — 2-) N 3b°c*d PolyLog (3, 11— %)
2 (c2d? + e2)* 2 (c2d? + e2)?
(3bc) f (c4d2 (1—?26%5)(a+barctan(cx))2 B 2c4dez(a+barctan(cz))2) d

1+c2x2 1+c2z2

_|_

2e (c2d? + e2?)?
(3b202) f <62(a+barctan(ca:)) + 02(d—ez)(a+barctan(ca:))> dz

n (c2d?2+e2?)(d+ex) (c2d?2+-€2)(1+c2x2)
c2d? + e?
__3bc(a + barctan(cz))*  (a + barctan(cz))®
2(c2d? + €2) (d + ex) 2e(d + ex)?
3bc*d(a + barctan(cz))? log (=) 3bc’d(a + barctan(cz))? log <@f$%>
(d? + 62)2 (2d? + 62)2
N 3ib?c*d(a + barctan(cz)) PolyLog (2,1 — 2-)
242 1 e2)2
(c2d? + e2)
~ 3ib?c3d(a + barctan(cz)) PolyLog (2, 1- %)
(c2d? + €2)?
_ 3b°c*dPolyLog (3,1 - 25) .\ 3b°c’d PolyLog (3, 1- %)
2 (c2d? + €2)” 2 (c2d? + e2)?
(3b204) f (d—ex)((ii;a;gtan(cz)) dx - (3b05d) f m(a+bljizg:;r;(cm))2 dr
(c2d? + €2)? (c2d? + €2)?
(3b%c%e?) [ —“+bac“lrf;;n(°x) dz N (3bc3(cd — e)(ed + €)) [ —(“er?f:z?;‘éc’”))z dx

(c2d? 4 €2)? 2e (c2d? + e2)?
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_ 3bc(a + barctan(cz))® | ic’d(a +barctan(cz))®  c*(cd —e)(cd + €)(a + barctan(cz))?

2(c2d? + €2) (d + ex) (2d? + €2)? 2e (c2d? + e2)”
_ (a+barctan(cz))® 3b%c*e(a + barctan(cz)) log (=)
2e(d + ex)? (c2d? + €2)?

3bc*d(a + barctan(cz))?log () 3b*c*e(a + barctan(cz)) log (%)

1—icx +
(2d? + 62)2 (2d? + 62)2
3bc3d(a + barctan(cz))? log <%>
(c2d? + 62)2
3ib?c*d(a + barctan(cz)) PolyLog (2,1 — 2-)
+ 3
(c2d? + €?)

3ib?c3d(a + barctan(cz)) PolyLog (2, 1-— %) 3b3c3d PolyLog (3,1 — 12-)

+

l1—icx
(c2d? + e2)? 2 (c2d? + €2)?
315 dPolyLog (3,1 — 20 ) (apct) [ ((Hestaminto) _ cxostagipto)) gy
+
2 (c2d? + e2)? (c2d? + e2)?
log( —2— log ( —2cldten)
(3bc*d) [ W dz  (3b°c%e) [ % dx B (3v3c’e) [ g((c‘lii’;f;l{m)) dzx

(d? + e2)® (d? + e2)® (d? + e2)°
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_ 3bc(a + barctan(cz))® | ic’d(a + barctan(cz))®

2(c2d? + €?) (d + ex) (2d? + €2)?
N c*(cd — e)(cd + ¢)(a + barctan(cz))®  (a + barctan(cz))®
%e (2d? + €2)? 2e(d + ex)?
3b%c’e(a + barctan(cz)) log (12-)  3bc*d(a + barctan(cz))?log (=)
B (C2d? + €2)? N (C2d2 + 2)?

3bc3d(a + barctan(cz))? log (%) 3b*c’e(a + barctan(cz)) log (%)

14icx +
(c2d? +62)2 (2d? +62)2
3bc3d(a + barctan(cz))? log <%>
(c2d? + €2)?
3ib?c*d(a + barctan(cz)) PolyLog (2,1 — -2

+

. 2c(d+ex
) 321)3626 POlyLOg (2, 1-— m)

(d? + €2)* - 2 (c2d? + €2)?
3ib?c3d(a + barctan(cz)) PolyLog (2, 1- %)
(c2d? + €2)?
3c3 2 3b3c3d PolyLog (3,1 — —2cldtea)
3b%c*d PolyLog (3,1 — %) c’d PolyLog ( 3, (edrie)(1—icn)

1—icx

- +
2 (c2d? + e2)’

(a+barctan(cz)) log(ﬁ>

2 (c2d? + e2)?

(3p*cld) [ e dr  (6b%c'd) [ o dz
(c2d? + €2)? (c2d? 4 €2)?
(3ib3c%e) Subst < [ 8 gy, a, l—licz> (3b%cte) [ w(a+1{ircczt:§(cz)) de

+
(c2d? + €2)? (c2d? + €2)*
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_ 3bc*d(a + barctan(cr))® | 3ibc’e(a + barctan(cz))®  3bc(a + barctan(cr))?

a 2 (c2d? + €?)” 2 (22 + €2)° 2 (2 + ) (d + ex)
ic’d(a + barctan(cr))® | *(cd — e)(cd + e)(a + barctan(cz))®  (a + barctan(cz))®
(c2d? + e2)? 2e (c2d? + e2) 2e(d + ex)?
3b%c’e(a + barctan(cz)) log (12-)  3bc*d(a + barctan(cz))?log (=)
B (C2d? + €2)? N (C2d2 + 2)?

2c(d+ex
3bc*d(a + barctan(cz))? log (—2-) 3b?c’e(a + barctan(cr)) log (—(cdﬂ(e)-&_zm))

1+icx +
(c2d? +62)2 (2d? +62)2
3bc3d(a + barctan(cz))? log <%> 3ib%c%e PolyLog (2,1 —
(c2d? + e2)? 2 (c2d? + e2)?
3ib*c*d(a + barctan(cz)) PolyLog (2,1 — %)
+
(2d? + €2)?

2¢(d+ex)

3ib%c3d(a + barctan(cz)) PolyLog (2,1 — —2_) 3ib°c*e PolyLog (27 1- W)

1—2'L'c:1: )

+

1+icx

" (Cd + €2)? 2 (22 + €2)’?

3ib*c3d(a + barctan(cz)) PolyLog (2, 1-— %)
(d? + 62)2
2c(d+ex
B 3b%c*d PolyLog (3,1 — 2-) N 3b’c*d PolyLog (3, 1- m>
2 (c2d? + e2)* 2 (c2d? + €2)?
PolyLog(2,1——2—
(3ib3ctd) [ — 5

1+62m21+icz> dz (3b2636) f a+barctan(cz) dz

4 i—CcT
(c2d? + €2)? (c2d? + €2)?
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_ 3bc*d(a + barctan(cr))® | 3ibc’e(a + barctan(cz))®  3bc(a + barctan(cr))?

2 (@t ) 2 (@ + ) 2 (2 + ) (d+ e)
ic3d(a + barctan(cz))®  c?(cd — e)(cd + €)(a + barctan(cz))3
(c2d? + €2)* 2e (c2d? + €2)’
_(a+t barctan(cz))? B 3b%c’e(a + barctan(cz)) log (155)
2e(d + ex)? (d? + e2)®
B 3bc3d(a + barctan(cz))? log (2=) N 3b*c*e(a + barctan(cz)) log (2)
2 J2 2)2 272 2)2
(d? + e?) (d? + €?)
N 3bc*d(a + barctan(cz))? log (2= ) 3b%c’e(a + barctan(cz)) log <(cdici(e(§J(rlefzcw)>
(c2d? + 62)2 (c2d? + 62)2
N 3bc3d(a + barctan(cz))? log <%> 3ib%c2e PolyLog (2,1 — —2_)
(c2d? + €2)? 2 (c2d? + €2)?

N 3ib?c*d(a + barctan(cz)) PolyLog (2,1 — 2-)
(d? + 62)2
2c(d+-ex)

3ib*c*d(a + barctan(cz)) PolyLog (2,1 — 12) B 3ib*c’e PolyLog (2> 1— m)

+
(d? + ¢2)* 2 (c2d? + €2)?

3ib?c3d(a + barctan(cz)) PolyLog (2, 1-— %)
(c2d? + €2)?
3b°c*d PolyLog (3,1 — 2-) N 3b%c3d PolyLog (3,1 — -2-)

1—3 1+icx

2 (c2d? + €2)° 2 (c2d? + €2)?

c(d+ex log( —2—
3b3c3d PolyLog (3, 1-—- %) (3b%c%) [ glngch;c;) da

_l_ —
2 (2d? + e2)? (22 + e2)?
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_ 3bc*d(a + barctan(cr))® | 3ibc’e(a + barctan(cz))®  3bc(a + barctan(cr))?

2 (d? + e2)? 2 (c2d? + €2)” 2(c?d® +€?) (d + ex)
ic3d(a + barctan(cz))® = c?(cd — e)(cd + €)(a + barctan(cz))3
(c2d? + €2)* 2e (c2d? + €2)’
_(a+t barctan(cz))? B 3b%c’e(a + barctan(cz)) log (55)
2e(d + ex)? (d? + e2)®
3bc*d(a + barctan(cz))®log (=)  3b*c’e(a+ barctan(cz)) log ()
N 242 1 p2)2 + 22 1 02)2
(c2d? + €2) (c2d? + €2)
N 3bc*d(a + barctan(cz))? log (72 ) 3b%c’e(a + barctan(cz)) log <(cdici(e(§J(rlefzcw)>
(c2d? + 62)2 (c2d? + 62)2
. 3bc3d(a + barctan(cz))? log <%) 3ib%c2e PolyLog (2,1 — —2_)
(c2d? + €2)? 2 (c2d? + €2)?

N 3ib?c*d(a + barctan(cz)) PolyLog (2,1 — 2-)
(d? + 62)2
2c(d+-ex)

3ib*c*d(a + barctan(cz)) PolyLog (2,1 — 12) B 3ib*c’e PolyLog (2> 1— m)

+
(2d? + ¢2)* 2 (c2d? + €2)?

3ib?c3d(a + barctan(cz)) PolyLog (2, 1- %)
(c2d? + €2)?
3b°c*d PolyLog (3,1 — 2-) N 3b%c3d PolyLog (3,1 — =2-)

1—4 1+icz
2 (c2d? + €2)” 2 (c2d? + €2)°
3b3c3d PolyLog (3, 1- M) (3ib®c%e) Subst (f log@2) gy g, —L >
_+_

(cd+ie)(1—icz) 1-2z ) 14icx
2 (c2d? + (32)2 (c2d? + 62)2

+
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3bc3d(a + barctan(cz))?  3ibc’e(a + barctan(cz))?  3bc(a + barctan(cz))?
2 (2d? + e?)? 2 (2d? + e?)?  2(Ad? + €2) (d + ex)
ic3d(a + barctan(cz))®  c?(cd — e)(cd + €)(a + barctan(cz))3
(c2d? + e2)? 2e (c2d? + €2)°
(a, +b arctan(cx))?’ 3b2026(a +b arctan(cz)) log (1_2ic$)
 2e(d+ex)? (c2d? 4 €2)?
3bc3d(a + barctan(cz))? log (2=) N 3b*c*e(a + barctan(cz)) log (2)

(c2d? + €2)? (c2d? + €2)?
2¢(d+ex)

3bc’d(a + barctan(cz))® log (12 N 3b*c’e(a + barctan(cz)) log <(cd+ie)(1—icx)>

(c2d? + €2)* (2d? + €2)?
2c(d+-ex .
3bc3d(a + barctan(cz))? log <m> 3ib%c2e PolyLog (2,1 — —2_)
(c2d? + €2)? 2 (c2d? + €2)?
N 3ib?c*d(a + barctan(cz)) PolyLog (2,1 — 2-) N 3ib*c*e PolyLog (2,1 — 1+2m)

(c2d? + 62)2 2(c2d? + 62)2
2c(d+-ex)

3ib*c*d(a + barctan(cz)) PolyLog (2,1 — 12) B 3ib*c’e PolyLog (2> 1— m)

+

+

+
(d? + ¢2)* 2 (c2d? + €2)?

3ib’c3d(a + barctan(cz)) PolyLog <2, 1-— ﬂ%) 363c3d PolyLog (3,1 — =)

l—icx
(c2d? + €2)* 2 (c2d? + €2)?
3.3 2 3b3c3d PolyLog (3,1 — —2cdten)
3b*c*d PolyLog (3,1 — ) ¢ arolylog |9, (cd-+ie)(1—icz)

1+icx 4
2 (c2d? + €2)” 2 (c2d? + e2)?

Mathematica [F]

dx

/ (a + barctan(cz))? i — (a + barctan(cz))?
(d+ ex)? (d+ex)3

[In] Integrate[(a + bxArcTan[c*x])~3/(d + exx)~3,x]
[Out] Integrate[(a + b*ArcTan[c*x])~3/(d + e*x)~3, x]
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Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 93.31 (sec) , antiderivative size = 40258, normalized size of antiderivative = 43.01

method result size

derivativedivides | Expression too large to display | 40258
default Expression too large to display | 40258
parts Expression too large to display | 40263

[In] int((atb*arctan(c*x))~3/(exx+d) 3,x,method=_RETURNVERBOSE)

[Out] result too large to display
Fricas [F|

/ (a + barctan(cz))? e — / (barctan (cz) + a)® N

(d+ ex)3 (ex + d)®

[In] integrate((a+b*arctan(c*x)) 3/ (e*x+d)"3,x, algorithm="fricas")

[Out] integral((b~3*arctan(c*x)~3 + 3*a*b~2*arctan(c*x)~2 + 3*a~2*b*arctan(c*x) +
a~3)/(e"3*%x"3 + 3*d*e”2*x"2 + 3*d"2%exx + d~3), x)

Sympy [F(-1)]

Timed out.

3
/ (a + barctan(cx)) dz = Timed out
(d + ex)3

[In] integrate((a+b*atan(c*x))**3/(e*xx+d)**3,x)

[Out] Timed out

Maxima [F(-1)]
Timed out.

dz = Timed out

/ (a + barctan(cz))?
(d+ex)3

[In] integrate((a+b*arctan(c*x)) 3/ (e*x+d)"3,x, algorithm="maxima")

[Out] Timed out
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Giac [F(-1)]

Timed out.

3
/ (a + barctan(Cx)) dz = Timed out
(d+ex)?

[In] integrate((atb*arctan(c*x))~3/(e*x+d)"3,x, algorithm="giac")

[Out] Timed out

Mupad [F(-1)]

Timed out.

(a+barctan(cz))® , [ (a+batan(c ) .
/ (d+ ex)3 de = / (d+ ex)3 d

[In] int((a + b*atan(c*x))~3/(d + e*x)~3,x)
[Out] int((a + b*atan(c*x))~3/(d + exx)"3, x)
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3.21 [(d + ex)? (a + barctan (cz?)) dz

Optimal result . . . . . . . . . . e 204
Rubi [A] (verified) . . . . . . . . 205
Mathematica [A] (verified) . . . . . . . . . .. 208}
Maple [A] (verified) . . . . . . . .. 209
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ... .. ..., 217
Sympy [A] (verification not implemented) . . . . .. ... ... ... .. ... ... 212
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 212
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 2131
Mupad [B] (verification not implemented) . . . . .. ... ... ... ... ...... 214

Optimal result

Integrand size = 18, antiderivative size = 250

_ 2be’z  bd’arctan (cz®)

/(d + ez)? (a + barctan (cz®)) dz =

3c 3e

(d + ex)? (a + barctan (cz?))
* 3e

b(3cd? — €?) arctan (1 — v/2y/cz)
+ 3\/503/2

b(3cd® — €?) arctan (1 + v/24/cz)
- 3\/§c3/2

b(3cd? + €2) log (1 — /2y/cx + cz?)
o 61/2¢3/2

b(3cd? + €?) log (1 + v2y/cz + cz?)
+ 6\/563/2

bde log (1 + c*z*)

2c

[Out] -2/3*b*e~2*x/c-1/3*b*d~3*arctan(c*x~2)/e+1/3* (exx+d) ~3* (a+b*arctan(c*x~2))/
e-1/2xbxd*e*1n(c”2*x"4+1) /c-1/6*b* (3*c*xd~2-e"2) *arctan (-1+x*2~(1/2) *c~(1/2)
)/c”(3/2)*27(1/2)-1/6%bx (3*c*d"~2-e~2) *arctan (1+x*2~(1/2)*c~(1/2))/c~(3/2) *2
~(1/2)-1/12%b* (3*c*d"2+e~2) *1n (1+c*x~2-x*27 (1/2)*c~(1/2)) /c~(3/2) %2~ (1/2) +1
/12%b* (3kc*xd~2+e~2) *1n (1+c*x"2+x*2~ (1/2)*c~(1/2)) /c~(3/2)*2~(1/2)
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Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 250, normalized size of antiderivative = 1.00,

number of steps used = 17, number of rules used = 13, number of rules _ 0.722, Rules
integrand size

used = {4980, 1845, 1262, 649, 209, 266, 1294, 1182, 1176, 631, 210, 1179, 642}

(d + ex)? (a + barctan (cz?))
3e
barctan (1 — v/2y/cz) (3cd® — €?)
+ 3\/503/2
barctan (v24/cz + 1) (3cd? — €?)
3\/563/2
bd? arctan (cz?)
3e
b(3cd? + €?)log (cz? — v2y/cz + 1)
6\/§c3/2
b(3cd? + €?)log (cz? + v2y/cz + 1)
+ 6\/563/2
bdelog (cz* +1) 2be’x
B 2c Y

/(d + ex)? (a + barctan (cz?)) dz =

[In] Int[(d + exx)~2*%(a + b*ArcTan[c*x~2]),x]

[Out] (-2*%bxe~2#x)/(3*c) - (b*d~3*ArcTan[c*x72])/(3*e) + ((d + e*x)"3*(a + b*ArcT
an[c*x~2]1))/(3*e) + (bx(3*xcxd™2 - e~2)*ArcTan[1 - Sqrt[2]*Sqrt[cl*x])/(3*Sq
rt[21*%c~(3/2)) - (bx(3*xcxd™2 - e~2)*ArcTan[1 + Sqrt[2]*Sqrt[c]*x])/(3*Sqrt[
2]*c~(3/2)) - (b*(3*c*d~2 + e”2)*Log[l - Sqrt[2]*Sqrtlcl*x + c*x~2])/(6*Sqr
t[2]1*c~(3/2)) + (bx(3*cxd~2 + e~2)*Logl[l + Sqrt[2]*Sqrt[cl*x + c*x~2])/(6*S

qrt [2]1*c~(3/2)) - (bxd*exLogl[l + c~2*x"4])/(2%c)

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]1*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0]1)

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2]1)~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x™n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]
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Rule 631

Int[((a) + (b_.)*(x) + (c_.)*(x.)~2)~(-1), x_Symboll :> With[{q = 1 - 4*S
implify[ax(c/bp"2)]1}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*x(x/b)
1, x] /; RationalQ[ql && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 649

Int[((d)) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*x~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] & !'NiceSqrtQ[(-a)*c]

Rule 1176

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 21}, Dist[e/(2*c), Int[1/Simp[d/e + gq*x + x~2, x], x], x] + Distle
/(2xc), Int[1/Simpl[d/e - gq*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQlc*d™2 - axe”2, 0] && PosQ[dxe]

Rule 1179

Int[((d_) + (e_.)*(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 2]}, Distle/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x~2, x], x],

x] + Distl[e/(2*c*q), Int[(q + 2*x)/Simpl[d/e - gq*x - x~2, x], x], x1] /; Fre
eQ[{a, c, d, e}, x] && EqQlcxd"2 - axe”2, 0] && NegQ[dxe]

Rule 1182

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
axc, 2]}, Dist[(dxq + axe)/(2%a*c), Int[(q + c*x"2)/(a + c*x74), x], x] + D
ist[(d*q - axe)/(2xa*c), Int[(q - c*x~2)/(a + c*x~4), x], x]1] /; FreeQl{a,
c, d, e}, x] && NeQ[c*d"2 + axe”2, 0] && NeQ[c*d"2 - axe”2, 0] && NegQ[(-a)
*c]

Rule 1262

Int[(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + e*xx)~"g*(a + c*x"2)7p, x], x, x72], x] /; FreeQ
[{a, ¢, d, e, p, q}, x]
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Rule 1294

Int [((£_)*(x_))"(m_.)*((d_) + (e_.)*x(x_)"2)*((a_) + (c_.)*(x_)"4)"(p_), x_
Symbol] :> Simp[e*xf*(f*x)"(m - 1)*((a + c*x"4)"(p + 1)/(cx(m + 4xp + 3))),

x] - Dist[f72/(cx(m + 4xp + 3)), Int[(f*x)"(m - 2)*(a + c*x"4) “p*(axex(m -

1) - cxdx(m + 4xp + 3)*x72), x], x] /; FreeQ[{a, c, d, e, f, p}, x] && GtQ[
m, 1] && NeQ[m + 4*p + 3, 0] &% IntegerQ[2*p] && (IntegerQlp] || IntegerQ[m
1)

Rule 1845

Int [((Pq_)*((c_)*(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[(c*x)~(m + ii)*((Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + iil*x~(n/2)
)/(c”ii*(a + b*x"n))), {ii, 0, n/2 - 1}1}, Int[v, x] /; SumQ[v]] /; FreeQ[{
a, b, c, m}, x] && PolyQ[Pq, x] && IGtQ[n/2, 0] && Expon[Pq, x] < n

Rule 4980

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)I*(b_.))*((d_) + (e_.)*(x_))"(m_.), x_Sy
mbol] :> Simp[(d + exx)"(m + 1)*((a + bxArcTan[c*x"n])/(ex(m + 1))), x] - D
ist[b*xcx(n/(ex(m + 1))), Intlx"(n - 1)*((d + e*x)"(m + 1)/(1 + c™2xx~(2#*n))
), x], x]1 /; FreeQ[{a, b, c, d, e, m, n}, x] && NeQ[m, -1]

Rubi steps
3 2 2%¢ z(d+ex)? d
integral — (AT €2)° (@ J; :arctan (ca?) _ (26c) J L

z(d3+3de?z? z2(3d%e+e3z?)
_ (d+ex)® (a+ barctan (cz?)) (ch)f( 1%t L+ T+t ) dz

3e 3e

T 3 621'2 1/.2 26 63Z2
(d + ex)? (a + barctan (cz?))  (2bc) [ % dz  (2bc) [ % dz

3e 3e 3e
2be’z  (d+ ex)? (a + barctan (cz?))
-
3c 3e
—3c2d%ea2 d3+3de’x
N (2b) [ %dz - (bc)Subst( Gt dr, x, m2>
3ce 3e
2be’z  (d + ex)? (a + barctan (cz?))
-7
3c 3e
bed?) Subst ( [ —— dz, x, 22
- (bed”) U s ) — (bede)Subst /L dz, T,z
3e 1+ c?2?
 (bBed® —¢?) [ o5 da N (b(Bed? + €2)) [ S92 d

3c? 3c?
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2be’r  bd? arctan (cz?) N (d+ ex)® (a + barctan (cz?))  bdelog (1 + c*z*)

3¢ 3e 3e 2c
(b@Bcd* — €?)) [ +A—dz  (bBcd® —€?)) [ +—FA—
_ 5—74—1 _ -l- e +z
62 62
‘[+2x Q—Qac
(b(30d2 + 62)) f ﬁ dx (b(30d2 + 62)) % dx
- i T _ —otigw
64/2¢3/2 6+/2¢3/2
2be’r  bd®arctan (cz?)  (d + ex)? (a + barctan (cz?))
- = +
3c 3e 3e
_ b(3cd® +€*)log (1 — v2y/ex + ca?) N b(3cd?® + €?)log (1 + v/2+/cx + cz?)
6\/§c3/2 6\/_ c3/2
_ bdelog (1+c%*) (b(3cd? — €?)) Subst( [ =1 dz,z,1 — v/2/cx)
2c 3\/_03/2
(b(3cd? — €?)) Subst ([ =1 dz,z,1 + v/2/cx)
* 3v/2 c3/ 2
2be’r  bd3arctan (cx?)  (d + ex)? (a + barctan (cz?))
- - +
3c 3e 3e
N b(3cd® — e?) arctan (1 — v/2+/cx) _ b(3cd? — €?) arctan (1 + V2y/cz)
3v/2c3/2 3v/2c3/2
b(3cd® + €?)log (1 — v2y/cz + cz?)
6\/503/2
N b(3cd® + €?)log (1 + v2y/cz + cz?) _ bdelog (1 + c*z*)
6\/563/2 2c

Mathematica [A] (verified)

Time = 3.22 (sec) , antiderivative size = 252, normalized size of antiderivative = 1.01

8be?
°r + 12adez? + 4ae?x®

/(d + ez)” (a + barctan (cz?)) dr = 112 (12ad2

+ 4bz (3d? + 3dex + €°z?) arctan (cz?)

2v/2b(3cd? — €?) arctan (1 — v/2¢/cz)
+ 372

c

2v/2b(3cd? — €?) arctan (1 + v/2y/cz)
o c3/2

 V2b(3ed® + €%) log (1 — V2y/cx + cz?)
3/2

\/_b(3cd2 + €?)log (1 4+ v2y/cz + cz?)
3/2

__ 6bdelog (1 + iz
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[In] Integrate[(d + e*x)~2*(a + b*ArcTan[c*x~2]),x]

[Out] (12*a*d™2*x - (8*b*e~2*x)/c + 12%axd*e*xx™2 + 4*xa*xe”2%x"3 + 4*b*x*(3%d"2 + 3
xdxe*xx + e"2xx"2)xArcTan[c*x"2] + (2+Sqrt[2]*b*(3*xc*d"2 - e~2)*ArcTan[1 - S

qrt [2] *Sqrt [cl*x])/c~(3/2) - (2*Sqrt[2]*b*(3*c*d™2 - e~2)*ArcTan[1 + Sqrt[2
1*Sqrt [c]*x]1)/c~(3/2) - (Sqrt[2]*b*(3*c*d~2 + e~2)*Logl[1l - Sqrt[2]*Sqrt[c]*

X + ¢c*x72])/c”(3/2) + (Sqrt[2]*b*(3*c*d"2 + e~2)*Logl[l + Sqrt[2]*Sqrt[c]*x

+ ¢cxx72])/c”(3/2) - (6%b*d*exLogl[l + c~2xx~4])/c)/12

Maple [A] (verified)

Time = 2.21 (sec) , antiderivative size = 303, normalized size of antiderivative = 1.21
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method | result

3
2¢c ec—zm-i-

3 2 2\ ,.3 2\ 73
default @ +b w + earctan (cx?) d % + arctan (cz?) d*z + a'mtanézx )d
83( :
SSIL‘
2c C—2+
3 2 arctan 2)z3 rctan 2) 73
parts “(egjd) 4+ | T Cta3(m )2* | ¢arctan (cz?) d 22 + arctan (c2?) d?z + =2 ézx )& _

[In] int((exx+d) 2*(at+b*arctan(c*x~2)),x,method=_RETURNVERBOSE)

[Out] 1/3xa*(exx+d)~3/e+b*(1/3%e~2%arctan(c*x~2)*x 3+ekarctan(ckx~2)*d*x"2+arctan
(c*x~2) *d~2%x+1/3/e*arctan (cxx~2) *d~3-2/3*c/ex (1/c~2%e 3xx+1/c 2% (-1/8*e" 3%
(1/¢72)~(1/4)*2~(1/2) *(An((x~2+(1/c~2) ~(1/4) *x*x2~ (1/2)+(1/c~2)~(1/2)) / (x~2-
(1/c~2) "~ (1/4) *xx2~ (1/2)+(1/c~2)~(1/2)))+2*arctan (2" (1/2) / (1/c2) "~ (1/4) ¥x+1)
+2%arctan (2 (1/2)/(1/c~2)~(1/4) *x-1) ) +1/2%c~2%d~3/ (c~2) ~(1/2) *arctan (x~2* (c
~2)~(1/2))+3/8%d"2xe/ (1/c~2)~ (1/4) %2~ (1/2) * (1n.( (x~2- (1/c~2) ~ (1/4) ¥x*2~ (1/2)
+(1/c72)~(1/2))/ (x~2+(1/c™2) ~(1/4) *x*2~ (1/2)+(1/c2) ~(1/2) ) ) +2*arctan (2~ (1/
2)/(1/c~2)~(1/4) *x+1) +2*arctan (2~ (1/2)/(1/c~2)~ (1/4) *x-1) ) +3/4*d*xe~2%1n (c 2
*x~4+1))))
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1013 vs. 2(201) = 402.

Time = 0.28 (sec) , antiderivative size = 1013, normalized size of antiderivative = 4.05

/(d + ex)? (a + barctan (cz?)) dz

2ace’x® + 6 acder® + 2 (3acd® — 2be?)z + 2 (bee’x® + 3bedex?® + 3 bed?x) arctan (cz?) — (3 bde + c\/E

[In] integrate((e*x+d) ~2*(atb*arctan(c*x~2)),x, algorithm="fricas")

[Out] 1/6%(2%a*xc*e”2%x~3 + 6xaxckxdxexx~2 + 2x(3*akxc*kd™2 - 2%b*e”2)*x + 2% (b*c*e™2
*x"3 + 3*%bkckd*e*x”~2 + 3xb*ckd~2*x)*arctan(c*x~2) - (3*bxd*e + cxsqrt((6%b~
2xd"2%e"2 + c"2xsqrt(-(81xb~4*c”4*d"8 - 18xb~4*c”"2xd"4*e”4 + b~4x%e"8)/c"6))
/c”2) ) *1log(-(81xb~3%c~4*d"8 - b~3xe"8)*x + (9*b~2%c"3*xd"4*e"2 - b"2%c*e"6 -
3xc~5%d"2*sqrt (-(81*%b~4*c~4*d"8 - 18%b~4xc~2*%d"4*e"4 + b~4*e"8)/c”6))*sqrt
((6%b~2xd"2%e"2 + c~2*sqrt(-(81%b~4*c"4xd~8 - 18%b~4*c~2xd"4*e”4 + b~4*e”8)
/c6))/c”2)) - (3xbkxd*e - c*sqrt((6*b~2xd"2xe”2 + c 2xsqrt(-(81xb~4*c~4*d"8
- 18%b~4*c"2xd"4*e"4 + b~4*e”8)/c”6))/c”2))*log(-(81*b~3*c"4*d"8 - b~ 3*e”8
)*¥x - (9%b~2xc”3%d"4*e"2 - b~2*kcxe”6 - 3*kc~5*d"2xsqrt(-(81xb~4*c~4*d"8 - 18
*b~4*c”"2%d"4*xe"4 + b"4*e"8)/c”6))*sqrt ((6xb~2*d"2*xe"2 + c~2*sqrt(-(81*b~4xc
“4xd"8 - 18%b~4*xc"2xd"4*e"4 + b~4*e”8)/c”6))/c”2)) - (3*bxdxe + c*sqrt((6*b
~2xd"2%e"2 - c"2*sqrt(-(81*%b~4*c"4xd"8 - 18%b~4*c"2xd"4*e"4 + b~4*e”8)/c”6)
)/c”2))*1og(-(81*%b~3%c”4*d"8 - b~3*e”8)*x + (9*%b~2%c"3*d"4*e”2 - b~ 2*c*e”6
+ 3%c"5*%d"2*sqrt (- (81xb~4*c~4*d"8 - 18*b~4*c~2*%d"4*e”4 + b~4xe”8)/c”6))*sqr
t((6%b~2xd"2%e”2 - c~2*sqrt(-(81*%b~4*c~4*xd"8 - 18%b~4*c~2xd"4*e"4 + b~ 4*e”8
)/c”6))/c”2)) - (3*b*d*e - c*sqrt((6xb~2+%d"2*e"2 - c~2*sqrt(-(81*%b~4*xc~4x*d"
8 - 18%b~4xc"2*d"4*e"4 + b~4*e"8)/c”6))/c”2))*Log(-(81*%b~3*%c"4*xd"8 - b~3*e”
8)*x - (9%b~2%c"3*d"4*e”"2 - b~ 2*c*ke"6 + 3*kc~5xd"2*sqrt(-(81xb~4*c"4*d"8 - 1
8*b~4*c~2*%d"4*e"4 + b"4*e”8)/c”6))*sqrt ((6*¥b"2xd"2%xe"2 - c~2*sqrt(-(81xb~4x*
Cc"4xd"8 - 18%b~4xc”2xd"4*e”4 + b~4*e"8)/c”6))/c"2)))/c
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Sympy [A] (verification not implemented)

Time = 10.18 (sec) , antiderivative size = 403, normalized size of antiderivative = 1.61

/(d + ex)? (a + barctan (cz?)) dz

— { ad’z + adex? + %= + bdx atan (cz?) + bdex? atan (cz?) +

bd?log | z— Y/ — =%
be22? atan (ca?) g ( 02> + bd? log (w

3 Al\/_l
C C2

a<d2x + dex? + %)

\

[In] integrate((e*x+d)**2x(at+b*atan(c*x**2)),x)

[Out] Piecewise((axd**2xx + akxd*exx**2 + akxe*x2*x*x3/3 + bkxdx*2xx*atan(cxx**2) +
bxd*e*xx**2*atan (ckx**2) + bkex*2*kx*x*3*atan(ckx**2)/3 - bxd**2xlog(x - (-1/c

*x%2) %% (1/4)) / (cx(=1/c*x2)**(1/4)) + bxdx*2xLlog(x**2 + sqrt(-1/c**2))/(2xcx(
-1/cx*2)**(1/4)) - bxd**2*xatan(x/(-1/c**2)**x(1/4))/(c*x(-1/c**x2)*x(1/4)) - b
xdxexlog(x**2 + sqrt(-1/c*x2))/c - 2xbxe*xx2xx/(3*c) - bkd**2*atan(c*x**2)/(
ckx2% (-1/cx*2) *x(3/4)) + b*d*e*xatan(cxx**2)/(c*x*2xsqrt(-1/c**2)) - bxe**x2xa

tan (c*x**2) / (3kcx*2k (—1/c**2) *x(1/4)) + bkxex*2*xlog(x - (-1/cx*2)*x(1/4))/(3
*kCkx3k (—1/c**2) *x*(3/4)) - brex*2*xlog(x**2 + sqrt(-1/c**2))/(6xcx*3x(-1/c**2
)*%(3/4)) - bxex*k2katan(x/(-1/cx*2)**(1/4))/(3*%c**3x(-1/c**2)**(3/4)), Ne(c

, 0)), (a*x(d**2%x + dxexx**2 + e**2%x**3/3), True))

Maxima [A] (verification not implemented)

none

Time = 0.30 (sec) , antiderivative size = 323, normalized size of antiderivative = 1.29

/ (d+ ex)? (a+ barctan (cz?)) dz = % ae’z® + adex?

2v/2arctan (M) 2+/2arctan (M

2\/e ) _ﬁlog(cxz-l—\/i\/ax—i-l)_i_\,

1 2ve
_A_L C C% -|- C% C% —
V2(2cx4++v2+/c V2(2cx—v2+/c
2\/§arctan<(2\ﬁ)> N 2\/§arctan<(2\ﬁ)> N \/ﬁlog(ca:2+\/§fcz+1
1 8
+E 4 2% arctan (cx2) —c c_zx — Ve Ve Z ve

(2 cz? arctan (cx?) — log (cz* + 1))bde
2c

+ ad’z +
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[In] integrate((e*x+d) 2*(a+b*arctan(c*x~2)),x, algorithm="maxima")

[Out] 1/3*a*e”2*x"3 + akxd*e*xx~2 - 1/4*(cx(2*sqrt(2)*arctan(1/2*sqrt(2)*(2*c*x + s
qrt (2)*sqrt(c))/sqrt(c))/c~(3/2) + 2xsqrt(2)*arctan(1/2*sqrt(2)*(2*c*x - sq
rt(2)*sqrt(c))/sqrt(c))/c~(3/2) - sqrt(2)*log(c*x~2 + sqrt(2)*sqrt(c)*x + 1
)/c”(3/2) + sqrt(2)*log(c*x~2 - sqrt(2)*sqrt(c)*x + 1)/c~(3/2)) - 4*x*arcta
n(c*x72))*bxd~2 + 1/12*%(4*x"3*arctan(c*x~2) - c*(8*x/c”2 - (2*sqrt(2)*arcta
n(1/2*sqrt (2) *(2xc*x + sqrt(2)*sqrt(c))/sqrt(c))/sqrt(c) + 2xsqrt(2)*arctan
(1/2%sqrt (2) *(2xcxx - sqrt(2)*sqrt(c))/sqrt(c))/sqrt(c) + sqrt(2)*log(c*xx~2
+ sqrt(2)*sqrt(c)*x + 1)/sqrt(c) - sqrt(2)*log(c*x~2 - sqrt(2)*sqrt(c)*x +
1)/sqrt(c))/c™2))*bxe”2 + a*d~2xx + 1/2*%(2*c*x"2xarctan(c*x”2) - log(c™2#*x
"4 + 1))*bxd*e/c

Giac [A] (verification not implemented)

nomne

Time = 1.05 (sec) , antiderivative size = 304, normalized size of antiderivative = 1.22

1 2rt 41
/(d + ex)? (a + barctan (cz®)) dz = _bdelog (2ch +1)

bee?z3 arctan (cz?) + ace’z® + 3 bedex? arctan (cx?) + 3 acdex? + 3 bed?x arctan (cz?) + 3 acd®x — 2 be

3c
VE(3bed? — be|cf) arctan (} V(20 + 72 ) v/Ie])
Gij%
272 2 1 _ ﬁ
B V2(3bc*d? — be?|c|) arctan ( 3 \/§<2$ m) v |C|>
6ck4%
| VATl og (s s+ )
12ckj%
2 72 2|¢|2 2_ Yoo 4 1
_\/§(3bcd\/|c|+be |c| )log(x m+|c|>
12¢3

[In] integrate((e*x+d) ~2*(at+b*arctan(c*x~2)),x, algorithm="giac")

[Out] -1/2%bxd*e*xlog(c™2*x"4 + 1)/c + 1/3%(b*cke”2*x"3*arctan(c*x~2) + axcke™2%x~
3 + 3xb*ckd*exx~2%arctan(c*x”~2) + 3*axckdke*xx"2 + 3¥bkckxd"2xx*arctan(c*x”~2)
+ 3xaxc*d"2xx - 2%b*e”"2%x)/c - 1/6%sqrt(2)*(3*xbxc~2*d"2 - b*e~2*abs(c))*ar
ctan(1/2*sqrt(2) *(2*x + sqrt(2)/sqrt(abs(c)))*sqrt(abs(c)))/(c*xabs(c)~(3/2)
) - 1/6%sqrt(2)*(3*%b*c™2*xd"2 - b*e~2xabs(c))*arctan(1/2*sqrt(2)*(2*x - sqrt
(2)/sqrt(abs(c)))*sqrt(abs(c)))/(c*xabs(c)~(3/2)) + 1/12xsqrt(2)*(3*b*xc~2xd"
2 + bxe"2*abs(c))*log(x~2 + sqrt(2)*x/sqrt(abs(c)) + 1/abs(c))/(cxabs(c)~(3
/2)) - 1/12%sqrt(2) *(3*b*c~2*d"2*sqrt(abs(c)) + b*xe~2*abs(c)~(3/2))*log(x~2
- sqrt(2)*x/sqrt(abs(c)) + 1/abs(c))/c"3
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Mupad [B] (verification not implemented)
Time = 3.59 (sec) , antiderivative size = 419, normalized size of antiderivative = 1.68

2,3 2.3 2
/(d-l-eac)2 (a + barctan (cz?)) dz = €Y Ladz+ be”a” atan(c2”)

3 3

3bd? In <3cx\/g— 1) =

dex® —
+adex 2

+3bd2 11’1(30:172 %-I—l) \/g
bd21n<3cx\/g+li) o 3i
B 2
b In (1+cz\[8131) /83 gpe2,
2 Y
be? ln<3cx\/£— ) = 1i

2¢c

+

+bd’ ratan(cz?) +

be? In <3cx gl—ic+1> gl—icli

2c
+b621n<30z2§1—1+11> =
b621n<1+cx\/£3i> %
B 2c
+bdex2atan(cx2)—bdeln(?);i\/g_ )
bdeln<3cx %—I—l) bdeln<3cx %—I—li)
B 2c B 2c
bdeln(l—i—cx\/g&)
B 2c

[In] int((a + bxatan(c*x~2))*(d + e*xx)~2,x)

[Out] (a*xe™2*x~3)/3 + a*d™2*x + (b*e”~2*x"3*atan(c*x~2))/3 + axd*e*xx~2 - (3xb*d~2*
log(3xcxx*(1i/(9%c))~(1/2) - 1)*(1i/(9%c))~(1/2))/2 + (3xb*d~2*log(3*c*x*(1
i/(9%c))~(1/2) + 1)*(1i/(9%c))~(1/2))/2 - (b*xd~2%log(3*c*x*(1i/(9%c))~(1/2)
+ 1i)*(1i/(9%c))~(1/2)*31) /2 + (b*xd~2*log(c*xx*x(1i/(9%c))~(1/2)*31 + 1)*(1i
/(9%c))~(1/2)%31)/2 - (2*%b*e~2%x)/(3%c) + bxd~2*x*atan(c*x~2) + (bxe~2*xlog(
3kcxxx(11/(9%c))~(1/2) - 1)*(1i/(9%c))~(1/2)*11)/(2%c) - (bxe~2*log(3*c*x* (
1i/(9%c))~(1/2) + 1)*(1i/(9%c))~(1/2)*1i)/(2*c) + (b*e 2*xlog(3*c*x*(1i/(9%c
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))7(1/2) + 11)*%(1i/(9%c))~(1/2))/(2%c) - (bxe~2¥log(ckx*(1i/(9*c))~(1/2)*34
+ 1)*(11/(9%c))~(1/2))/(2*c) + b*d*e*xx~2xatan(c*x~2) - (bxd*e*xlog(3*c*x*(1
1/(9%c))~(1/2) - 1))/ (2%c) - (bxdxexlog(3*ckx*(1i/(9%c))~(1/2) + 1))/(2%c)
- (bxd*exlog(3*cxx* (11/(9%c))~(1/2) + 1i))/(2%c) - (b*d*exlog(cxx* (1i/(9xc)
)~ (1/2)*31i + 1))/(2%c)
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3.22 [(d + ex) (a + barctan (cz?)) dx

Optimal result . . . . . . . . . . . e 216
Rubi [A] (verified) . . . . . . . . 216
Mathematica [A] (verified) . . . . . . . . . .. 2201
Maple [A] (verified) . . . . . . . .. 220
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., 221]
Sympy [C] (verification not implemented) . . . ... ... ... ... ... ...... 22T
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 222
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 223]
Mupad [B] (verification not implemented) . . . . ... ... ... ... .......

Optimal result

Integrand size = 16, antiderivative size = 192

bd? arctan (cz?) N (d + ex)? (a + barctan (cz?))

/(d + ex) (a + barctan (cz?)) dz = —

2e 2e
bd arctan (1 - \/5\/51:) bd arctan (1 + \/§\/Ex)
" Vae ) V3o
bdlog (1 — v/2v/cx + cz?)
- 2v/2,/c
bdlog (14 v2y/cz + cz?)  belog (1 + 2z?)
2v/24/c - 4c

[Out] -1/2*bxd~2*arctan(c*x~2)/e+1/2*(exx+d) ~2* (atb*arctan(c*x~2))/e-1/4*xbxex1n(c
~2xx”4+1) /c-1/2*xb*d*arctan (-1+x*2~(1/2) *c~(1/2))*2°(1/2) /c~(1/2) -1/2*b*d*ar
ctan(1+x*2~(1/2)*c~(1/2))*2~(1/2) /c~(1/2) -1/4*xb*d*1n(1+c*xx~2-x*%2~ (1/2) *c~ (1
/2))%27(1/2)/c”(1/2)+1/4%b*d*1n (1+c*x™2+x*2~(1/2)*c~(1/2))*2~(1/2) /c~(1/2)

Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 192, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.750, Rules

number of steps used = 16, number of rules used = 12,
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used = {4980, 1845, 303, 1176, 631, 210, 1179, 642, 1262, 649, 209, 266}

2 2 2 2
/(d+ ez) (a + barctan (cr?)) do = (d+ ex)” (a + barctan (cz”))  bd® arctan (cz”)

2e 2e
bdarctan (1 — v/2y/cz)  bdarctan (v/2y/cz + 1)
TTTvAe Ak
belog (2z* +1)  bdlog (cz® — v2y/cx + 1)
B 4c B 2v/24/c
bdlog (cz® + v2y/cz + 1)
+ NN

[In] Int[(d + e*x)*(a + bxArcTan[c*x"2]),x]

[Out] -1/2%(b*d~2xArcTan[c*x"2])/e + ((d + e*xx)~2*x(a + bk*ArcTan[c*x~2]))/(2xe) +
(b*d*ArcTan[1 - Sqrt[2]*Sqrt[c]*x])/(Sqrt[2]*Sqrtlc]) - (b*d*ArcTan[1 + Sqr
t[2]*Sqrt [c]l*x])/(Sqrt [2]*Sqrt[c]) - (b*d*Log[l - Sqrt[2]*Sqrt[cl*x + c*x~2

1)/ (2xSqrt[2]*Sqrt [c]) + (bxd*Logl[l + Sqrt[2]*Sqrtl[c]l*x + c*x~2])/(2*Sqrt[2
1xSqrt[c]) - (bxexLogl[l + c~2*x~4])/(4*c)

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 01)

Rule 210

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] [l LtQ[b, 0])

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 303

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[a/b,

211, s = Denominator[Rt[a/b, 211}, Dist[1/(2%s), Int[(r + s*x~2)/(a + b*x~4
), x], x] - Dist[1/(2%s), Int[(r - s*x~2)/(a + b*x"4), x], x]] /; FreeQ[{a,
b}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &
& AtomQ[SplitProduct[SumBaseQ, bl]))

Rule 631
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Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[a*x(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 649

Int[((d_)) + (e_)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*x~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] & !'NiceSqrtQ[(-a)*c]

Rule 1176

Int[((d) + (e_.)*(x)~2)/((a.) + (c_.)*(x_)"~4), x_Symboll :> With[{q = Rt[
2x(d/e), 21}, Distl[e/(2*c), Int[1/Simpl[d/e + g*x + x~2, x], x], x] + Dist[e
/(2xc), Int[1/Simpld/e - gq*x + x~2, x], x], x]] /; FreeQ[{a, c, 4, e}, x] &
& EqQlc*d™2 - a*e”2, 0] && PosQ[dxe]

Rule 1179

Int[((d) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2x(d/e), 21}, Dist[e/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x~2, x], x],

x] + Dist[e/(2%c*q), Int[(q + 2*x)/Simp[d/e - gq*x - x72, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQ[c*d~2 - a*e™2, 0] && NegQ[d*el]

Rule 1262

Int[(x_)*((d)) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + e*x) g*(a + c*x~2)7p, x], x, x~2], x] /; FreeQ
[{a, ¢, d, e, p, q}, x]

Rule 1845

Int [((Pq_)*((c_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[(c*x)"(m + ii)*((Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + ii]l*x~(n/2)
)/(c”iix(a + b*x"n))), {ii, 0, n/2 - 1}]1}, Intl[v, x] /; SumQ[v]] /; FreeQ[{
a, b, c, m}, x] && PolyQ[Pq, x] && IGtQ[n/2, O] && Expon[Pq, x] < n

Rule 4980
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Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)I*(b_.))*((d_) + (e_.)*(x_))"(m_.), x_Sy
mbol] :> Simp[(d + e*x)"(m + 1)*((a + b*ArcTan[c*x"n])/(ex(m + 1))), x] - D
ist[b*xcx(n/(ex(m + 1))), Int[x"(n - 1)*((d + exx)"(m + 1)/(1 + c™2*xx~(2+%n))

), x], x] /; FreeQ[{a, b, ¢, d, e, m, n}, x] && NeQ[m, -1]

Rubi steps

(d + ex)? (a + barctan (cz?)) B (be) [ xﬁt?e:‘)l dz

integral = 56 A
ex z(d2+e2z?)
_ (d+ ex)? (a + barctan (cz?)) (be) | (1241%4 T i ) dz
- 5 _
_ (d+ex)*(a+barctan (cz’)) (be) [ = f;fzf dz
2e e
_ (d+ex)? (a+ barctan (cz?)) / 1— cz?
= 76 + (bd) [T g dz
d?+e’z 2
—(bd)/ 1+ cx? o (bc)Subst<f s do, x, T >
1+ 2zt 2e
_(d+ ex)” (a + barctan (cz?)) (bd) L ‘&”‘+ ; do
2e 2c
V2.9, V2_og
(bd) [ vz de (bd) [ e dz (bd) % dz
. Je . T Ve © . ve
2c 2v2/c 2v2\/c

bed?) Subst ([ = dz, 7, 22
(c ) Subst ([ Lict? O, T, 7 ) —l(bce)Subst /de,ﬂvax2
2 1+ c2x?

2e
bd? arctan (cz?) N (d + ex)? (a + barctan (cz?))

2e 2e
_ bdlog (1 —v2y/ex +cz?)  bdlog (1 + v2+/cx + cz?) _ belog (1 + *z*)
2\/_\/_ 2v/24/c 4c
_ (bd)Subst ([ £ dz,z,1 - \/5\/5110) (bd)Subst ([ <1 dz, z,1 + v2¢/cx)
\/5\/5 \/5\/5
__ bd?arctan (cz?) N (d+ ex)? (a + barctan (cz?)) N bdarctan (1 — v/2y/cz)
N 2e 2e V2y/c
_ bdarctan (1 + V24/cx) _ bdlog (1 - V2¢/cx + cz?)
V2y/c 2V2¢/c

bdlog (14 v/2\/cz + cz?) _ belog (1 +c*z*)
2V2y/c dc




Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 153, normalized size of antiderivative = 0.80

/ (d+ ex) (a+ barctan (cz®)) dz = adz + %aeax2 + bdz arctan (cz®) + %bezz arctan (cz?)

3 bd(—2arctan (1 — v/2y/cz) + 2arctan (1 + v/2y/cz) + log (1 — v/2y/cz + cz?)

220

—log (1+v2y/cz +cx

_ belog (1 + c*z*)

4c

2v2y/c

[In] Integrate[(d + exx)*(a + b*ArcTan[c*x"2]),x]
[Out] axd*x + (axe*x~2)/2 + bkd*x*ArcTan[c*x~2] + (b*exx~2xArcTan[c*x72])/2 - (bx
d*(-2*ArcTan[1 - Sqrt[2]*Sqrt[c]*x] + 2*ArcTan[1 + Sqrt[2]*Sqrt[cl*x] + Log
[1 - Sqrt[2]*Sqrtlcl*x + c*x~2] - Logll + Sqrt[2]*Sqrtlcl*x + c*x~2]))/(2*S
qrt [2]1#Sqrt[c]) - (bxexLogl[l + c~2*x~4])/(4*c)

Maple [A] (verified)

Time = 0.57 (sec) , antiderivative size = 146, normalized size of antiderivative = 0.76

method | result
a3 (ln(z () wﬂf)wamtan( V.
default | a(3ea? +da) +b| 2T L arctan (ca?) do — c o) v 42<1)§z)‘
“\2
av2 (ln(ﬁ(é)z}z\[+ )+2arctan e
parts | a(lea® +dz) +b| TEETIT | arctan (ca?) dx — ¢ () [ — l)iiz)
¢ 07

[In] int((e*x+d)*(at+b*arctan(c*x~2)),x,method=_RETURNVERBOSE)

[Out] ax(1/2*exx~2+d*x)+b*(1/2*arctan(c*x”~2)*x " 2*e+arctan(c*x”2) *xd*x-c*x(1/4*d/c"2
/(1/c”2)"(1/4)*2~(1/2)*(In((x"2-(1/c"2) " (1/4) *xx2~(1/2)+(1/c~2)~(1/2)) / (x~2
+(1/c72)"(1/4) *xx2~(1/2)+(1/c"2) " (1/2) ) )+2*xarctan(2”(1/2) /(1/c~2) "~ (1/4) *x+1
Y+2xarctan(2°(1/2)/(1/c”2)~(1/4)*x-1) )+1/4*e/c”2%1n(c”"2*x"4+1)))
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Fricas [A] (verification not implemented)

none

Time = 0.26 (sec) , antiderivative size = 274, normalized size of antiderivative = 1.43

/(d + ez) (a + barctan (cz?)) dz

2 acex? + 4 acdr + 2 (bcex? + 2 bedx) arctan (cx?) — (be —2c¢y/—y/ —bz—‘f) log <b3d3x +4/ By /-,

[In] integrate((e*x+d)*(atb*arctan(c*x~2)),x, algorithm="fricas")

[Out] 1/4*(2%a*xc*e*x™2 + 4xaxckxd*x + 2x(bkcke*xx™2 + 2¥bkckd*x)*arctan(c*x”2) - (b
*xe — 2xcxsqrt(-sqrt(-b"4*d~4/c”2)))*1log(b~3*xd"3*x + sqrt(-b~4*d~4/c”2)*c*sq
rt(-sqrt(-b~4*xd~4/c”2))) - (b*e + 2xc*sqrt(-sqrt(-b~4*d~4/c~2)))*log(b~3*d~

3*x - sqrt(-b~4*d~4/c”2)*cxsqrt (-sqrt (-b~4*d~4/c”2))) - (b*xe + 2% (-b~4*d~4/
c"2)~(1/4)*c)*1log(b~3*%d"3*x + (-b~4*d"4/c~2)~(3/4)*c) - (bxe - 2x(-b~4*d~4/
c”2)"(1/4)*c)*1log(b~3*d"3*x - (-b~4*d~4/c~2)~(3/4)*c))/c

Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 6.62 (sec) , antiderivative size = 1266, normalized size of antiderivative = 6.59

/ (d+ ex) (a + barctan (cz®)) dz = Too large to display

[In] integrate((exx+d)*(a+b*atan(c*x**2)),x)

[Out] Piecewise((ax(d*x + e*xx*x2/2), Eq(c, 0)), ((a - ooxIxb)*(d*x + exx*x2/2), E
q(c, -I/x*x2)), ((a + oo*I*b)*(d*x + e*xx**2/2), Eq(c, I/x**2)), (2%a*c**5*d
*x%k5k (—1/cx*2) *x (11/4) / (2% cx*Exxx*k4* (—1/c*x*2) **x (11/4) + 2%cx*3%(—1/c**2) %%
(11/4)) + axc**bkxe*xx*x*x6% (—1/c*x2) **x(11/4)/ (2*cx*5*xxx*kd* (—-1/c*x*2) *x(11/4) +
2xCk*k3x (=1/cx*2) xx (11/4)) + 22kaxcx*k3*xdxx* (—1/c**2) **(11/4) / (2*%cxxE*xxxxd* (-1
Jcxx2)xx(11/4) + 2%c*x*3%(-1/c**x2)*x*x(11/4)) + akckx*3kexx*x*2*x(-1/c*x*x2)**x(11/4
)/ (2xckx5xxkkdx (=1 /c**2) **k (11/4) + 2xc*x*3x(-1/c**2)**x(11/4)) + 2¥b*cx*5*xd*x
*x5% (—1/c**2) *x* (11/4) *atan (cxx**2) / (2kck*x5kx*kxd*x (-1/c**2) k% (11/4) + 2%kc**3*
(=1/c*x2)*x(11/4)) + b¥ck*bkexx**x6* (=1/cx*2)**(11/4) *atan (cxx**2) / (2*ck*5*xx
*xk4kx(—1/c**2)*x*(11/4) + 2%kc*k*x3kx(-1/c**2)*x*(11/4)) - 2*bxck*4dxd*kxk*4*x (—1/c**
2)*%(5/2)*log(x - (-1/c**2)*x(1/4))/(2*cx*kbxxrkdx (-1/c**2)x*x(11/4) + 2%c**3
*x(—1/c*x2)*x*%(11/4)) + bkck*dkdkxx*d*(-1/c**2)**(5/2)*Log(x**2 + sqrt(-1/c*x*
2)) /(2% cx*kbxx*xd* (=1/c**2) *x (11/4) + 2kcx*k3x(=1/c**x2)x*x(11/4)) - 2xb*cx*dxd
*xxkx4* (—1/ck*2) *x (5/2) *atan (x/ (-1/c**2) *x (1/4) ) / (2xcx5*xx*k4x (=1 /cx*2) ** (11



222

/4) + 2%c*kx3%x(—1/cx*2)*xx(11/4)) - bxcxkdkexx*x*xdx(-1/c*x2)**(11/4)*Log(x**2
+ sqrt(-1/c*x*2) )/ (2kcx*5kxx*d* (=1/cx*2) *x (11/4) + 2%c**3*(-1/cx*2)*x(11/4))
+ 2¥bxckx3*kdkx* (—=1/c**2) ¥k (11/4) *atan (ckx**2) / (2kcx*x5xx*k*d* (-1/cx*2) ** (11/
4) + 2%cxk3*%(—1/c*xx2)*x(11/4)) + bxc**3xe*xxx2% (-1/c*x2)**(11/4)*atan (ckx*x*
2)/ (2%ckx5xxkkdx (-1 /c**2) xk (11/4) + 2xckx*3x(—1/c**2)**x(11/4)) - 2¥b*cx*2*dx*
(-1/c**2)*x(5/2) *1log(x - (-1/c**2)**(1/4))/(2*ck*xb*x*k*x4*(-1/cx*2)*x(11/4) +
2kcx*k3% (—1/c**2) **x (11/4)) + bkc*kx2+d* (-1/cx*2)*x(5/2) *Llog(x**2 + sqrt(-1/c
*%2)) / (2%c*x*k5xx*kkd* (—1/c*x*2) %% (11/4) + 2kcx*3x(-1/c**2)*x(11/4)) - 2%bkc**2
xdk (—1/c**2) ** (5/2) *atan (x/ (=1/c**2) x* (1/4)) / (2xc**x5xx**x4* (-1/c**2) *x* (11/4)
+ 2xc*k*3x(—1/c*k*2)*x*(11/4)) - bkcx*2kex(-1/c**2)**x(11/4)*log(x**2 + sqrt(-
1/c**2)) / (2% ck*5kxxkd* (=1/c*x2) xx (11/4) + 2%cx*3x(-1/cx*2)**(11/4)) - 2xbx*d
xxkkdxatan (Ckx*x2) / (2xck*6xxkk4x (=1/ck*2) xx (11/4) + 2kc*x4*x(-1/c**2)**(11/4
)) - 2xb*d*atan(c*x*x*2)/(2%ckx*x8xx*kxxdx (—1/c**2)*x*k(11/4) + 2xc*kx*x6x(—1/c**2)*x*
(11/4)) + bxexxxkd*(-1/c**2)*x(1/4)*atan (ckx**2) / (2xc*k*6xx**4* (—1/c**2) ** (1
1/4) + 2kcHkxdx(=1/cx*2)*x(11/4)) + brex(-1/cx*2)*x(1/4)*atan (cxx**2) / (2kc**
8xxk*k4x (—=1/cx*2)xx(11/4) + 2kc*x6*x(-1/c**2)**(11/4)), True))

Maxima [A] (verification not implemented)

nomne

Time = 0.30 (sec) , antiderivative size = 168, normalized size of antiderivative = 0.88

/(d + ez) (a + barctan (cz?)) dz = %aexz
)

ﬁ(z cz+v/2v/c ﬁ(2 cx—\/iﬁ)

: -
—1cC
4 c

N
(S
N

Cc (&

(2 cx? arctan (cx?) — log (cz* + 1))be

d
+ adx + ic

[In] integrate((e*x+d)*(at+b*arctan(c*x~2)),x, algorithm="maxima")

[Out] 1/2*a*xexx”2 - 1/4*%(c*x(2*sqrt(2)*arctan(1/2*sqrt(2)*(2*c*x + sqrt(2)*sqrt(c)

)/sqrt(c))/c~(3/2) + 2*xsqrt(2)*arctan(1/2*sqrt(2)*(2*c*x - sqrt(2)*sqrt(c))
/sqrt(c))/c”(3/2) - sqrt(2)*log(c*x~2 + sqrt(2)*sqrt(c)*x + 1)/c”(3/2) + sq
rt(2)*log(c*x~2 - sqrt(2)*sqrt(c)*x + 1)/c~(3/2)) - 4*xxxarctan(c*x~2))*bxd
+ axd*x + 1/4x(2xcxx"2*arctan(c*x~2) - log(c™2*x"4 + 1))*b*e/c

2 \/§arctan (2—\/5 2 \/iaICta’n ( 2,/c > \/Elog (cxz + \/é\/al? + 1) n vV
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Giac [A] (verification not implemented)

none
Time = 0.46 (sec) , antiderivative size = 184, normalized size of antiderivative = 0.96

/ (d+ ex) (a+ barctan (cz®)) dz = % bez? arctan (cz?) + % aex® + bdz arctan (cz?)

V/2bced arctan (% \/§<2x + %) \/H>

+ adx — 21
cl2
v/2bced arctan (% \/§<2w - \‘[%) \/H>
2|2
N (\/ibcd\/ﬂ - bceé)1 lc2)g (m2 + % + |—i|)
c
<\/§bcd\/ﬂ + bce) log <x2 - % + ﬁ)
B 4 c?

[In] integrate((exx+d)*(at+b*arctan(c*x~2)),x, algorithm="giac")

[Out] 1/2*%bxexx”~2*arctan(c*x~2) + 1/2%a*e*x”2 + b*d*x*arctan(c*x~2) + a*d*x - 1/2
*xsqrt (2) ¥bxc*d*arctan(1/2*sqrt (2)*(2*xx + sqrt(2)/sqrt(abs(c)))*sqrt(abs(c))
)/abs(c)~(3/2) - 1/2*sqrt(2)*b*c*d*arctan(1/2*sqrt(2)*(2*x - sqrt(2)/sqrt(a
bs(c)))*sqrt(abs(c)))/abs(c)~(3/2) + 1/4*(sqrt(2)*bxcxd*sqrt(abs(c)) - bxcx
e)*log(x~2 + sqrt(2)*x/sqrt(abs(c)) + 1/abs(c))/c”2 - 1/4x(sqrt(2)*b*c*xd*sq
rt(abs(c)) + b*cxe)*log(x~2 - sqrt(2)*x/sqrt(abs(c)) + 1/abs(c))/c"2

Mupad [B] (verification not implemented)

Time = 2.69 (sec) , antiderivative size = 203, normalized size of antiderivative = 1.06

aex?

/(d—l— ex) (a + barctan (cz?)) dz = adz + + bdzatan(cz?)

_beln (zv/=cli—1) _beln (zv/—cli+1)

4c 4c
beln(a:\/cli—l) beln($\/01i+1)
B 4c B 4c

N bez®atan(cz?) bdlIn (zv/=cli—1) v/—=cli
2 2c
| bdln (zv/—=cli+1) v/=cli

2c

bdIn (z+vcli—1) Veli

2¢c
N bd In (x\/cli—l-l) Veli
2¢c
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[n] int((a + bratan(cxx"2))*(d + exx),x)

[Out] axd*x + (a*e*x~2)/2 + bxd*x*atan(c*x~2) - (bk*exlog(x*(-c*1i)~(1/2) - 1))/(4
xc) - (brexlog(x*(-c*11)~(1/2) + 1))/(4%c) - (bxexlog(x*(c¥1i)~(1/2) - 1))/

(4xc) - (bxexlog(x*(c*1i)~(1/2) + 1))/(4*c) + (b*e*xx"2*atan(c*xx~2))/2 - (bx*
d*log(x* (~c*1i)~(1/2) - 1)*(-c*1i)~(1/2))/(2%c) + (bxd*log(xx(-c*1i)~(1/2)

+ 1)x(-c#11)"(1/2))/(2%c) - (brdrlog(rx(c¥11)(1/2) - 1)*(cx11)"(1/2))/ (2%

) + (b*d*log(x*(c*1i)~(1/2) + 1)*(c*1i)~(1/2))/(2%c)
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3.93 f a+barctan (cz?) da

d+ex
Optimal result . . . . . . . . . . . e 225
Rubi [A] (verified) . . . . . . . . . 226
Mathematica [C] (verified) . . . . . . . . . .. L 231
Maple [C] (verified) . . . . . . . . . .. 232
Fricas [F] . . . . . .
Sympy [F(-1)] . . o o
Maxima [F] . . . . . . o 233
Giac [F] . . . o o 233
Mupad [F(-1)] . . . 233

Optimal result

Integrand size = 18, antiderivative size = 501

/ a + barctan (cz?) dp — (a + barctan (cz?)) log(d + ex)
d+ezx B e

e(l— 4\/ —029:>
belog SV log(d + ex)
2v/—c?e
e(1+ A —621)
belog Vv log(d + ex)

2/ —c%e
e(l—\/ —mx)
bClOg (m log(d + ew)
24/ —c%e
e(l-{—\/—\/—ic%v)
bC].Og <—W> lOg(d + 6.’17)

24/ —c?e

4/
bc PolyLog (2, M) be PolyLog (2’ \/—\/—T2(d+ez))

_|_

_|_

A —Czd—e \/—\/ﬁd—e
2v/—c2e 2v/—c2e
2
be PolyLog | 2, M) ( \/—\/—52(d+ew)>
y g< U are - bc PolyLog |( 2, Ry AT
2v/—c2e 2v/ —c?e

[Out] (at+b*arctan(c*x~2))*1ln(e*xx+d)/e+1/2¥bxckxln(e*x(1-(-c~2)~(1/4)*x)/((-c~2)~(1/
4)xd+e) ) *1n(exx+d) /e/(-c~2) ~(1/2)+1/2*xbxcx1n(-ex (1+(-c~2) " (1/4) *x) / ((-c~2)~
(1/4)*d-e))*1n(exx+d) /e/(-c~2)~(1/2)-1/2*b*c*1n(e*x+d) *1n (ex (1-x* (- (-c~2) ~(

+

+
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1/2))°(1/2))/(e+d*(-(-c~2)~(1/2))~(1/2)))/e/(-c~2)~(1/2) -1/2*b*c*1n (e*x+d) *
In(-e*x(1+xx (- (-c"2)"(1/2))"(1/2)) / (me+d* (- (-c~2)~(1/2))~(1/2))) /e/(-c"2)~ (1
/2)+1/2%b*c*polylog(2, (-c~2) " (1/4) *(exx+d) /((-c~2)~(1/4)*d-e)) /e/(-c"2)~(1/
2)+1/2*%bxcxpolylog(2, (-c~2)~(1/4)*(e*xx+d) /((-c~2)~(1/4)*d+e)) /e/(-c~2)~(1/2
)-1/2%b*c*polylog(2, (e*xx+d)*(-(-c~2)~(1/2))~(1/2)/ (-e+d* (- (-c~2)~(1/2))~(1/
2)))/e/(-c~2)~(1/2)-1/2xbxc*polylog(2, (exx+d) *(-(-c~2)~(1/2))~(1/2) / (e+d* (-
(-c™2)7(1/2))~(1/2)))/e/(-c~2)~(1/2)

Rubi [A] (verified)

Time = 0.64 (sec) , antiderivative size = 501, normalized size of antiderivative = 1.00,
number of steps used = 19, number of rules used = 8, dumber of rules _ 4 444 Ryles used

’ integrand size
= {4976, 281, 209, 2463, 266, 2441, 2440, 2438}

4 /
bc PolyLog (2, M)

/ a + barctan (cz?) dr — log(d + ex) (a + barctan (cz?)) N V—Cld—e
d+ex N e 2v/—c%e
Y2
V=v=d(d+ex)\  bcPolyL (2, M)
~ bc PolyLog <2, Ny PO ) . ¢ rolyL.og Y dre
2v/—c%e 2v/—c%e
be PolyLog (2, v -“‘7’2(‘”“))

vV —vV—c2d+e

2v/—c2e
beclog(d + ex) log (@)

2v/—c?e
beclog(d + ex) log (—

2v/ —c%e

beclog(d + ex) log (eg/;?gi:))

2v/—c%e
bclog(d + ex) log (-%)

24/ —c2e

—C2d+te

_|_

o(V=con) )

4
—C2d—e

_|_

[In] Int[(a + b*ArcTan[c*x~2])/(d + e*x),x]

[Out] ((a + b*ArcTan[c*x~2])*Logld + e*x])/e + (b*c*Logl[(ex(1 - (-c~2)~(1/4)*x))/

((-c™2)~(1/4)*d + e)]*Logld + exx])/(2+Sqrt[-c~2]*e) + (b*c*Log[-((ex(1 + (
-c"2)7(1/4)*x))/((-c~2)~(1/4)*d - e))]*Logld + e*x])/(2*Sqrt[-c~2]*e) - (b*
cxLogl[(ex(1 - Sqrt[-Sqrt[-c~2]1%*x))/(Sqrt[-Sqrt[-c~2]]1*d + e)]*Logld + e*x]
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)/ (2%Sqrt [-c~2]*e) - (bkcxLogl-((ex(1 + Sqrt[-Sqrt[-c~2]11*x))/(Sqrt[-Sqrt[-

c2]1*d - e))]*Logld + e*x])/(2+Sqrt[-c~2]*e) + (b*c*PolyLogl[2, ((-c~2)~(1/

4)*(d + exx))/((-c~2)"(1/4)*d - e)])/(2*Sqrt[-c~2]*e) - (b*cxPolyLogl[2, (Sq

rt[-Sqrt[-c"2]11*(d + e*xx))/(Sqrt[-Sqrt[-c~2]11*d - e)])/(2*Sqrt[-c~2]*e) + (

bxc*PolylLog[2, ((-c™2)7(1/4)*(d + e*x))/((-c"2)"(1/4)*d + e)])/(2+Sqrt[-c™2

1xe) - (bxc*PolyLog[2, (Sqrt[-Sqrt[-c2]]1*(d + e*x))/(Sqrt[-Sqrt[-c~2]]1*d +
e)1)/(2#Sqrt [-c~2] *e)

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 0])

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 281

Int[(x_)~"(m_.)*x((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*(a + b*x~(n/k))"p, x], X, X
“k], x] /; k != 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQlcxd, 1]

Rule 2440

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))1*(b_.))/((f_.) + (g_.)*(x))), x_
Symbol] :> Dist[1/g, Subst[Int[(a + b*Logl[l + cxex(x/g)]1)/x, x], x, f + gxx
]’ X] /! Freeq[{a, b’ C’ d, e’ f, g}, X] && NeQ[e*f - d*g, O] && EqQ[g + C*k
(exf - dxg), 0]

Rule 2441

Int[((a_.) + Logl(c_.)*((d)) + (e_.)*x(x_))"(n_.)I1*(b_.))/((f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[Loglex((f + g*x)/(exf - dxg))]1*((a + b*Loglcx(d + e*x
)"nl)/g), x] - Dist[b*ex(n/g), Int[Logl(ex(f + g*x))/(exf - dxg)]1/(d + e*x)
, x]1, x]1 /; FreeQ[{a, b, c, d, e, f, g, n}, x] && NeQ[exf - dxg, 0]

Rule 2463

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_))"(n_.)]*(b_.))"(p_.)*((h_.)*(x_))
“(m_.)*((£) + (g_.)*(x_)"(r_.))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a
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+ bxLoglc*(d + exx)~n])~p, (h*x) m*(f + g*x"r)~q, x], x] /; FreeQ[{a, b, c
,d, e, f, g, h, m, n, p, q, r}, x] && IntegerQ[m] && IntegerQ[q]

Rule 4976

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol]
:> Simp[Logl[d + e*x]*((a + bxArcTan[c*x"n])/e), x] - Dist[b*c*(n/e), Int[x~
(n - D*(Logld + e*xx]/(1 + c™2*x~(2*n))), x], x] /; FreeQ[{a, b, c, d, e, n
}, x] && IntegerQ[n]

Rubi steps
2))1 2bc z log(d+ex) dx
integra,l = (a + barctan (C‘T )) Og(d + 6:6) ( ) f T 142zt
€ e

2% _ c?zlog(d+ex) . c?zlog(d+ex) d
(a + barctan (cz?)) log(d + ex) (2be) | ( 2= (V=—c2a?)  2V=(V=cT+ca?) T

e e
(a + barctan (cz?)) log(d + ex) (bev=22) [ %dtgzg dzx ( v-e) [ f/b;g(itgzg dz
e
(a + barctan (cz?)) log(d + ex)

e

A —c? log(d+ea:) —c2 log(d+-ex)
bey/—c2) [ [ -V v d
( voe ) / ( 2c2 (1— V—C%) 2c2 (1+ V—c ) v

e
) V—vV=Clog(dter) _ v/—v—clog(dtex
(bC _02) f (202(1— l—;g/(%a,‘)) o 202<1+%m))) dI

e

log(d+ex)
_ (a+ barctan (cz?)) log(d + ex) (be) J A2, dz

- € - 2v/—c2e
(bC) f ii(% dx (bc) f % dx . bC) f log(d-i-ex) d.’L'
2v/—c2e 2/ —r/—c2e on/— /—_026

+



bclog
(a + barctan (cx?)) log(d + ex) N

e 2v/—c2e

hel e<1+4 _021> 1 (d_|_ ) e(l— _\/_702‘%)
OB\ TV a, ) BT belog <W

+

2v/—c%e
bclog (—%) log(d + ex)

2v/—c?e
e(lf 4\/ —02:1:) )

d

4\/ —02 d+e

d+-ex £

9 (

W —c
e(lf\/ﬁz)
e )

d+ex

g e 1+y/— 7c2x)
G ( v, (b)) (ﬁ>d

2v —c?

229
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bclog | ~—7—*%
(a + barctan (cz?)) log(d + ex) N —C%dte
€ 2V —c%e

4/ 3
el 1+V —C°z 2
bclog (—Q) log(d+ex) pe log <@> log(d + ex)

—C2d—e

+ J—
2v/—c% 2v/—c?%e
belog (—%) log(d + ex)
- 2\/_—02
log 1+ _C z )
(bc)Subst | [ = _c dter dr, x,d + ex
- —c%e
log _62 >
(bc)Subst | [ —c dte/ dy . d+ ex
- —cze
log z )
(bc)Subst | [ VoV dz,z,d+ ex
+
—ch
log m >
(bc)Subst | [ Vv dz,z,d + ex

+
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hel e(l— \/4 —CQx) 1 (d )
c log 7 ogla + ex
(a4 barctan (cz?)) log(d + ex) N —C%dte
N € 2v/—c?%e
e<1+ 4 _02:0) <1 — =, )
bclog T Y 24, log(d +ez)  pclog < RV ryoe ) log(d + ex)
+ J—
2v/—c%e 2v/ —c%e
belog <—e<l+— g@) log(d + ex)
- 2/~
bc PolyLog ( \ _C(Qd;ex)) bc PolyLog ( , V=& (d—l—ex))
i _ Vv —Zd—
2v—c% 2v/—c2e
A —c2 exr
be PolyLog (2, —m) bcpolyLOg< 7 ﬁ(,f;ex))
+ _ V—v—cd+e
2v/ —c?%e 21/ —c2e

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 21.06 (sec) , antiderivative size = 326, normalized size of antiderivative = 0.65

/ a + barctan (cz?) alog(d + ex)
dr =
d+ex e

b (2 arctan (cz?) log(d + ex) + 1 (log(d + ex)log (1 — %) + log(d + ex) log <1

_ _eldten)

Ved+ \4/ —le

_|_

[In] Integrate[(a + b*ArcTan[c*x72])/(d + e*x),x]

[Out] (axLogld + exx])/e + (b*(2*ArcTan[c*x~2]*Log[d + e*x] + I*(Logld + e*x]*Log

[1 - (Sqrtlcl*(d + exx))/(Sqrtlcl*d - (-1)~(1/4)*e)] + Logld + exx]*Logl[l -
(Sqrt[cl*(d + e*x))/(Sqrtlcl*d + (-1)"(1/4)*e)] - Logld + exx]*Log[l - (Sq
rtcl*(d + exx))/(Sqrtlcl*d - (-1)~(3/4)*e)] - Logl[d + exx]*Logl[l - (Sqrtlc
1x(d + exx))/(Sqrtlcl*d + (-1)~(3/4)*e)] + PolyLogl[2, (Sqrtlcl*(d + e*x))/(
Sqrtlcl*d - (-1)"(1/4)*e)] + PolyLogl[2, (Sqrtlcl*(d + e*xx))/(Sqrtlcl*d + (-
1)°(1/4)*e)] - PolyLogl[2, (Sqrtlcl*(d + exx))/(Sqrtlcl*d - (-1)~(3/4)*e)] -
PolyLog[2, (Sqrtlcl*(d + e*x))/(Sqrtlcl*d + (-1)"(3/4)*e)])))/(2xe)



Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 4.

232

Time = 1.27 (sec) , antiderivative size = 138, normalized size of antiderivative = 0.28

method | result
In(ez+d) In ﬁ—ﬁ
be —R:
In(ea-td) bin(ea-+d) arctan (c2?) _R1=Root0f(c2_Z474c2d_Z3+602d2_Z274_Zc2d3+c2d4+e4) _R;
aln(ex+ n(ex arctan(cx
default - + = — -
In(ez+d) In ﬁ—ﬁ
be _R:
_Rl:RootOf(62_24—4c2d_23+6c2d2_zz—4_Zczd3+c2d4+e4) _RJ
parts aln(ex+d) + bln(ex+d) arctan (cz?) _
e e 2c
. V—ic—c(ez+d)+ecd . V=ictc(ez+d)—cd o o c(extd
I'iSCh ibln(ez+d) ln(—z’cz2+1) i ibIn(ex+d) ln(%#) _ ibIn(ex+d) 1n(etﬁc\/j—#> . 1bd110g(%
2e 2e 2e 2e

[In] int((atb*arctan(c*x~2))/(e*x+d),x,method=_RETURNVERBOSE)

[Out] a*1ln(e*x+d)/e+bx1n(e*x+d)/e*arctan(c*x~2)-1/2xb/c*exsum(1/(_R1°2-2% R1*d+d~
2)*(1n(e*x+d)*1n((-exx+_R1-d)/_R1)+dilog((-e*x+_R1-d)/_R1)), R1=Root0f(_Z"4

*xCT2-4%_Z73%cT2xd+6%_Z"2%c"2*%d"2-4%_Zxc"2+d"3+c"2xd"4+e"4))
Fricas [F]

dz

/ a + barctan (cz?) p

/ barctan (cz?) + a
d+ex

er+d

[In] integrate((a+b*arctan(c*x~2))/(e*x+d),x, algorithm="fricas")

[Out] integral((b*arctan(c*x~2) + a)/(e*x + d), x)

Sympy [F(-1)]

Timed out.

dz = Timed out

/ a + barctan (cz?)
d+ex

[In] integrate((at+b*atan(c*x**2))/(exx+d),x)

[Out] Timed out
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Maxima [F]

2 2
/a+barctan (cz )d:c _ / barctan (cz?) + a i
d+ex ex +d

[In] integrate((a+b*arctan(c*x~2))/(e*x+d),x, algorithm="maxima")

[Out] 2*b*integrate(l/2xarctan(c*x”2)/(exx + d), x) + axlog(e*xx + d)/e

Giac [F]

2 2
/a+barctan (cz )da: _ / barctan (cx?) + a i
d+ex ex +d

[In] integrate((a+b*arctan(c*x~2))/(e*x+d),x, algorithm="giac")

[Out] integrate((b*arctan(c*x~2) + a)/(exx + d), x)

Mupad [F(-1)]

Timed out.

2 2
/a+barctan(cx )dx:/a—i-batan(cx ) s
d+ex d+ex

[In] int((a + b*atan(c*x~2))/(d + e*x),x)
[Out] int((a + b*atan(c*x~2))/(d + e*x), x)
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3.94 f a+barctan (cz?) da

(d+ex)?
Optimal result . . . . . . . . . . e 234]
Rubi [A] (verified) . . . . . . . . 235
Mathematica [A] (verified) . . . . . . ... ... L o 238
Maple [A] (verified) . . . . . . ... L 239
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ... ..... 2400
Sympy [F(-1)] . . o o 240
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... .. 240
Giac [F] . . o o 24T]
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ...... 24T]

Optimal result

Integrand size = 18, antiderivative size = 328

a + barctan (cz?) bcd? arctan (cx?)  a + barctan (cz?)
/ (d+ ex)? T (2d* +et) e(d+ ex)
by/c(cd? — €?) arctan (1 — v/2¢/cz)
* V2 (c2d* + e)
by/c(cd? — €?) arctan (1 + v2y/cx)  2bedelog(d + ex)
V2 (c2d* + e) cAd*+ et
by/c(cd® + %) log (1 — v/2\/cx + cz?)
- 2v/2 (c?d* + e)
by/c(cd? + €2)log (1 + v2v/cx + cx?)  bedelog (1 + a?)
2v/2 (c2d* + e4) 2 (c2d* + )

[Out] bxc~2xd~3*arctan(c*x"2)/e/(c"2*d"4+e”~4)+(-a-b*arctan(c*x~2))/e/ (exx+d) -2xb*
cxdxex1n(e*xx+d)/(c"2*d~4+e”4)+1/2*bxcxd*e*x1ln(c™2*xx"4+1) / (c~2*xd"4+e~4)-1/2*b
*(cxd~2-e~2) *arctan (-1+x*2~(1/2) *c~(1/2) ) *c~(1/2) / (c~2%d~4+e~4) %2~ (1/2)-1/2

*b* (c*d~2-e"2) *arctan (1+x*2~ (1/2)*c~(1/2))*c~(1/2) /(c"2%d"4+e~4) %2~ (1/2)-1/

4xb*x (cxd~2+e"2) *1n(1+c*x"2-x*2"(1/2) *c~(1/2) )*c~(1/2) / (c"2*d"4+e"4) *x2"(1/2)
+1/4%b* (cxd™2+e"2) *1n (1+c*x™2+x*27 (1/2)*c~(1/2) ) *c~(1/2) / (c"2*%d"4+e"4) %2~ (1

/2)
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Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 328, normalized size of antiderivative = 1.00,

number of steps used = 18, number of rules used = 13, number of rules _ 722, Rules
integrand size

used = {4980, 6857, 1890, 1182, 1176, 631, 210, 1179, 642, 1262, 649, 209, 266}

(d + ex)? e e(d + ex) T (c2d* + e4)
N by/carctan (1 — v/2y/cz) (cd? —

V2 (c2d* + %)
) (cd? —

/ a + barctan (cz?) a + barctan (cx?)  bc?d® arctan (cz?)

6

_ by/carctan (V2y/ex +1 e?)  bedelog (c?z* + 1)
V2 (c2d + et) 2 (c2d* + e*)
2bcdelog(d + ex)  by/c(cd?® + €?)log (ca? — v2y/cz + 1)
a ctd* + et B 2v/2 (c2d* + e*)
by/c(cd? + €2) log (caz® + V2v/ex + 1)
* 2v/2 (c2d* + %)

[In] Int[(a + bxArcTan[c*x"2])/(d + e*xx)~2,x]

[Out] (b*c~2%d~3*ArcTan[c*x~2])/(ex(c"2%d"4 + e74)) - (a + bxArcTan[c*x"2])/(ex(d
+ exx)) + (b*Sqrtlc]*(cxd~2 - e~2)*ArcTan[1 - Sqrt[2]*Sqrt[cl#*x])/(Sqrt[2]
*x(c"2%d"4 + e74)) - (b*Sqrtlcl*(c*xd~2 - e~2)*ArcTan[1 + Sqrt[2]*Sqrt[c]*x])
/(Sqrt[2]*(c™2%xd"4 + e74)) - (2*b*c*d*exLogld + e*x])/(c™2*xd"4 + e74) - (bx
Sqrt[cl*(cxd™2 + e~2)*Logl[l - Sqrt[2]*Sqrt[cl*x + c*xx~2])/(2*Sqrt[2]*(c~2*d
“4 + e74)) + (bxSqrtlcl*(c*d™2 + e~2)*Log[1 + Sqrt[2]*Sqrtlcl*x + c*x~2])/(
2xSqrt [2] *(c™2*%d"4 + e~4)) + (b*cxdxexLogl[l + c™2%x74])/(2*(c”2*d"4 + e~4))

Rule 209

Int[((a) + (b_.)*(x.)"2)~(-1), x_Symbol]l :> Simp[(1/(Rt[a, 21*Rt[b, 21))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 0])

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 0])

Rule 266
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 631
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Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[a*x(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d_) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 649

Int[((d)) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + cxx~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && 'NiceSqrtQ[(-a)*c]

Rule 1176

Int[((d)) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Dist[e/(2*%c), Int[1/Simp[d/e + gq*x + x~2, x], x], x] + Dist[e
/(2%c), Int[1/Simp[d/e - q*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQlc*d™2 - a*e™2, 0] && PosQ[dxe]

Rule 1179

Int[((d) + (e_.)*(x)"2)/((a) + (c_.)*(x_)~4), x_Symboll :> With[{q = Rt[
-2x(d/e), 21}, Dist[e/(2*c*q), Int[(q - 2*x)/Simp[d/e + g*x - x~2, x], x],
x] + Dist[e/(2*cxq), Int[(q + 2*x)/Simp[d/e - g*x - x~2, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQ[c*d~2 - a*e™2, 0] && NegQ[d*el]

Rule 1182

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
axc, 2]}, Dist[(d*q + axe)/(2*a*c), Int[(q + c*x72)/(a + c*x74), x], x] + D
ist[(d*q - a*e)/(2*a*c), Int[(q - c*x~2)/(a + c*x~4), x], x]] /; FreeQ[{a,
c, d, e}, x] && NeQ[cxd"2 + a*e”2, 0] && NeQ[c*d™2 - axe™2, 0] && NegQ[(-a)
*c]

Rule 1262

Int[(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + e*x)~g*(a + c*xx~2)7p, x], x, x72], x] /; FreeQ
[{a, c, d, e, p, q}, x]

Rule 1890
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Int[(Pq )/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = Sum[x~ii*((Coeff
[Pq, x, ii] + Coeff[Pq, x, n/2 + iil*x~(n/2))/(a + b*x"n)), {ii, 0, n/2 - 1
}1}, Intlv, x] /; SumQ[vl] /; FreeQ[{a, b}, x] && PolyQ[Pq, x] && IGtQ[n/2,
0] && Expon[Pq, x] < n

Rule 4980

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)I*(b_.))*((d_) + (e_.)*(x_))"(m_.), x_Sy
mbol] :> Simp[(d + e*x)~(m + 1)*((a + b*ArcTan[c*x"n])/(ex(m + 1))), x] - D
ist[b*cx(n/(ex(m + 1))), Int[x"(n - 1*((d + exx)"(m + 1)/(1 + c”2*x~(2*n))
), x], x]1 /; FreeQ[{a, b, c, d, e, m, n}, x] && NeQ[m, -1]

Rule 6857

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rubi steps

a + barctan (cz?) (2bc) [ (@rea) (17 2a%) dx
e(d+ ex) e

integral = —

e3+c2d3x—c?d?ex?+c2de?z3
a + barctan (cz?) (2bc) | ( (c2d4+e4)(d+eac) + it et (1 e > dx

e(d + ex) e
__a+barctan (ca®)  2bcdelog(d +ex)  (2bc) / 63+62d3x_1cj_£2§2+02d82w3 dz
e(d + ex) c2dt + et e(cd* +e)
e3—c242 z(c2d3+c2de?x?)
_ _a+barctan (cz®)  2bcdelog(d + ex) N (2be) | ( 1+ch4 R Fr ) dz
e(d + ex) c2dt + et e(cd* +e)
2 72 T 02 3 C2 621132
__a+barctan (cz®) 2bcdelog(d + ex) (2bc) [ ¢ ;ﬁc‘zixix dz  (2bc) [ % dr
e(d + ex) c2dt + et e(c?d* + e) e(c?d* +e)
2 (bc)Subst ( [ €4 de’s gy g o2
__a+barctan(cz®)  2bcdelog(d + ex) N 1+c%a?
e(d+ ex) Ad* + et e (c2d* + e*)
B b(cd? — €?)) [ €52 dx N (bcd? + €2)) [ 5% da

c2d4 + et c2d + et
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_a+barctan (cx?) _ 2bcdelog(d + ex)
e(d + ex) c2dt 4 et
N (bc>d®) Subst ( [ 127z d, =, %) N (bc*de) Subst ( [ 2z dz, , z7)
e(cd* +e) c2dt + et
(b(cd® —€?)) [ m dr  (b(cd® —€?)) [ 1

c Ve %+%+x2
2 (c2d* + €*) 2(ctd* +€*)
ﬁ—i—Zz V2_og
(bye(ed® +€?)) [ L%5—dz  (by/e(ed® +€?)) [ L 5—dx

Ve —t et

2v/2 (c2dt + e4) 2v/2 (c2d* + et)
_ bcd’arctan (cz®)  a +barctan (cz?)  2bedelog(d + ex)
e(cd* +e) e(d + ex) c2d* + et
_ by/e(cd® + €?) log (1 — v2y/ex + cz?) N by/c(cd? + €2)log (1 + v2+/cx + cz?)
2v/2 (c2d* + e*) 2v/2 (c2d* + %)
bedelog (1 + c2z*)  (by/c(cd? — €?)) Subst( [ 2= dz,z,1 — V2\/cx)
2(2dt +et) V2 (c2d* + €4)
(by/c(cd? — €2)) Subst ([ 2 dz,z,1+ v2/cx)
* V2 (c?d* + e)
_ bc®dParctan (cz?)  a+ barctan (ca?)  by/c(cd® — e?) arctan (1 — v/2y/cx)
e (c2d* + e*) e(d + ex) V2 (c2d* + e)
by/c(cd? — €?) arctan (1 + v/2v/cx)  2bedelog(d + ex)
VZ (i + ) Zdt 4 et
by/c(cd? + €2)log (1 — v/2+/cx + cz?)
- 2v/2 (c2d* + %)
N by/c(cd? + €2)log (1 + V2¢/cx + cx?)  bedelog (1 + 2a?)
2v/2 (c2d* + e4) 2 (c?d* + e*)

Mathematica [A] (verified)

Time = 0.76 (sec) , antiderivative size = 321, normalized size of antiderivative = 0.98

dr =

/ a + barctan (cz?)
(d+ ex)?

4a(d* + €*) + 4b(c*d* + e*) arctan (cz?) + 2by/c(2¢%/2d® — V/2cd®e + v/2€%) (d + ex) arctan (1 — /2y,

[In] Integrate[(a + bxArcTan[c*x72])/(d + e*xx)~2,x]

[Out] -1/4%(4xa*x(c”2%d"4 + e"4) + 4xb*(c”2+%d"4 + e~4)*ArcTan[c*x"2] + 2*b*Sqrt[c]
*x(2%c~(3/2)*%d"3 - Sqrt[2]*cxd~2*e + Sqrt[2]*e~3)*(d + e*x)*ArcTan[l - Sqrt[
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2] *#Sqrt [c]*x] + 2*b*Sqrt[c]*(2xc~(3/2)*d"3 + Sqrt[2]*c*d~2*e - Sqrt[2]*e~3)
*(d + exx)*ArcTan[1 + Sqrt[2]*Sqrt[c]*x] + 8xbxc*d*e"2x(d + exx)*Logld + ex
x] + Sqrt[2]*bxSqrt[c]*ex(c*d™2 + e"2)*(d + e*x)*Logl[l - Sqrt[2]*Sqrt[c]*x
+ c*xx”2] - Sqrt[2]*b*Sqrtlc]l*ex(cxd”2 + e"2)*(d + e*x)*Logl[l + Sqrt[2]*Sqrt
[cl*x + cxx™2] - 2*b*cxd*e”2*(d + e*x)*Log[l + c"2*x74])/(ex(c™2xd"4 + e74)
*(d + e*x))

Maple [A] (verified)

Time = 1.40 (sec) , antiderivative size = 297, normalized size of antiderivative = 0.91

method | result
es<zlg)i\/§ In ": <;12> '7’\/>+\/7 +2 arctan *17 +2 arcte
() tevar5 @)
2¢| 4 nlertd) |
default | — % +b| —Toenler) 4
e3(ci2>71£\/§ In = <C%> zf+\/7 +2arctan | V22 T +1 | +2arct:
() tevin/5 ()"
2¢| 4 nlertd) |
parts (ez—i—d)e +b _ar((:zzl-li-(;)f) +
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[In] int((atb*arctan(c*x~2))/(exx+d) 2,x,method=_RETURNVERBOSE)

[Out] -a/(exx+d)/e+b*(-1/(e*x+d)/e*arctan(cxx~2)+2xc/e*(-d*e~2/(c"2xd"4+e"4)*1n(e
*x+d)+1/(c™2%d"4+e"4)*(1/8*e"3*x(1/c~2) ~(1/4) %2~ (1/2)*(In((x~2+(1/c~2)~(1/4)
*xxx27(1/2)+(1/c”2)"(1/2))/ (x"2-(1/c"2) " (1/4) *x*2~ (1/2)+(1/c~2) " (1/2)) ) +2*ar
ctan(2°(1/2)/(1/c”2) " (1/4) *x+1)+2*arctan(2°(1/2)/(1/c”2) ~(1/4) *x-1) ) +1/2*c~
2x%d~3/(c"2)~(1/2)*arctan(x~2*x(c~2)~(1/2))-1/8%d"2xe/(1/c~2)~(1/4) %2~ (1/2) *(
In((x72-(1/c”2) " (1/4) *xx2~(1/2)+(1/c~2)~(1/2)) / (x~2+(1/c~2) "~ (1/4) *x*2~(1/2)
+(1/¢72)"(1/2)))+2*arctan(2”(1/2)/(1/c~2)~(1/4) *x+1)+2*xarctan(2~(1/2) /(1/c”
2)7(1/4)*x-1))+1/4*xd*e~2*1n(c"2*%x"4+1))))

Fricas [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 74.55 (sec) , antiderivative size = 2478078, normalized size of antiderivative =
7555.12

dxz = Too large to display

/ a + barctan (cz?)
(d+ex)?

[In] integrate((at+b*arctan(c*x~2))/(e*x+d)~2,x, algorithm="fricas")

[Out] Too large to include

Sympy [F(-1)]

Timed out.
dz = Timed out

/ a + barctan (cz?)
(d+ ex)?

[In] integrate((at+b*atan(c*x**2))/(exx+d)**2,x)
[Out] Timed out

Maxima [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 287, normalized size of antiderivative = 0.88

/ a + barctan (cz?)
Tr =
(d+ ex)?
ﬂ(cd26+\/§\/5de2+e3) log(cw2+\/§\/5x+1) \/§<cd26—\/§\/5de2+e3> log (ch—\/i\/E:t-l-l) 2
1 8delog (ex + d) e - G -
4 c2dt + et ¢
a

B e2x + de
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[In] integrate((at+b*arctan(c*x~2))/(e*x+d)~2,x, algorithm="maxima")

[Out] -1/4%((8*d*exlog(e*x + d)/(c”2*d"4 + e”4) - (sqrt(2)*(c*d"2xe + sqrt(2)*sqr
t(c)*dxe”2 + e~3)*log(cxx~2 + sqrt(2)*sqrt(c)*x + 1)/sqrt(c) - sqrt(2)*(c*xd
“2xe - sqrt(2)*sqrt(c)*d*e”2 + e~3)*log(c*xx~2 - sqrt(2)*sqrt(c)*x + 1)/sqrt
(c) - 2x(2%c™2%d"3 + sqrt(2)*c~(3/2)*d"2*%e - sqrt(2)*sqrt(c)*e”3)*arctan(1l/
2*sqrt (2) * (2xc*x + sqrt(2)*sqrt(c))/sqrt(c))/c + 2x(2xc™2*d"3 - sqrt(2)*c~(
3/2)*d"2xe + sqrt(2)*sqrt(c)*e~3)*arctan(1/2*sqrt(2)*(2*cxx - sqrt(2)*sqrt(
c))/sqrt(c))/c)/(c"2xd"4xe + e75))*c + 4*arctan(c*x~2)/(e"2*x + d*e))*b - a

/(e™2%x + dxe)

Giac [F]

/ a + barctan (cz?) / barctan (cz?) + a
5 x = 3 dz
(d+ ex) (ex +d)

[In] integrate((atb*arctan(c*x~2))/(e*x+d)~2,x, algorithm="giac")

[Out] undef

Mupad [B] (verification not implemented)

Time = 0.70 (sec) , antiderivative size = 883, normalized size of antiderivative = 2.69

/ a + barctan (cz?) i
(d+ ex)?
<z4: In (I‘OOt(lG c?dt et 24 +16 e84 — 32bcded 23 + 822 d2 e2 2 + bt 02, z, k)4 B e 1320 — I‘OOt(]_GC
k=1

+ 168 2* —32bcd65z3+8b202d26222+b402,z,k)>

___a  batan(ca?) 2bcdeln(d+ex)
ze2+de zer+de c2dt+ et

[In] int((a + bxatan(c*x~2))/(d + e*xx)~2,x)

[Out] symsum(log((320*root(16*c~2xd~4*e"4*z"4 + 16%e~8%z"4 - 32%bxcxd*e~5*z"3 + 8

*b~2%xc”"2%d"2%e"2%z"2 + bT4*c”2, z, k) “4*c"8%e”9xx — 128*root(16*c”2*d"4*e"4

*z"4 + 16*%e"8%z"4 - 32*bxc*d*e”5%z"3 + 8*b"2xc"2*d"2%e"2*z"2 + bT4x%c”2, z,

k) "4%c~10*d"5*%e"4 + 16*%b~4*c~10*e*xx - 8*root(16*c™2*xd~4*xe”4*z"4 + 16%e” 8%z~

4 - 32%b*c*d*e”5*z"3 + 8xbT2*cT2*d"2*%e"2*%z"2 + bT4xc”2, z, k) *b~3*%c"9%e”3 +
384x*root (16*c™2*%d"4*e" 4%z~ 4 + 16*%e”8%z"4 - 32*b*c*d*e”5*xz"3 + 8*b~2xc~2*d~
2%e~2%z"2 + b"4*xc"2, z, k) “4*xc~8*d*e~8 + 8xroot(16*c”2xd"4*xe"4*xz"4 + 16%e”8

*z~4 — 32%bxcxd*e”~5*z"3 + 8*b"2%c"2xd"2*e"2%z"2 + b"4*c”2, z, k)*b"3*c"11xd
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~3xx — 320*root(16*c”2*d~4*e"4*z"4 + 16*e”8%z"4 - 32*%b*c*d*e”5xz"3 + 8*b~2x*
cT2xd"2%e"2%z"2 + b"4%c”2, z, k) "3*bxc”9*d"2%e”5 - 192*root (16*c”2*d"4*e"4x*
z"4 + 16xe”8%z"4 - 32%bxckd*e”5%z"3 + B*b~2*kc"2xd"2xe"2xz"2 + b"4*c"2, z, k
) "4xc~10*%d"4*e"5*x + 32*%root (16*c"2*xd"4*e"4*z"4 + 16*%e”8*z"4 - 32xbxcxd*e”5
*Z"3 + 8%b"2xc"2*d"2%e"2*xz"2 + b~4*c”2, z, k) "3*bxc"11*d"5*e"2*x + 64*root(
16xc™2*%d"4*e"4*xz"4 + 16%e”8*xz"4 - 32%bkcxd*e”~5*xz"3 + 8xb"2*kc"2*d"2xe"2*z"2
+ b"4%c”2, z, k)“T2xb"2%c"10*%d"2*e"3*x - 416*root (16*%c”2*xd"4*e" 4%z~ 4 + 16%e”
8%z~4 - 32xbxcxd*e~5*z"3 + 8%b~2%c 2%d"2%e”2%z~2 + b~4*c~2, z, k) “3xb*xc”~9*d
*e~6*x) /e”2)*xroot (16*%c~2xd"4*e" 4%z~ 4 + 16%e”8%z"4 - 32*b*c*d*e~5*xz"3 + 8xb~
2%c"2xd"2%e"2%z"2 + b~4*c"2, z, k), k, 1, 4) - a/(d*xe + e”2*x) - (b*atan(cx*
x72))/(d*e + e"2%xx) - (2*bkcxdxexlog(d + exx))/(e”4 + c~2xd~4)
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3.25 [(d+ ex) (a + barctan (cz?))’ dz

Optimal result . . . . . . . . . . . e 243
Rubi [A] (verified) . . . . . . . . 247
Mathematica [B| (warning: unable to verify) . . . . . ... ... ... ... 2511
Maple [F] . . . . 254
Fricas [F] . . . . . o o 257
Sympy [F] . . o 255
Maxima [F] . . . . . o 255
Giac [F] . . . o o 255
Mupad [F(-1)] . . . . 2561

Optimal result

Integrand size = 18, antiderivative size = 1325

2(—1)**abd arctan ((—1)*/*\/cz)

/(d + ez) (a + barctan (cx2))2 dz = a’dx —

Ve
(—=1)*“b*darctan ((_1)3/4\/515)2 ie(a + barctan (cz?))”
+
Ve 2c
1 o 2(—1)**abdarctanh((—1)34\/cz) \4/—1b2darctanh((—1)3/4\/5$)2 2v/-
+-ez®(a+barctan (cz?))"+ _ N

2 Ve Ve

[Out] -(-1)"(1/4)*b~2*d*arctan((-1) " (3/4)*x*xc” (1/2))*1n(1+I*c*x~2)/c~(1/2)+(-1)"(
1/4)*b~2xd*arctanh ((-1) ~(3/4) *x*c~(1/2) ) *1n(1+I*c*xx"2) /c~(1/2)+(-1)~(1/4) *b
~2xd*arctan((-1)~(3/4)*x*xc”(1/2))*1n(27(1/2)*((-1)~(1/4) +x*c~(1/2)) / (1+(-1)
~(1/4) *x*xc™(1/2)))/c”(1/2)+(-1)~(1/4) *b~2*d*arctanh ((-1) ~(3/4) *x*c~ (1/2) ) *1
n(-27(1/2)*((-1)~(38/4)+xxc~(1/2)) / (1+(-1)~(3/4) *x*xc~(1/2))) /c~(1/2)+(-1)~ (1
/4)*b~2xd*arctanh ((-1) " (3/4)*x*xc” (1/2) )*1n((1+I) * (1+(-1) " (1/4) *x*xc~(1/2)) / (
1+(-1)"(3/4) *x*c~(1/2))) /c~(1/2)+(-1)~(1/4) *b~2*d*arctan((-1) ~(3/4) *x*c~ (1/
2))*1n((1-D)*(1+(-1)~(3/4) *x*xc~(1/2) ) / (1+(-1)~(1/4) *x*c~(1/2))) /c~(1/2)+1/2
*I*e* (a+b*arctan(c*x”~2)) “2/c+b*e* (a+b*arctan(c*x”2) ) *1n(2/ (1+I*c*x"2)) /c+(-
1)~ (3/4)*b~2xd*arctan((-1) " (3/4)*x*xc~(1/2))"2/c~(1/2)-(-1)~(1/4) *b~2*d*arct
anh((-1)~(3/4) *xxc~(1/2))"2/c~(1/2)+(-1)~(3/4) *b~2xd*polylog(2,1-2/(1-(-1)"
(1/4)*xxc~(1/2)))/c~(1/2)+(-1)~(3/4) *b~2*d*polylog(2,1-2/(1+(-1) " (1/4) *x*c~
(1/2)))/c~(1/2)+(-1)"(1/4) *b~2*d*polylog(2,1-2/(1-(-1)~(3/4) *x*c~(1/2))) /c”
(1/2)+(-1)~(1/4) *b~2*d*polylog(2,1-2/(1+(-1)~(3/4) *x*xc~(1/2))) /c~(1/2)+1/2%
e*xx~2x (a+b*arctan(c*x~2)) "2+1/2*b~2*d*x*1n (1-I*c*x~2) *1n(1+I*c*xx~2)-1/2* (-1
)~ (3/4)*b™2xd*polylog(2,1-27(1/2) *((-1) " (1/4) +x*c~(1/2)) / (1+(-1) " (1/4) *x*c~
(1/2)))/c~(1/2)-1/2%(-1)~(1/4) *b~2xd*polylog(2,1+2~(1/2) *((-1) " (3/4) +x*c~ (1
/2))/ (1+(-1)"(3/4) *x*c~(1/2))) /c~(1/2)-1/2%(-1) " (1/4) ¥*b~2*d*polylog(2,1-(1+
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D*(1+(-1)"(1/4)*xx*xc~(1/2)) / (1+(-1)~(3/4) *x*c~(1/2))) /c~(1/2)-1/2x(-1) ~(3/4
) *b~2*d*polylog(2,1+(-1+I)*(1+(-1)~(3/4) *x*c~(1/2))/ (1+(-1) "~ (1/4) *x*c~(1/2)
))/c”(1/2)-1/4*xb"2*d*x*1n (1-I*c*x"2) “2-1/4%b"2xd*x*1n (1+I*cxx~2) ~2+a~2xd*x+
1/2%I%b~2*expolylog(2,1-2/(1+I*c*x"2)) /c+I*a*xbxd*x*1n(1-I*c*x~2)+(-1)~(1/4)
*b~2+d*arctan((-1)~(3/4) *x*xc~ (1/2) ) *1n(1-I*c*x~2) /c~(1/2)-(-1)~(1/4) *b™2xd*
arctanh((-1)~(3/4)*x*xc~(1/2) ) *1n(1-I*xc*x~2) /c~(1/2)-2*(-1) "~ (3/4) *a*b*d*arct
an((-1)"(3/4)xxxc~(1/2))/c~(1/2)+2%(-1) " (3/4) *axb*d*arctanh ((-1) ~(3/4) *x*xc~
(1/2))/c”(1/2)+2%(-1)~(1/4) *b~2*d*arctan((-1) ~(3/4) *x*c~ (1/2) ) *1n(2/(1-(-1)
~(1/4) *xx*xc™(1/2)))/c”(1/2)-2x(-1) " (1/4) *b~2*d*arctan((-1) ~(3/4) *x*c~ (1/2) ) *
In(2/(1+(-1)~(1/4) *x*xc~(1/2)))/c~(1/2)+2x(-1) ~(1/4) ¥b~2*d*arctanh ((-1) " (3/4
Yxxkc™(1/2))*1n(2/(1-(-1)"(3/4)*x*xc~(1/2)))/c~(1/2)-2%(-1) " (1/4) ¥b~2*d*arct
anh((-1)"(3/4)*xxc”(1/2))*1n(2/ (1+(-1)~(3/4) *x*c~(1/2))) /c~ (1/2) -I*a*b*d*x*
In(1+I*c*x"2)

Rubi [A] (verified)

Time = 1.58 (sec) , antiderivative size = 1325, normalized size of antiderivative = 1.00,

number of steps used = 77, number of rules used = 26, number of rules _ 1.444, Rules
integrand size

used = {4982, 4932, 2498, 327, 209, 2500, 2526, 2520, 12, 5040, 4964, 2449, 2352, 212, 2636,
211, 5048, 4966, 2497, 214, 6139, 6057, 6131, 6055, 4948, 4930}

/(d + ex) (a + barctan (0302))2 dx

2(—1)**bd arctan ((—1)%/*y/cz) a N 2(—1)**bdarctanh ((—1)¥*/cz) a
Ve Ve

= dza® —

_1)3/4p2 —1)3/4 2
(—1)¥*b*d arctan ((—1)3/*y/cz) +16x2(a+barctan (cz?))?

e 2

+ibdz log (1—icz?) a—ibdz log (icz®+1) a+

[In] Int[(d + exx)*(a + b*ArcTan[c*x~2])~2,x]

[Out] a~2*xd*x - (2x(-1)~(3/4)*ax*bxd*xArcTan[(-1)~(3/4)*Sqrt[c]l*x])/Sqrtlc] + ((-1)
~(8/4)*b~2xd*xArcTan[(-1) ~(3/4) *Sqrt [c]*x] ~2) /Sqrt [c] + ((I/2)*ex(a + b*ArcT
an[c*x"2])72)/c + (exx"2%(a + b*ArcTan[c*x~2])72)/2 + (2%(-1)~(3/4)*axbxd*A
rcTanh[(-1)~(3/4)*Sqrt [c]*x])/Sqrt[c] - ((-1)~(1/4)*b~2*d*ArcTanh[(-1)~(3/4
)*Sqrt [c]*x]~2) /Sqrt[c] + (2%(-1)~(1/4)*b~2*xd*ArcTan[(-1)~(3/4)*Sqrt [c]*x] *
Log[2/(1 - (-1)~(1/4)*Sqrtlcl*x)])/Sqrtlc] - (2%(-1)~(1/4)*b~2*d*ArcTan[(-1
)~ (3/4)*Sqrt [c]*x]*Log[2/(1 + (-1)~(1/4)*Sqrtlcl*x)])/Sqrtlc] + ((-1)~(1/4)
*xb~2*d*ArcTan[(-1)~(3/4) *Sqrt [c] *x] *Log [(Sqrt [2]*((-1)~(1/4) + Sqrtl[cl#*x))/
(1 + (-1)~(1/4)*Sqrt[c]*x)]1)/Sqrt[c] + (2x(-1)~(1/4)*b~2xd*ArcTanh[(-1)~(3/
4)*Sqrt [c] *x]*Log[2/(1 - (-1)7(3/4)*Sqrt[cl*x)])/Sqrtlc] - (2%(-1)~(1/4)*b~
2xd*xArcTanh [(-1)~(3/4) *Sqrt [c]*x] *Log[2/(1 + (-1)~(3/4)*Sqrt[cl*x)])/Sqrtlc
1 + ((-1)"(1/4)*b~2*d*ArcTanh [(-1) ~(3/4)*Sqrt [c] *x] *Log [- ((Sqrt [2]*((-1)~(3
/4) + Sqrtlcl*x))/(1 + (-1)7(3/4)*Sqrt[cl*x))])/Sqrtlc] + ((-1)~(1/4)*b~2*d
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*ArcTanh [ (-1)~(3/4) *Sqrt [c]*x]*Log[((1 + I)*(1 + (-1)~(1/4)*Sqrt[cl*x))/(1
+ (-1)~(3/4)*Sqrt [c]*x)1)/Sqrt[c] + ((-1)~(1/4)*b~2*d*ArcTan[(-1)~(3/4)*Sqr
tlcl*x]*Log[((1 - I)*(1 + (-1)"(3/4)*Sqrtlcl*x))/(1 + (-1)~(1/4)*Sqrt[c]*x)
1)/Sqrt[c] + Ixaxbkdxx*Logl[l - I*c*x~2] + ((-1)~(1/4)*b~2*d*ArcTan[(-1)~(3/
4)*Sqrt [c]*x]*Log[1 - Ixc*xx~2])/Sqrtlc] - ((-1)~(1/4)*b~2%d*ArcTanh[(-1)~(3
/4)*Sqrt [c]*x]*Log[1 - Ixc*x~2])/Sqrtlc] - (b~2xd*x*Logl[l - Ixc*x~2]72)/4 +

(bxex(a + bxArcTan[c*x~2])*Log[2/(1 + Ixc*x~2)])/c - I¥ax*bxd*xxLog[l + Ixc
*x72] - ((-1)7(1/4)*b~2*d*ArcTan[(-1)~(3/4)*Sqrt [c]*x]*Log[1 + I*c*x~2])/Sq
rtlc] + ((-1)7(1/4)*b~2*d*xArcTanh[(-1)~(3/4)*Sqrt [c]*x]*Log[1 + Ixc*x~2])/S
qrtlc] + (b"2*d*x*Log[l - Ixc*x"2]*Log[l + I*c*x~2])/2 - (b"2*d*x*Log[l + I
*xc*x~2]72) /4 + ((-1)~(3/4)*b~2xd*PolyLogl[2, 1 - 2/(1 - (-1)"(1/4)*Sqrt[cl*x
)1)/Sqrtlc] + ((-1)"(3/4)*b~2*d*PolyLog[2, 1 - 2/(1 + (-1)~(1/4)*Sqrt[c]*x)
1)/8qrt[c] - ((-1)~(3/4)*b~2*d*PolyLogl[2, 1 - (Sqrt[2]*((-1)~(1/4) + Sqrtlc
1*x))/(1 + (-1)"(1/4)*Sqrt [cI*x)])/(2*Sqrt [c]) + ((-1)~(1/4)*b~2*d*PolyLogl
2, 1 -2/ - (-1)7(3/4)*Sqrt[cl*x)]1)/Sqrtc] + ((-1)~(1/4)*b~2*d*PolyLogl[2
, 1 -2/(1 + (-1)7(3/4)*Sqrt [c]*x)])/Sqrt[c] - ((-1)~(1/4)*b~2*d*PolyLog[2,
1 + (Sqrt[21*((-1)~(3/4) + Sqrtlcl*x))/(1 + (-1)~(3/4)*Sqrt[c]l*x)])/(2*Sqr
tlcl) - ((-1)"(1/4)*b~2xd*PolyLog[2, 1 - ((1 + I)*(1 + (-1)~(1/4)*Sqrt[c]l*x
))/ (1 + (-1)~(3/4)*Sqrt [c1*x)1)/(2*%Sqrt[c]) - ((-1)~(3/4)*b~2%d*PolyLog[2,
1 - (1 -I)*x(1 + (-1)"(3/4)*Sqrt[cl*x))/(1 + (-1)~(1/4)*Sqrt[cl*x)])/(2*Sq
rtlc]) + ((I/2)*b~2*e*Polylogl[2, 1 - 2/(1 + Ixcxx~2)])/c

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist([a, Int[u, x], x] /; FreeQ[a, x] & !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 0]1)

Rule 211

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 214
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Rule 327

Int[((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n

- D)*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*x(m + n*p + 1))), x] - Dist[
axc™n*x((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n)"p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2352

Int[Logl(c_.)*(x_)]1/C(d.) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQl{c, 4, e}, x] && EqQle + cx*d, 0]

Rule 2449

Int[Logl(c_.)/((d)) + (e_.)*x(x_))1/((f_ ) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + exx)], x] /; FreeQ[{
c, d, e, £, g¥, x] & EqQlc, 2%d] &k EqQle~2%f + d~2%g, 0]

Rule 2497
Int[Loglu_]*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq~m*((1 - u)/
D[u, x1)1}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 2498

Int[Logl(c_.)*((d.) + (e_.)*x(x_)"(n_))"(p_.)], x_Symbol] :> Simp[x*Log[c*(d
+ exx™n)"pl, x] - Dist[e*n*p, Int[x"n/(d + e*x"n), x], x] /; FreeQ[{c, 4d,
e, n, p}, x]

Rule 2500

Int[((a_.) + Logl(c_.)*((d_)) + (e_.)*(x_)"(m_)) " (p_.)1*(b_.))"(q_), x_Symbo
1] :> Simp[x*(a + bxLoglc*(d + exx"n)~pl)~q, x] - Dist[bxe*n*p*q, Int[x"n*(
(a + b*Loglc*(d + e*x™n)"pl)~(q - 1)/(d + exx"n)), x], x] /; FreeQ[{a, b, c
, d, e, n, p}, x] && IGtQ[q, 0] && (EqQlq, 1] || IntegerQ[n])

Rule 2520

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(n_))"(p_.)1*(b_.))/((f_) + (g_.)
*(x_)"2), x_Symbol]l :> With[{u = IntHide[1/(f + g*x~2), x]}, Simp[ux(a + Db*
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Loglcx(d + exx™n)"pl), x] - Dist[b*exn*p, Int[ux(x"(n - 1)/(d + e*x"n)), x]
» x]11 /; FreeQ[{a, b, c, d, e, £, g, n, p}, x] & IntegerQ[n]

Rule 2526

Int[((a_.) + Logl(c_.)*((d_) + (e_)*x(x_)"(@ D))" (p_.)1*(_.))"(q_.)*(x_)"(m
_Ox((£)) + (g_)*(x_)"(s_))"(r_.), x_Symbol] :> Int[ExpandIntegrand[(a + b
*Log[c*x(d + e*x™n)"pl)~q, x"m*x(f + g*x~s)"r, x], x] /; FreeQ[{a, b, c, d, e
, f, g, m, n, p, q, r, s}, x] && IGtQ[q, O] &% IntegerQ[m] && IntegerQ[r] &
& IntegerQ[s]

Rule 2636

Int[Log[v_]*Logl[w_], x_Symbol] :> Simp[x*Logl[v]*Logl[w]l, x] + (-Int[Simplify
Integrand [x*Log[w]*(D[v, x]/v), x], x] - Int[SimplifyIntegrand [x*Log[v]* (D[
w, x]J/w), x], x]) /; InverseFunctionFreeQ[v, x] && InverseFunctionFreeQ[w,

x]

Rule 4930

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcTan[c*x"n])“p, x] - Dist[b*c*n*p, Int[x"n*((a + b*ArcTan[c*x"n])~(p
- 1)/ + c™2%x~(2*n))), x]1, x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, 0] &&
(EqQ[n, 1] || EqQlp, 11D

Rule 4932

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)]1*(b_.))"(p_), x_Symbol] :> Int[ExpandIn
tegrand[(a + (I*b*Logl[l - I*c*x"n])/2 - (I*b*Logl[l + I*c*x"n])/2)7p, x], xI]
/; FreeQ[{a, b, c}, x] && IGtQlp, 1] && IGtQ[n, 0]

Rule 4948

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :>
Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*ArcTan[c*x])"p, x],
x, x"n], x] /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 1] && IntegerQ[Simplify
[(m + 1)/n]]

Rule 4964

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))~(p_.)/((d_) + (e_.)*(x_)), x_Symboll
:> Simp[(-(a + bxArcTan[c*x]) p)*(Logl[2/(1 + ex(x/d))]/e), x] + Dist[bxcx(
p/e), Int[(a + bxArcTan[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 + c~2*x"2)),
x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d~2 + e~2, 0]

Rule 4966
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Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> Si
mp[(-(a + bxArcTan[c*x]))*(Log[2/(1 - I*c*x)]/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 - I*xcxx)]/(1 + c™2*x"2), x], x] - Dist[b*(c/e), Int[Log[2*cx((d + e
*xx)/((cxd + Ixe)*(1 - Ixc*x)))]1/(1 + c™2*x~2), x], x] + Simp[(a + b*ArcTan[
c*x]) *(Log[2*cx((d + exx)/((cxd + Ixe)*(1 - Ixcxx)))]1/e), x]1) /; FreeQl{a,

b, ¢, d, e}, x] && NeQ[c™2*%d"2 + e~2, 0]

Rule 4982

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)I*(b_.))"(p_)*((d_) + (e_.)*(x_))"(m_.),
x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x"n])~p, (d + exx)"m, x],
x] /; FreeQ[{a, b, c, d, e, n}, x] && IGtQ[p, 1] && IGtQ[m, 0]

Rule 5040

Int[(((a_.) + ArcTan[(c_.)*(x_)1*(_.))"(p_.)*(x_))/((d)) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(-I)*((a + b*ArcTan[c*x])~(p + 1)/(bxex(p + 1))), x] - Di
st[1/(c*d), Int[(a + b*ArcTan[c*x]) p/(I - c*x), x], x] /; FreeQl[{a, b, c,
d, e}, x] &% EqQle, c"2*d] && IGtQ[p, O]

Rule 5048

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))*(x_)"(m_.))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + b*ArcTan[c*x], x"m/(d + exx~2), x], x]
/; FreeQ[{a, b, c, d, e}, x] && IntegerQ[m] && !(EqQ[m, 1] && NeQ[a, 0])

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[bx*c
*(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]/(1 - c™2*x"2
)), x]1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2xd~2 - e~2,
0]

Rule 6057

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c*x]))*(Log[2/(1 + c*x)]/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 + c*x)]/(1 - c~2%x72), x], x] - Dist[b*(c/e), Int[Log[2*c*((d + e*x
)/ ((c*xd + e)*(1 + c*x)))]1/(1 - c™2*%x72), x], x] + Simp[(a + b*ArcTanh[c*x])
*(Log[2%cx((d + e*x)/((cxd + e)*(1 + c*x)))]/e), x]) /; FreeQ[{a, b, c, d,

e}, x] && NeQ[c™2xd~2 - e~2, 0]

Rule 6131

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*(x_))/((d.) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
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(cxd), Int[(a + b*ArcTanh[c*x])~p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[CAQ*d + e, 0] && IGtQ[p, 0]

Rule 6139

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))*(x_)"(m_.))/((d.) + (e_.)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + b*ArcTanh[c*x], x"m/(d + e*x"2), x],
x] /; FreeQ[{a, b, c, d, e}, x] & IntegerQ[m] && !'(EqQ[m, 1] && NeQ[a, 0]
)

Rubi steps

integral = / (d(a + barctan (ch))2 + ez (a + barctan (cgg2))2> dz
= d/ (a + barctan (cx2))2 dr + e/x(a + barctan (cxz))2 dz
= d/ (a2 + tablog (1 — z'ca:Q) - lebQ log? (1 — icx2) — tablog (1 + ich)
+ %b2 log (1 - icx2) log (1 + icx2) — ib2 log? (1 + ica:Q)) dx
+ %eSubst </(a + barctan(cz))? dz, z, x2)
= a’dz + %61172 (a + barctan (01132))2 + (iabd) /log (1 —icz®) da
— (iabd) / log (1 + icz?®) dz — }l(bZd) /log2 (1 —ica?) dzx
1
2

- }l(bzd) /log2 (1+ica?) dz + = (b°d) /log (1 —ica?) log (1 +ica?) dz

_ (bee)Subst </ z(a + barctan(cz)) dx,x,xz)

14 222

= a’dz +

' barct 232 1
ie(a + ar;:can (cz”)) + 56x2 (a + barctan (cacQ))2

+ tabdz log (1 — ic:vQ) — idez log? (1 — z'cx2) — tabdzx log (1 + ich)

+ %bzdx log (1 —icz?) log (1 + ica?) — 1bzdac log” (1 + icz?)

4
1, 2cz?log (1 — icz?) 1,, / 2cz?log (1 + icz?)
5 (0°d) / Civar @3 it ©
z? z? o z2log (1 — icx?)
— (2abcd) / T dx — (2abcd) / 1T ica? dz — (ib’cd) / L —ica? dx

1 —CT

2 s 2
+ (ited) / z log(l'—i— icx )d:c-l— (be)Subst /a—l—barctan(cz) iz, 7,
1+ icx?
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' barct 2?2 1
= a’dx + iea+ ar2ccan (cz’)) + §ex2 (a + barctan (cxz))2 + iabdz log (1 — icz?)

be(a + barctan (cz?)) log (1+zcw2)
c

- }lbzdx log” (1 —icz®) + —iabdz log (1 + icz?)

+ %b2dx log (1 — ich) log (1 + icx ) b2dm log? (1 + zcmz)

dz — (2iabd)/ 1, — (ib%cd) / ilog (1 —icx?)
1+ zcz’2
. L
_ ilog (1 ‘zcx ) de + ’Lbzcd / zlog 1+7,c:c)

c(1 —icz?)

. e \ )

zlog(lfzcx) b20d /x log (1 wx)d:c
c(1+ icx?) i1 ca?

2 -
— (b%cd) / a 10?_(:;;“ ) 4z - (b%€) Subst (/ ] _5“;"”? x,x,zz)

2(—1)*/*abd arctan ((—1)*/*\/cz) N ie(a + barctan (cz?))’

_ 2

=a°dr 7e ~
2(—1)%/abdarctanh (—1)%/*

+%ea:2(a+barctan (ch))2+ (=1)**a arc\z;x_: ((=1)**y/ex)

be(a + barctan (cz?)) log (2

C

+iabdz log (1—icz®) — lebzdx log? (1—icz®)+ Lico? ) —iabdz log (1+ica

2( )3/4abd arctan (( )3/4\/Ex) n 1:6((], + b arctan (sz))2

_ 20
=a‘dr Ve —
2(—1)3/*abdarctanh ((—1)3/4
+ %er(a-l—barctan (ca®))” + (=1)""a arc;r_cl ((=1)*y/ex)
v —1b%d arct —1)3/4 log (1 — jcx?
+iabdz log (1—icz®) +b°dz log (1—ica?) + arctan (( \)/E vez) log (1 —dca )—ib2dx Io
— o2de — Ab?dr — 2(—1)*“abd arctan ((~1)**y/cz) 4 ie(a + barctan (cz?))’
Ve 2c
2(—1)**abdarctanh ((—1)%/*
+ %eﬁ(a—l—barctan (cz®))® + (=1)*"a arcjlgl ((=1)**y/ez)
+iabda log (1—i 2)+14/‘_1b2darctan ((=1)%/4y/cz) log (1 — icz®) §/—Tb2darctanh((—1)%*\/c2
iabdx log (1—icz NG v g’
_ g 2D abdarctan (-1)¥vex)  2V/=1Wdarctan (-1)¥*y/ca)
= a’dx 7 o
(—1)¥4b2d arctan ((—1)*/*\/cz)? N ie(a + barctan (cz?))?
Ve 2c

2(—1)**abdarctanh ((— )3/4\/533)_2{1/—_1b2darctanh((—1)3/4\/5x)
Ve Ve

- %eazz (a+barctan (cz?)) g



251

2(—1)3/*abd arctan ((—1)%/*\/cx)

= a’dzr — 7
(—1)3/*b?d arctan ((—1)3/4\/535)2 N ie(a + barctan (cz?))’
Ve 2c
1, o2 2(—1)3*abdarctanh ((—1)3/4/cz) +/—1b%darctanh((—1)%4\/cz)
+2ex (a+barctan (cz?))"+ e e
ey 2(—1)3/*abd arctan ((—1)%/*y/cx)
= a’dz e
(—1)%/“b%d arctan ((—1)3/4\/5-’10)2 N ie(a + barctan (cz?))’
Ve 2c
1, o2 2(—1)3*abdarctanh ((—1)3/4/cx) /—1b%darctanh((—1)%4\/cz)
+5ex (a+barctan (cz?))"+ /e NG

= Too large to display

Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 4824 vs. 2(1325) = 2650.

Time = 36.63 (sec) , antiderivative size = 4824, normalized size of antiderivative = 3.64

/ (d + ez) (a + barctan (ch))2 dx = Result too large to show

[In] Integrate[(d + e*x)*(a + bxArcTan[c*x~2])~2,x]

[Out] a~2*xd*x + (a"2%e*x72)/2 + (a*b*d*Sqrt [c*xx~2]*(2*Sqrt [c*xx~2]*ArcTan[c*x~2] -
Sqrt [2]*(ArcTan[(-1 + c*x~2)/(Sqrt[2]*Sqrt[c*x~2])] - ArcTanh[(Sqrt[2]*Sqr
tle*xx™2])/(1 + c*xx~2)]1)))/(cxx) + (axbxex(cxx~2*ArcTan[c*x~2] + Log[1/Sqrtl(
1 + c™2xx74]1]))/c + (b™2%e*x((-I)*ArcTan[c*x"2] "2 + c*xx"2xArcTan[c*x~2]"2 +
2xArcTan[c*xx~2]*Log[1 + E~((2+I)*ArcTan[c*x"2])] - IxPolyLogl[2, -E~((2*I)*A
rcTan[c*x"2])]))/(2*%c) + (b~2*d*Sqrt [cxx~2]*(2*Sqrt [c*x~2]*ArcTan[c*xx~2] "2
- 4% ((ArcTan[c*x~2] *(-2*ArcTan[1 - Sqrt[2]*Sqrt[c*x~2]] + 2*ArcTan[1 + Sqrt
[2]*Sqrt[c*x~2]] + Logl[l + c*x~2 - Sqrt[2]*Sqrtlc*x~2]] - Logl[l + c*xx™2 + S
qrt [2] *Sqrt [c*x~2]]1))/(2+%Sqrt[2]) - (-((ArcTan[1 - Sqrt[2]*Sqrt[c*x~2]] + A
rcTan[1 + Sqrt[2]*Sqrt[c*x~2]])*Log[1 + c*x~2 - Sqrt[2]*Sqrt[c*xx~2]]) + (Ar
cTan[1 - Sqrt[2]*Sqrt[c*x~2]] + ArcTan[l + Sqrt[2]*Sqrt[c*x~2]])*Logl[l + c*
x~2 + Sqrt[2]*Sqrt[c*x~2]] - (Sqrtlc*x~2]*(1 + (1 - Sqrt[2]*Sqrt[c*x~2])"2)
~(3/2)* (2% (-5xArcTan[2 + I]*ArcTan[1 - Sqrt[2]*Sqrt[c*x~2]] + 4xArcTan[1 -
Sqrt [2]*Sqrt [c*x~2]1]172 + ((1 + 2xI)*Sqrt[1 + I]*ArcTan[1 - Sqrt[2]*Sqrt[c*x
~2]1172) /E~(I*ArcTan([2 + I]) + ((1 - 2xI)*Sqrt[1 - I]*ArcTan[1 - Sqrt[2]*Sqr



252

t[c*x~2]]172) /E"ArcTanh[1 + 2%I] - (5*%I)*ArcTan[l - Sqrt[2]*Sqrt[c*x~2]]*Arc
Tanh[1 + 2%I] + (56*I)*(-ArcTan[2 + I] + ArcTan[1 - Sqrt[2]*Sqrt[c*x~2]])*Lo
gll - ET((2*I)*(-ArcTan[2 + I] + ArcTan[l - Sqrt[2]*Sqrtlc*x~2]1]1))] + 5*((-
I)*ArcTan[1 - Sqrt[2]*Sqrt[c*x~2]] + ArcTanh[1 + 2%I])*Logl[l - E~((2*I)*Arc
Tan[1 - Sqrt[2]*Sqrt[c*x~2]] - 2*ArcTanh[1 + 2%I])] + (56*I)*ArcTan[2 + I]*L
og[-Sin[ArcTan[2 + I] - ArcTan[1 - Sqrt[2]*Sqrt[c*x~2]]1]1] - 5*ArcTanh[1 + 2
*xI]*Log[Sin[ArcTan[1 - Sqrt[2]*Sqrt[c*x~2]] + I*ArcTanh[1 + 2xI]]]) + 5%Pol
yLog[2, E~((2+I)*(-ArcTan[2 + I] + ArcTan[l - Sqrt[2]*Sqrt[c*x~2]]1))] - 5%P
olyLog[2, E~((2*I)*ArcTan[1 - Sqrt[2]*Sqrt[c*x~2]] - 2%ArcTanh[1 + 2*I])])=*
(3 + 2%Cos[2*%ArcTan[1 - Sqrt[2]*Sqrt[cxx~2]]1] - 2+Sin[2*ArcTan[1 - Sqrt[2]*
Sqrt [c*x~2]1]1]1))/(20%Sqrt [2]*(-1 - c*x~2 + Sqrt[2]*Sqrtlc*x~2])*(1 + c*xx~2 +
Sqrt [2]*Sqrt [c*x~2])*(1/Sqrt[1 + (1 - Sqrt[2]*Sqrt[c*x~2])"2] - (1 - Sqrtl
2] *#Sqrt [c*x~2]) /Sqrt[1 + (1 - Sqrt[2]*Sqrtlc*x~2])"2])) + ((1/40 + I/40)*c*
x72%(1 + (1 - Sqrt[2]*Sqrt[c*xx~2])~2)*((5 + 5xI)*PikArcTan[1 - Sqrt[2]*Sqrt
[c*xx~2]] + 10*%ArcTan[2 + I]*ArcTan[1 - Sqrt[2]*Sqrt[c*x~2]] + (4 - 4*I)*Arc
Tan[1 - Sqrt[2]*Sqrtlc*x~2]1172 - ((2 + 4xI)*Sqrt[1l + I]*ArcTan[1l - Sqrt[2]=*
Sqrt [c*x~2]]172) /E~(I*ArcTan[2 + I]) + ((4 + 2*I)*Sqrt[1 - I]*ArcTan[1 - Sqr
t[2]*Sqrt [c*x~2]]172) /E"ArcTanh[1 + 2*I] + 10*ArcTan[1 - Sqrt[2]*Sqrt[c*x~2]
1*ArcTanh[1 + 2*I] + (5 - 5*I)*Pi*Log[l + E~((-2*I)*ArcTan[1 - Sqrt[2]*Sqrt
[c*x~2]])] + (10*I)*ArcTan[2 + I]*Log[l - E~((2*I)*(-ArcTan[2 + I] + ArcTan
[1 - Sqrt[2]*Sqrt[c*x~2]]1))] - (10*%I)*ArcTan[1 - Sqrt[2]*Sqrt[c*x~2]]*Logl[1
- E7((2*I)*(-ArcTan[2 + I] + ArcTan[1 - Sqrt([2]*Sqrt[c*x~2]]1))] + 10*ArcTa
n[1 - Sqrt[2]*Sqrt[c*x"2]]*Log[1l - E~((2*I)*ArcTan[1 - Sqrt[2]*Sqrt[c*x~2]]
- 2*%ArcTanh[1 + 2+I])] + (10*I)*ArcTanh[1 + 2%I]*Log[l - E~((2*I)*ArcTan[1
- Sqrt[2]*Sqrt[c*x~2]] - 2#ArcTanh[1 + 2*I])] - (5 - B5*I)*PixLog[1/Sqrt[1
+ (1 - Sqrt[2]*Sqrt[c*x~2])~2]] - (10*I)*ArcTan[2 + I]*Log[-Sin[ArcTan[2 +
I] - ArcTan[1 - Sqrt[2]*Sqrtlc*x~2]1]1]1] - (10*I)*ArcTanh[1 + 2*I]*Log[Sin[Ar
cTan[1 - Sqrt[2]*Sqrt[c*x~2]] + I*ArcTanh[1 + 2*I]]] - 5xPolyLogl[2, E~((2*I
)*(-ArcTan[2 + I] + ArcTan[1 - Sqrt[2]*Sqrtlc*x~2]1]1))] - (5%I)*PolyLogl2, E
~((2*I)*ArcTan[1 - Sqrt[2]*Sqrt[c*x~2]] - 2*ArcTanh[1 + 2*%I])])*(3 + 2*Cos[
2xArcTan[1 - Sqrt[2]*Sqrt[c*x~2]]] - 2*Sin[2*ArcTan[1 - Sqrt[2]*Sqrt[c*x~2]
11))/((-1 - c*xx~2 + Sqrt[2]*Sqrtlc*x~2])*(1 + c*xx~2 + Sqrt[2]*Sqrt[c*x~2])*
(1/8qrt[1 + (1 - Sqrt[2]*Sqrtlc*x~2]1)"2] - (1 - Sqrt[2]*Sqrt[c*x~2])/Sqrt[1
+ (1 - Sqrt[2]*Sqrt[c*x~2])"2])"2) + ((1/80 + I/80)*(2 + 2*c*x~2 - 2*Sqrt[
2] *Sqrt [c*x~2]) "2%((-5 - 5*I)*PixArcTan[1 - Sqrt[2]*Sqrtlc*x~2]] - (10%I)=*A
rcTan[2 + I]*ArcTan[1 - Sqrt[2]*Sqrt[c*x~2]] + (8 - 8*I)*ArcTan[1 - Sqrt[2]
*Sqrt [c*xx"2]]172 - ((4 - 2xI)*Sqrt[1 + I]*ArcTan[1l - Sqrt[2]*Sqrt[c*xx~2]]"2)
/E"(IxArcTan([2 + I]) - ((2 - 4xI)*Sqrt[1 - I]*ArcTan[1 - Sqrt[2]*Sqrt[c*x"2
1172) /E"ArcTanh[1 + 2*I] + (10*I)*ArcTan[1 - Sqrt[2]*Sqrt[c*x~2]]*ArcTanh[1
+ 2xI] - (5 - 5*I)*Pi*Log[l + E~((-2%I)*ArcTan[1 - Sqrt[2]*Sqrt[c*x~2]])]
+ 10%ArcTan[2 + IJ*Log[l - E~((2*I)*(-ArcTan[2 + I] + ArcTan[1 - Sqrt[2]*Sq
rt[c*x~2]]))] - 10%xArcTan[1 - Sqrt[2]*Sqrtlc*x~2]]*Logl[l - E~((2*I)*(-ArcTa
n[2 + I] + ArcTan[1 - Sqrt[2]*Sqrt[c*x~2]]1))] + (10*I)*ArcTan[1l - Sqrt[2]*S
qrt [c*xx~2]]*Log[1 - E~((2*I)*ArcTan[1 - Sqrt[2]*Sqrt[c*x~2]] - 2xArcTanh[1
+ 2xI])] - 10*%ArcTanh[1 + 2*I]*Log[1l - E~((2*I)*ArcTan[1 - Sqrt[2]*Sqrt[c*x
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~2]] - 2*%ArcTanh[1 + 2xI])] + (5 - 5*I)*PixLog[1/Sqrt[2 + 2*c*x"2 - 2xSqrt[
2] *#Sqrt [c*x~2]]] - 10*%ArcTan[2 + I]*Log[-Sin[ArcTan[2 + I] - ArcTan[1 - Sqr
t [2]*Sqrt [c*x~2]]1]] + 10xArcTanh[1 + 2xI]*Log[Sin[ArcTan[1 - Sqrt[2]*Sqrtl[c
*x72]] + IxArcTanh[1 + 2xI]]] + (5%I)*PolyLogl[2, E~((2*I)*(-ArcTan[2 + I] +
ArcTan[1 - Sqrt([2]*Sqrt[c*x~2]]))] + 5*PolyLog[2, E~((2*I)*ArcTan[1l - Sqrt
[2]*Sqrt[c*x~2]] - 2*ArcTanh[1 + 2%I])]1)*(3 + 2*Cos[2*ArcTan[1 - Sqrt[2]*Sq
rt[c*x"2]]] - 2+Sin[2*ArcTan[1 - Sqrt[2]*Sqrtlc*x~2]]11))/(1 + c~2*x"4) - (S
qrt[c*x"2]*(1 + (1 + Sqrt[2]*Sqrt[c*x~2])"2)~(3/2)*(2*(-5*xArcTan[2 + I]*Arc
Tan[1 + Sqrt[2]*Sqrtlc*x~2]] + 4*ArcTan[1 + Sqrt[2]*Sqrtlc*x~2]]1°2 + ((1 +
2xI)*Sqrt[1 + I]*ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]]172)/E~(I*ArcTan[2 + I]) + (
(1 - 2%I)*Sqrt[1 - I]*ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]]72)/E~ArcTanh[1 + 2xI]
- (5*%I)*ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]]*ArcTanh[1 + 2*I] + (5*I)*(-ArcTan[
2 + I] + ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]])*Log[1l - E~((2*I)*(-ArcTan[2 + I]
+ ArcTan[1 + Sqrt[2]*Sqrtlc*x~2]]1))] + 5x((-I)*ArcTan[1 + Sqrt[2]*Sqrt[c*x~
2]] + ArcTanh[1 + 2%I])*Log[l - E~((2*I)*ArcTan[1 + Sqrt[2]*Sqrtlc*x~2]] -
2%ArcTanh[1 + 2%I])] + (5*I)*ArcTan[2 + I]*Log[-Sin[ArcTan[2 + I] - ArcTan[
1 + Sqrt[2]*Sqrt[c*x~2]]1]] - 5%ArcTanh[1 + 2*I]*Log[Sin[ArcTan[1 + Sqrt[2]*
Sqrt [c*x~2]] + I*ArcTanh[1 + 2%I]]]) + 5*PolyLogl[2, E~((2*I)*(-ArcTan[2 + I
] + ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]]1))] - 5%PolyLog[2, E~((2*I)*ArcTan[1 + S
qrt [2] *Sqrt [c*x~2]] - 2*ArcTanh[1 + 2*I])])*(3 + 2xCos[2*ArcTan[1 + Sqrt[2]
*Sqrt [c*xx"2]]] - 2*Sin[2xArcTan[1 + Sqrt[2]*Sqrtlc*x~2]1]1]))/(20*Sqrt[2]*(-1
- c*x~2 + Sqrt[2]*Sqrtlc*x~2])*(1 + c*xx~2 + Sqrt[2]*Sqrt[c*x~2])*(1/Sqrt[1
+ (1 + Sqrt[2]*Sqrtlc*x~2])~2] - (1 + Sqrt[2]*Sqrt[c*x~2])/Sqrt[1 + (1 + S
qrt [2]*Sqrt [c*x~2])"2])) - ((1/40 + I/40)*c*x~2*(1 + (1 + Sqrt[2]*Sqrt[c*x”
2])72)*((56 + 5*I)*PixArcTan[1 + Sqrt[2]*Sqrt[c*x~2]] + 10*ArcTan[2 + I]*Arc
Tan[1 + Sqrt[2]*Sqrt[c*x~2]] + (4 - 4xI)*ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]]1"2
- ((2 + 4%I)*Sqrt[1 + I]*ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]]172)/E~(I*ArcTan[2 +
I]) + ((4 + 2%I)*Sqrt[1 - Il*ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]]1"2)/E~ArcTanh[
1 + 2%I] + 10*ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]]*ArcTanh[1 + 2*I] + (5 - 5*I)x*
PixLog[1l + E~((-2*I)*ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]])] + (10*I)*ArcTan[2 +
I1xLog[1l - E~((2*I)*(-ArcTan[2 + I] + ArcTan[1 + Sqrt[2]*Sqrtlc*x~2]1]1))] -
(10*%I)*ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]]*Log[l - E~((2*I)*(-ArcTan[2 + I] + A
rcTan[1 + Sqrt[2]*Sqrt[c*x~2]]))] + 10*ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]]*Logl
1 - E((2*I)*ArcTan[1 + Sqrt[2]*Sqrt[c*xx~2]] - 2xArcTanh[1 + 2%I])] + (10%I
)*¥ArcTanh[1 + 2*%I]*Log[1l - E~((2*I)*ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]] - 2*Arc
Tanh([1 + 2*I])] - (5 - 5*I)*PixLog[1/Sqrt[1 + (1 + Sqrt[2]*Sqrt[c*x~2])"2]]
- (10*I)*ArcTan[2 + I]*Log[-Sin[ArcTan[2 + I] - ArcTan[1 + Sqrt[2]*Sqrt[c*
x72]1]1] - (10*I)*ArcTanh[1 + 2xI]*Log[Sin[ArcTan[1 + Sqrt[2]*Sqrt[c*xx~2]] +
I*ArcTanh[1 + 2*I]]] - 5xPolyLog[2, E~((2*I)*(-ArcTan[2 + I] + ArcTan[1 +
Sqrt [2]1*Sqrt [c*x~2]1]1))] - (5*I)*PolyLogl[2, E~((2*I)*ArcTan[1 + Sqrt[2]*Sqrt
[c*xx~2]] - 2*ArcTanh[1 + 2%I])])*(3 + 2*Cos[2*ArcTan[1 + Sqrt[2]*Sqrt[c*x~2
111 - 2+Sin[2*ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]]1]1))/((-1 - c*x~2 + Sqrt[2]*Sqr
tle*xx™2])*(1 + c*xx~2 + Sqrt[2]*Sqrt[c*x~2])*(1/Sqrt[1 + (1 + Sqrt[2]*Sqrtlc
*x~2])72] - (1 + Sqrt[2]*Sqrtlc*x~2])/Sqrt[1 + (1 + Sqrt[2]*Sqrt[c*xx~2])"2]
)72) + ((1/80 + I/80)*(1 + (1 + Sqrt[2]*Sqrt[cxx~2])"2)"2*%((-5 - 5*I)*Pi*Ar
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cTan[1 + Sqrt[2]*Sqrt[c*x~2]] - (10*I)*ArcTan[2 + I]*ArcTan[1 + Sqrt[2]*Sqr
tlc*xx"2]] + (8 - 8xI)*ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]]172 - ((4 - 2xI)*Sqrt[1
+ I]*ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]]72)/E~(I*ArcTan[2 + I]) - ((2 - 4xI)*S
qrt[1 - I]*ArcTan[1 + Sqrt[2]*Sqrtlc*x~2]]172)/E~ArcTanh[1 + 2%I] + (10%I)*A
rcTan[1 + Sqrt[2]*Sqrt[c*x~2]]*ArcTanh[1 + 2*%I] - (5 - 5*%I)*PixLog[1 + E~((
-2%I)*ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]])] + 10*ArcTan[2 + I]*Logl[l - E~((2%I)
*(-ArcTan([2 + I] + ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]]1))] - 10*ArcTan[1 + Sqrt[
2] *Sqrt [c*x~2]]*Log[1 - E~((2*I)*(-ArcTan[2 + I] + ArcTan[1 + Sqrt[2]*Sqrt[
c*x"2]]))] + (10*I)*ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]]*Log[l - E~((2*I)*ArcTan
[1 + Sqrt[2]*Sqrt[c*x~2]] - 2*%ArcTanh[1 + 2*I])] - 10*ArcTanh[1 + 2xI]*Logl
1 - ET((2*I)*ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]] - 2xArcTanh[1 + 2*I])] + (5 -

5xI)*Pi*Log[1/Sqrt[1 + (1 + Sqrt[2]*Sqrt[c*xx~2])~2]] - 10*ArcTan[2 + I]*Log
[-Sin[ArcTan[2 + I] - ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]]1]] + 10*ArcTanh[1 + 2x
I]*Log[Sin[ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]] + I*ArcTanh[1l + 2%I]]] + (5%I)*P
olyLog[2, E~((2*I)*(-ArcTan[2 + I] + ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]]1))] + 5
*PolyLog[2, E~((2*I)*ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]] - 2%ArcTanh[1 + 2%I])]
)*(3 + 2%Cos[2xArcTan[1 + Sqrt[2]*Sqrt[c*x~2]]] - 2*Sin[2*ArcTan[1 + Sqrt[2
1*Sqrt [c*x~2]11]1))/((-1 - c*x~2 + Sqrt[2]*Sqrt[c*xx~2])*(1 + c*x~2 + Sqrt[2]=*
Sqrt [c*x~2])))/(2%Sqrt[2]1))))/(2xc*x)

Maple [F]
/ (ez + d) (a + barctan (c xz))de

[In] int((e*x+d)*(a+b*arctan(c*x~2))"2,x)

[Out] int((e*x+d)*(a+b*arctan(c*x~2))~2,x)

Fricas [F]
/(d + ez) (a + barctan (cx2))2 dr = / (ex + d) (barctan (cz?) + a)2 dz

[In] integrate((e*x+d)*(atb*arctan(c*x~2))~2,x, algorithm="fricas")

[Out] integral(a™2xe*x + a~2xd + (b~2%e*x + b~2%d)*arctan(c*x”2)"2 + 2x(a*bxexx +
axbxd)*arctan(c*x~2), x)
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Sympy [F]
/(d + ez) (a + barctan (ch))2 dx = / (a+ batan (cx2))2 (d+ex) dz

[In] integrate((e*x+d)*(atb*atan(c*x**2))**2,x)

[Out] Integral((a + b*atan(c*x**2))#**2*(d + e*x), Xx)

Maxima [F]
/(d + ex) (a + barctan (ch))2 dx = / (ex + d) (barctan (cz?) + a)2 dx

[In] integrate((e*x+d)*(atb*arctan(c*x~2))~2,x, algorithm="maxima")

[Out] 12#b~2%c~2*exintegrate(1/16*x"5*arctan(c*x~2)72/(c"2*x"4 + 1), x) + b™2%c™2
xexintegrate(1/16*x~5*xlog(c™2%x~4 + 1)72/(c™2*x™4 + 1), x) + 12%xb™2%c™2*xd*i
ntegrate(1/16*x"4*arctan(c*x~2)"2/(c"2*x"4 + 1), x) + 4%b~2%c”"2*exintegrate
(1/16%x"5x1log(c™2*x~4 + 1)/(c™2*x"4 + 1), x) + b~2*c"2*d*integrate(1/16%*x"4
xlog(c™2*x"4 + 1)72/(c”2*x™4 + 1), x) + 8xb~2*c”"2xdxintegrate(1/16*x~4*1log(
c2%x74 + 1)/(c”2*x™4 + 1), x) + 1/2%a"2%e*x"2 + 1/8*b"2xexarctan(c*x~2)"3/
c - 8%b"2xc*exintegrate(1/16*x”3*arctan(c*x~2)/(c™2*x"4 + 1), x) - 16xb~2%c
*xdxintegrate(1/16*x~2*arctan(c*x~2)/(c™2*x"4 + 1), x) - 1/2x(c*x(2*sqrt(2)*a
rctan(1/2*xsqrt(2) *(2*c*x + sqrt(2)*sqrt(c))/sqrt(c))/c”(3/2) + 2*sqrt(2)*ar
ctan(1/2*sqrt (2) *(2*c*x - sqrt(2)*sqrt(c))/sqrt(c))/c~(3/2) - sqrt(2)*log(c
*x"2 + sqrt(2)*sqrt(c)*x + 1)/c~(3/2) + sqrt(2)*log(c*xx~2 - sqrt(2)*sqrt(c)
*x + 1)/c”(3/2)) - 4*xx*arctan(c*x~2))*axbxd + a”2xd*x + b~ 2*xexintegrate(1/1
6*x*log(c™2*%x"4 + 1)72/(c”2%x"4 + 1), x) + 12%b~2*d*integrate(1/16*arctan(c
*x"2)72/(c"2*x"4 + 1), x) + b~ 2xd*integrate(1/16*log(c™2*x~4 + 1)72/(c”2*x~
4 + 1), x) + 1/2x(2*cxx"2*arctan(c*x~2) - log(c™2*x"4 + 1))*axbxe/c + 1/8%(
b~ 2%e*x"2 + 2%b~2*d*x)*arctan(cxx~2)"2 - 1/32%(b"2%e*x”2 + 2xb~2*d*x)*log(c
“2%x74 + 1)72

Giac [F]
/(d + ex) (a + barctan (0352))2 dx = / (ez + d) (barctan (cz®) + a)2 dx

[In] integrate((e*x+d)*(at+b*arctan(c*x~2))~2,x, algorithm="giac")

[Out] integrate((exx + d)*(b*arctan(c*x~2) + a)~2, x)
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Mupad [F(-1)]

Timed out.

/(d—l—ex) (a + barctan (6272))2 dx = / (a+batan(cx2))2(d+em) dx

[In] int((a + b*atan(c*x~2)) " 2x(d + e*x),x)

[Out] int((a + b*xatan(c*x"2))"2*%(d + e*x), x)



(a+barctan (cx2) ) 2

3.26 | Tren

Optimal result . . . . . . . . ..
Rubi [N/A] . . .
Mathematica [N/A] . . . . . ... L
Maple [N/A] (verified) . . . . . . . . . .
Fricas [N/A] . . . o o
Sympy [F(-1)] . . o o
Maxima [N/A] . . . . .
Giac [N/A] . . .
Mupad [N/A] . . . o

Optimal result

Integrand size = 20, antiderivative size = 20

/ (a + barctan (cz?))?

d+ex

Rubi [N/A]
Not integrable

dz = Int(

[Out] Unintegrable((at+b*arctan(c*x~2)) 2/ (e*x+d),x)

(a + barctan (cz?))’

257

Time = 0.02 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 0, number of rules used

/ (a + barctan (cz?))

d+ex

Rubi steps

integral = /

— . humber of rules

> integrand size

2
dacz/

[In] Int[(a + bxArcTan[c*x~2])"2/(d + e*xx),x]
[Out] Defer[Int] [(a + b*ArcTan[c*x~2])"2/(d + e*xx), x]

(a + barctan (cz?))?

(a + barctan (cz?))’

d+ex

= 0.000, Rules used = {}
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Mathematica [N/A]

Not integrable
Time = 51.61 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

2\\2 2112
/ (a + barctan (cz?)) dp — (a + barctan (cz?)) i
d+ex d+ex

[In] Integrate[(a + bxArcTan[c*x72])~2/(d + e*x),x]
[Out] Integratel[(a + b*ArcTan[c*x~2])"2/(d + e*x), x]

Maple [N/A] (verified)

Not integrable
Time = 0.45 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

2112
(a + barctan (cz?)) i
er+d

[In] int((at+b*arctan(c*x~2)) "2/ (e*xx+d) ,x)
[Out] int((at+b*arctan(c*x~2))"2/(e*x+d),x)

Fricas [N/A]

Not integrable
Time = 0.23 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80

2Y))2 2 2
(a + barctan (cx?)) dr = / (barctan (cz?) + a) i
d+ezx er+d

[In] integrate((at+b*arctan(c*x~2))~2/(e*x+d),x, algorithm="fricas")

[Out] integral((b~2*arctan(c*x~2)72 + 2*axbk*arctan(c*x~2) + a~2)/(e*x + d), x)

Sympy [F(-1)]

Timed out.

2N\ 2
/ (a + barctan (cx?)) dx = Timed out
d+ezx

[In] integrate((at+b*atan(ckxx**2))**2/(e*x+d) ,x)

[Out] Timed out
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Maxima [N/A]

Not integrable
Time = 0.62 (sec) , antiderivative size = 47, normalized size of antiderivative = 2.35

d+ex er+d

212 2 2
/ (a + barctan (cz?)) d (barctan (cz®) + a) i

[In] integrate((at+b*arctan(c*x~2))~2/(e*x+d),x, algorithm="maxima")
[Out] a"2*log(exx + d)/e + integrate((b"2*arctan(c*x~2)"2 + 2*a*b*arctan(c*x”~2))/

(exx + d), x)

Giac [N/A]

Not integrable
Time = 0.28 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

2Y)2 2 2
/ (a + barctan (cz?)) dp — / (barctan (cz?) + a) ds
d+ex er+d

[In] integrate((atb*arctan(c*x~2))~2/(e*x+d),x, algorithm="giac")

[Out] integrate((b*arctan(c*x"2) + a)~2/(exx + d), x)

Mupad [N/A]

Not integrable
Time = 0.38 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

212 2\ 2
/(a+barctan(cx ) dx:/(a—i-batan(cx ) s
d+ex d+ex

[In] int((a + b*atan(c*x"2))"2/(d + e*x),x)
[Out] int((a + b*atan(c*x"2))"2/(d + e*x), x)
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Optimal result . . . . . . . . . . . e
Rubi [N/A] .« . o
Mathematica [N/A] . . . . . ...
Maple [N/A] (verified) . . . . . .. ... .
Fricas [N/A] . . . . o o e
Sympy [F(-1)] . . o o
Maxima [F(-2)] . . . . . .
Giac [N/A] . . .
Mupad [N/A] . . . o

Optimal result

Integrand size = 20, antiderivative size = 20

(a + barctan (cz?))? _ (a + barctan (cz?))’
/ (d+ex)? d:c-Int( (d+ex)? ,:c)

[Out] Unintegrable((atb*arctan(c*x~2))~2/(e*x+d)~2,x)

Rubi [N/A]
Not integrable

260

Time = 0.02 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number
of steps used = 0, number of rules used = 0 number of rules _ 0.000, Rules used = {}

’ integrand size

2
dzx

/ (a + barctan (cz?))? dp — (a + barctan (cz?))
(d + ex)? N (d+ ex)?

[In] Int[(a + bxArcTan[c*x~2])~2/(d + e*x)~2,x]

[Out] Defer[Int] [(a + b*ArcTan[c*x"2])"2/(d + e*x)~2, x]

Rubi steps

, (a + barctan (cz?))?
] =
integra / (d+ ez)? dz
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Mathematica [N/A]

Not integrable
Time = 108.06 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(d + ex)? v (d + ex)?

2\\2 2112
/ (a + barctan (cz?)) p (a + barctan (cz?)) i

[In] Integrate[(a + bxArcTan[c*x"2])"2/(d + exx)~2,x]
[Out] Integratel[(a + b*ArcTan[c*x~2])~2/(d + e*x)~2, x]

Maple [N/A] (verified)

Not integrable
Time = 1.02 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (a + barctan (cz?))”
(ex + d)?

[In] int((atb*arctan(c*x~2)) 2/ (e*x+d)~2,x)
[Out] int((at+b*arctan(c*x~2))"2/(e*x+d)~2,x)

Fricas [N/A]

Not integrable
Time = 0.25 (sec) , antiderivative size = 47, normalized size of antiderivative = 2.35

/ (a + barctan (cz?))’ dr — (barctan (cz?) + a)’ i
(d + ex)? (ex + d)*

[In] integrate((at+b*arctan(c*x~2))~2/(e*x+d)~2,x, algorithm="fricas")
[Out] integral((b~2*arctan(c*x~2)~2 + 2*a*b*arctan(c*x~2) + a~2)/(e”2%x"2 + 2xdxe

*x + d72), x)
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Sympy [F(-1)]

Timed out.

2712
/ (a+barctan (cz®))” 4
(d + ex)?

[In] integrate((a+b*atan(cxx**2))**2/(e*xx+d)**2,x)

[Out] Timed out

Maxima [F(-2)]

Exception generated.

2112
/ (a+ barctan (o)) dr = Exception raised: RuntimeError
(d + ex)?

[In] integrate((atb*arctan(c*x~2))~2/(e*x+d)~2,x, algorithm="maxima")
[Out] Exception raised: RuntimeError >> ECL says: THROW: The catch RAT-ERR is und

efined.

Giac [N/A]

Not integrable
Time = 2.10 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (a + barctan (cz?))’ d (barctan (cz?) + a)’ i
(d + ex)? (ex + d)?

[In] integrate((at+b*arctan(c*x~2))~2/(e*x+d)~2,x, algorithm="giac")

[Out] integrate((b*arctan(c*x~2) + a)~2/(exx + d)~2, x)

Mupad [N/A]

Not integrable
Time = 0.49 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+ barctan (cz?)® . [ (a+ batan(cz?))”
TR R R e

[In] int((a + b*atan(c*x~2))"2/(d + e*x)~2,x)
[Out] int((a + b*atan(c*x~2))"2/(d + e*xx)~2, x)
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3.28 [(d + ex)? (a + barctan (cz?)) dz

Optimal result . . . . . . . . . . . . e 263
Rubi [A] (verified) . . . . . . . . . 264
Mathematica [A] (verified) . . . . . . . . . .. 268]
Maple [B] (verified) . . . . . . . . . . 269
Fricas [F(-2)] . . . . . o 270
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... .. 2701
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 270
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L 27T
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 273

Optimal result

Integrand size = 18, antiderivative size = 315

3 3 3
/ (d+ ez)? (a + barctan (cz®)) dz = _bde arCZj/I; (Vez) _bd arc’;fzn (cz”)
(d + ex)? (a + barctan (cz?))
+ 3e
bde arctan (v/3 — 2/cz)
+ 2c2/3
bde arctan (v/3 + 2/cz)
202/3

v/3bd? arctan (%) .\ bd? log (1 + 02/3x2)

2/c 2/c
V/3bdelog (1 — v/3/cz + c*/3z?)
- 4¢2/3
N /3bde log (1+ V3¥cx + c2/3x2)
4c2/3
_ bd?log (1= *3z% + M3z4) _ belog (1 +c*°)
4c 6c

[Out] -b*d*e*arctan(c~(1/3)*x)/c~(2/3)-1/3*b*d"3*arctan(c*x~3)/e+1/3*(e*x+d) ~3*(a
+b*arctan(c*x~3))/e-1/2*bxd*exarctan (2*xc~(1/3) *x-3"(1/2)) /c~(2/3)-1/2*b*xd*e
xarctan(2*c~(1/3)*x+37(1/2))/c”(2/3)+1/2xb*d"2*1n(1+c~(2/3)*x~2) /c~(1/3)-1/
4xbxd~2x1n(1-c~(2/3)*x"2+c~(4/3)*x"4) /c~(1/3)-1/6%b*e"2*%1n(c"2*x"6+1) /c+1/2
*bxd~2*xarctan(1/3*%(1-2%c~(2/3) *x"2)*37(1/2))*37(1/2) /c~(1/3)-1/4*b*d*e*x1n (1
+c~(2/3)*x72-c~(1/3) *x*37(1/2))*3°(1/2) /c~(2/3) +1/4*b*d*e*1n(1+c~ (2/3) *x~2+
c~(1/3)*x*37(1/2))*37(1/2)/c~(2/3)

_|_
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Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 315, normalized size of antiderivative = 1.00,

number of steps used = 24, number of rules used = 15, number of rules _ 0.833, Rules
integrand size

used = {4980, 1845, 281, 298, 31, 648, 631, 210, 642, 301, 632, 209, 1483, 649, 266}

(d + ex)3 (a + barctan (cz?))

/(d + ez)? (a + barctan (cz?®)) dz =

3e

v/3bd? arctan (%)
+ 275

bdearctan (/cz)  bdearctan (v/3 — 2+/cz)
o c2/3 + 2¢c2/3

bdearctan (2/cz ++/3)  bd® arctan (cz?®)
B 2c2/3 B 3e

bd?log (¢*3z? +1)  bd?log (c*/3z* — 322+ 1)

2/c 4/c
v/3bde log (c2/33v2 —V3¥cx + 1)
4c2/3

V/3bdelog (c*3z? + /3/cz + 1)
+ 4c2/3

be? log (2x5 + 1)

6¢

[In] Int[(d + e*x)~2%(a + b*ArcTan[c*x~3]),x]

[Out] -((b*d*exArcTan[c~(1/3)*x])/c~(2/3)) - (b*d~3*ArcTan[c*x~3])/(3%e) + ((d +
e*x) "3*(a + bxArcTan[c*x"3]))/(3*e) + (bxd*e*ArcTan[Sqrt[3] - 2xc~(1/3)#*x])
/(2xc~(2/3)) - (b*d*e*ArcTan[Sqrt[3] + 2xc~(1/3)*x])/(2*c~(2/3)) + (Sqrt[3]
*bxd"2xArcTan[(1 - 2*c”(2/3)*x"2)/Sqrt[3]1]1)/(2*c~(1/3)) + (b*d~2*Log[l + c~
(2/3)*x72])/(2%c~(1/3)) - (Sqrt[3]*bxd*e*Log[l - Sqrt([3]*c~(1/3)*x + c~(2/3
)*x72])/(4*%c~(2/3)) + (Sqrt[3]*b*d*exLogl[l + Sqrt[3]*c~(1/3)*x + c~(2/3)*x"
21)/(4xc~(2/3)) - (bxd"2%Logll - c~(2/3)*x"2 + c~(4/3)*x"~4])/(4%c~(1/3)) -
(b*e~2xLog[1 + c~2%x~6])/(6*c)

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 01)
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Rule 210

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 281

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> With[{k = GCD[m
+ 1, nl]}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*(a + b*x~(n/k))"p, x], X, X
“k], x] /; k !'= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] &% IntegerQ[m]

Rule 298

Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> Dist[-(3*Rt[a, 3]*Rt[b, 3])~(-
1), Int[1/(Rt[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 3]*x)/(Rt[a, 312 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3] 2*x
~2), x], x] /; FreeQ[{a, b}, x]

Rule 301

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Module[{r = Numerator
[Rt[a/b, nl]], s = Denominator[Rt[a/b, n]], k, u}, Simp[u = Int[(r*Cos[(2xk

- D*m*x(Pi/n)] - s*Cos[(2*%k - 1)*(m + 1)*(Pi/n)]*x)/(xr"2 - 2*r*s*Cos[(2xk -
D*(Pi/n)]*x + s72%x72), x] + Int[(r*Cos[(2*¥k - 1)*m*(Pi/n)] + s*Cos[(2xk

- 1)x(m + 1)*Pi/n)]*x)/(xr"2 + 2*r*s*Cos[(2xk - 1)*(Pi/n)]*x + s72%x~2), x]
; 2%(-1)"(m/2)*(r"(m + 2)/(a*xn*s™m) )*Int[1/(xr"2 + s8”2*%x"2), x] + Dist[2*(x~
(m + 1)/(a*n*s™m)), Sum[u, {k, 1, (n - 2)/4}]1, x1, x1] /; FreeQ[{a, b}, x]

&& IGtQ[(n - 2)/4, 0] && IGtQ[m, O] && LtQ[m, n - 1] && PosQ[a/b]

Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[a*x(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},



266
x] && NeQ[b~2 - 4x*axc, 0]

Rule 642

Int[((d)) + (e_)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*e)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2*c), In
t[(b + 2xc*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, ¢, d, e}, x] && NeQ
[2*xc*xd - b*e, 0] && NeQ[b~2 - 4xa*c, 0] && !NiceSqrtQ[b~2 - 4*axc]

Rule 649

Int[((d)) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*x~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] & !'NiceSqrtQ[(-a)*c]

Rule 1483

Int[(x_ )" (m_.)*((a_) + (c_)*(x_)"(@m2_.))"(p_.)*((@) + (e_)*(x_)"(m))"(q
_.), x_Symbol] :> Dist[1/n, Subst[Int[(d + e*x)~g*x(a + c*x~2)7p, x], x, x"n
1, x]1 /; FreeQ[{a, c, d, e, m, n, p, q}, x] && EqQ[n2, 2*n] && EqQ[Simplify
[m - n+ 1], 0]

Rule 1845

Int [((Pq_)*((c_)*(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[(c*x)"(m + ii)*((Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + iil]*x~(n/2)
)/(c”ii*(a + b*x"n))), {ii, 0, n/2 - 1}1}, Intl[v, x] /; SumQ[v]] /; FreeQ[{
a, b, c, m}, x] && PolyQ[Pq, x] && IGtQ[n/2, O] && Expon[Pq, x] < n

Rule 4980

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)I*(b_.))*((d ) + (e_.)*(x_))"(m_.), x_Sy
mbol] :> Simp[(d + e*x)"(m + 1)*((a + b*ArcTan[c*x"n])/(e*(m + 1))), x] - D
ist[b*c*(n/(ex(m + 1))), Int[x"(n - 1)*((d + exx)"(m + 1)/(1 + c~2*x~(2*n))
), x], x] /; FreeQ[{a, b, c, d, e, m, n}, x] && NeQ[m, -1]

Rubi steps

(d + ex)® (a + barctan (cz®)) (be) [ % dz
3e e

integral =
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3dex 3de?z? a?(d*+e’s?)
_ (d+ex)’ (a+barctan (cz®)) (be) | (1+c2x6 + Trergs T it ) dz

3e e
_(d+ ex)® (a gz arctan (cz®)) (3bed?) / 1 +x;z6 i
22 (d+e%9)
(be) [ fiﬁ _ (3bede) / 1_426
= (d+ex)’ (a _;: arctan (cz%)) — %(3bcd2) Subst (/ ﬁ dz, x, x2)

 (be)Subst( [ F22 dr, 22" (bde) [ by do
3e \3/5
—%-}—%\/ﬁ%x -3 2‘[\/590
(bde) f 1—\/§%m+c2/3x2 dz B (bde) f 1 \[\/514_02/312 dz

bdearctan (/cz)  (d + ex)? (a + barctan (cz?))
2/3 +
c 3e

1
(b\/_d2) Subst (/ m d.’v,z',xz)

l\Dli—‘

3bd
— 2 (v/ed?) Subst Lp ey N (bed) Subst([] gk dy,a?)  (VNE)
2 1 — 23z + c*/3x2 3e

bdearctan (¥/cz)  bd® arctan (cz®)
c2/3 3e
N (d + ex)? (a + barctan (cz?)) N bd*log (1 + c*/3z?)
3e 2v/c
V/3bdelog (1 — v/3+/cz + 02/3:)32) /3bde log (1+ V3 ecx + Pz ?)

4c2/3 4¢2/3
—2/349:4/3

be?log (1 + %) (bF) Subst(f T-c2/p A3 0, T, )
- 6c 4Yc

(bde)Subst ( [ —'—; dx,z,1 - 2 ifgc:n
—1(3b\3/5d2) Subst / L dz,z, z* °
4 1— g+ 32 77 24/3¢2/3

+.
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bdearctan (v/cx)  bd®arctan (cz®)  (d + ex)? (a + barctan (cz®))
c2/3 B 3e + 3e
bdearctan (v/3 —2/cz)  bdearctan (v/3 + 2¢/cz)
+ 2¢2/3 N 202/3
bd?log (1 + c*32?)  +/3bdelog (1 — V/3+/cx + c*/32?)
2+v/c B 4c2/3
V3bdelog (14 v3cx + 3x?)  bd?log (1 — 32 + c*/3z4)
+ 4c2/3 - 4\3/5
belog (1 + c28)  (3bd?) Subst( [ —'— dz,z,1 — 2¢*/32?)
- 6c B 2/c

bde arctan (v/cz) _ bd® arctan (cz?) N (d+ ex)? (a + barctan (cz?))
c2/3 3e 3e

bdearctan (v/3 — 2/cz)  bdearctan (v/3 + 2¢/cz)
+ 2c2/3 o 202/3
V/3bd? arctan (%) . bd? log (1 + cz/3w2)

2vc 2/c

V/3bdelog (1 — V/3+/cx + ¢¥32?)  /3bdelog (1 + v/3/cx + */32?)

- +
402/3 402/3

bd?log (1 — 3% + *3z%)  be?log (1 4 c2x°)

4/c 6c

+

Mathematica [A] (verified)

Time = 106.47 (sec) , antiderivative size = 297, normalized size of antiderivative = 0.94

/(d + ex)? (a + barctan (cz?)) dz
_ 12acd’z + 12acdes® + 4ace’s® — 12by/cde arctan (V/cx) + 4bex(3d? + 3dex + e22?) arctan (ca®) + 6b{/cd

[In] Integrate[(d + e*x)~2*(a + b*ArcTan[c*x~3]),x]

[Out] (12%axc*d™2*x + 12%akckd*e*xx~2 + 4*akxcxe 2*xx~3 - 12xb*xc~(1/3)*d*exArcTan[c”
(1/3)*x] + 4*bkc*x*(3%d"2 + 3*d*exx + e72xx"2)*ArcTan[c*x~3] + 6%bxc”~(1/3)*
d*(Sqrt [31*c~(1/3)*d + e)*ArcTan[Sqrt[3] - 2*c~(1/3)*x] + 6%b*c~(1/3)*d*(Sq
rt[3]*c”(1/3)*d - e)*ArcTan[Sqrt[3] + 2*c~(1/3)*x] + 6%b*xc~(2/3)*d"2*Log[1

+ ¢c7(2/3)*x72] - 3xb*c~(1/3)*d*(c~(1/3)*d + Sqrt[3]*e)*Log[l - Sqrt[3]*c~(1
/3)*x + ¢~ (2/3)*x72] - 3*b*c~(1/3)*d*(c~(1/3)*d - Sqrt[3]*e)*Log[l + Sqrt[3
1xc~(1/3)*x + c~(2/3)*x~2] - 2xbxe~2*Logl[l + c~2*x"6])/(12*c)
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 502 vs. 2(244) = 488.

Time = 33.36 (sec) , antiderivative size = 503, normalized size of antiderivative = 1.60

method | result

In <a:2+\/§

In <x2+\/§

2 arctan(cz3)z3 retan(cz3)d3
default @ +b w + earctan (cz®) d 22 + arctan (c23) d?z + =2 ég”‘ )
parts “(e“;—jd)?' +b M + earctan (cx®) d % + arctan (cz®) d*z + arCtan§Z$3)d3

[In] int((exx+d) 2*(at+b*arctan(c*x~3)),x,method=_RETURNVERBOSE)

[Out] 1/3*a*(e*xx+d) ~3/e+b*(1/3*%e"2*%arctan(c*x"3)*x"3+e*arctan(c*x~3)*d*x~2+arctan

(c*x~3)*d"2*x+1/3/e*arctan(c*x~3)*d~3-c/e*(-1/4*%1n(x"2+3"(1/2)*(1/c"2)~(1/6
Yxx+(1/c72)"(1/3))*37(1/2)*(1/c~2) " (5/6) *d*e~2+1/4*1n(x"2+3"(1/2)*(1/c~2)~(
1/6)*x+(1/¢c”2)~(1/3))*(1/c~2)~(2/3)*d"2*%e+1/6/c~2*%1n(x"2+3"(1/2)*x(1/c"2)~ (1
/6)*x+(1/c”2)~(1/3))*e~3+1/2/¢c~2/(1/c”2) " (1/6) *arctan(2*x/(1/¢c~2) ~(1/6)+3"(
1/2))*d*xe~2-1/2x(1/c~2)~(2/3)*arctan(2*x/(1/c~2) ~(1/6)+3~(1/2) )*3~(1/2) *d"2
xe+1/3%(1/c”2) " (1/2)*arctan(2*x/(1/¢c~2)~(1/6)+3"(1/2))*d~3+1/4*1n(x"2-3"(1/
2)*x(1/c”2)~(1/6)*x+(1/c~2)~(1/3))*3°(1/2)*(1/c~2)~(5/6) *d*e~2+1/4*%1n(x"2-3"
(1/2)*x(1/c”2)~(1/6)*x+(1/c"2)~(1/3))*(1/c~2) " (2/3) *d"2*e+1/6/c~2x1n(x"2-3"(
1/2)*x(1/c”2)~(1/6)*x+(1/c~2)~(1/3))*e~3+1/2/c~2/(1/c~2) ~(1/6) *arctan (2*x/ (1
/c”2)"(1/6)-37(1/2))*d*xe"2+1/2x(1/c~2) " (2/3) *arctan(2*x/(1/c~2)~(1/6)-3~(1/
2))*3~(1/2)*d"2xe+1/3%(1/c~2) ~(1/2)*arctan(2*x/(1/c~2)~(1/6)-3"(1/2))*d~3-1
/2x1n(x"2+(1/c2)~(1/3))*x(1/c"2)~(2/3)*d"2*xe+1/6/c"2%1n(x"2+(1/c"2) " (1/3) ) *
e~3-1/3x(1/c"2) " (1/2)*arctan(x/(1/c"2)~(1/6))*d~3+1/c~2/(1/c~2)~(1/6) *arcta
n(x/(1/c”2)~(1/6))*d*e~2))
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Fricas [F(-2)]

Exception generated.

/ (d+ ex)? (a + barctan (cz®)) dz = Exception raised: RuntimeError

[In] integrate((e*x+d) ~2*(atb*arctan(c*x~3)),x, algorithm="fricas")

[Out] Exception raised: RuntimeError >> no explicit roots found

Sympy [A] (verification not implemented)

Time = 22.95 (sec) , antiderivative size = 151, normalized size of antiderivative = 0.48

/(d + ex)? (a + barctan (cz?)) dz

2,3
= ad®z + adez? + 257 — 3bed? RootSum (216t°c* + 1, (¢ — tlog (36t°c* + z%)))

— 3bcde RootSum (46656t°c™ + 1, (¢ — tlog (7776t°c® + z))) + bd’z atan (cz®)
0 forc=0

2 3 2
+ bdez” atan (cx ) + be x3 atan (cz?’) _ log (02x6+1)
3 6¢c

otherwise

[In] integrate((exx+d)**2*(a+b*atan(c*x**3)),x)

[Out] a*d**2*x + axd*e*xx**2 + axe*x2*x**3/3 - 3xbkcxd**x2*RootSum(216% tx*3kc*x4 +
1, Lambda(_t, _t*log(36%_t**2xcx*2 + x*%*2))) - 3*b*c*d*e*RootSum(46656%*_tx*
*x6xc**x10 + 1, Lambda(_t, _t*log(7776%_tx*5xcx*8 + x))) + b*xd**2xx*atan(ckxx*

*3) + bxd*e*x**2*xatan(c*x**3) + bxex*2*Piecewise((0, Eq(c, 0)), (x**3*atan(
c*xx**3) /3 - log(cx*2xxx*6 + 1)/(6%c), True))

Maxima [A] (verification not implemented)

nomne
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Time = 0.30 (sec) , antiderivative size = 280, normalized size of antiderivative = 0.89

/(d + ex)? (a + barctan (cz?)) dz = % ae’z® + adex?

\

\/§<2 c%zQ—c%)

1 2 v/3 arctan (T) log (ch‘* s % I 1) 2 log <c%wf+1)
——]ec i + I — Pl — 4 xarctan (c:v3)
4 c3 c3 c3
1 v/3log <c§x2 +/3ciz + 1) V3log (c%xz —/3ciz + 1) 4 arctan <c%
+- | 4z” arctan (cz®) + ¢ - — 5 — 5
4 Cc3 c3 c3
+ adz 4 (2 cz® arctan (cz®) — log (c?z® + 1))be?

6¢c

[In] integrate((e*x+d) 2*(a+b*arctan(c*x~3)),x, algorithm="maxima")

[Out] 1/3*axe”2%x"3 + axd*e*x”2 - 1/4*(cx(2xsqrt(3)*arctan(1/3*sqrt(3)*(2*xc~(4/3)
*x~2 - ¢7(2/3))/c~(2/3))/c”(4/3) + log(c~(4/3)*x~4 - c~(2/3)*x"2 + 1)/c~(4/

3) - 2xlog((c™(2/3)*x"2 + 1)/c~(2/3))/c~(4/3)) - 4*x*xarctan(c*x~3))*bxd~2 +
1/4x(4*x~2*arctan(c*x~3) + c*(sqrt(3)*log(c™(2/3)*x"2 + sqrt(3)*c”(1/3)*x

+ 1)/c”(5/3) - sqrt(3)*log(c~(2/3)*x~2 - sqrt(3)*c~(1/3)*x + 1)/c~(5/3) - 4
xarctan(c~(1/3)*x)/c~(5/3) - 2*arctan((2*c~(2/3)*x + sqrt(3)*c~(1/3))/c~(1/
3))/c~(5/3) - 2xarctan((2xc~(2/3)*x - sqrt(3)*c~(1/3))/c~(1/3))/c~(5/3)))*b

xdxe + axd"2*xx + 1/6%(2xcxx"3xarctan(c*x”3) - log(c™2*x"6 + 1))*b*e~2/c

Giac [A] (verification not implemented)

none
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Time = 9.73 (sec) , antiderivative size = 312, normalized size of antiderivative = 0.99

/(d + ex)? (a + barctan (cz?)) dz

1 1
— be?z3 arctan (c:c3) + = ae’z® + bdex? arctan (cm3) + adex?® + bd?z arctan (cx3)

bede arctan ($|c|%) <\/§bcd2|c|§ — bcde) arctan (<2z + ﬁ) |c|3>
+

+ ad’z — - .
|C|§ 2 |C|§

(\/gbcd2|c|é + bcde) arctan ((2x - ﬁi—) |c|é)

- 5
2]cf?

(3 \/gbcde|c|% — Bbcd2|c|% — 2bce2> log (x + ﬁ‘” + | |3)
N 12 ¢2

<3 \/gde6|C|% + 3bcd2|c|§ + 2bce2) log ( 2 _ ;[l”" + ﬁg)
- 122

<3bcd2|c|% — bceQ> log (a: + o3 )
* 6 c?

[In] integrate((e*x+d) ~2*(a+b*arctan(c*x~3)),x, algorithm="giac")

[Out] 1/3*bxe~2#x"3*arctan(cxx~3) + 1/3*a*e”2xx"3 + bxdxe*x~2*arctan(c*x~3) + a*d
*xe*x~2 + bxd 2*x*arctan(cxx”~3) + a*d~2*x - b*cxdxexarctan(x*abs(c)~(1/3))/a
bs(c)~(5/3) + 1/2*%(sqrt(3)*b*xc*d~2*abs(c)~(1/3) - bkxcxd*e)*arctan((2*x + sq
rt(3)/abs(c)~(1/3))*abs(c)~(1/3))/abs(c)~(5/3) - 1/2x(sqrt(3)*b*xcxd~2*abs(c
)~ (1/3) + bxc*d*e)*arctan((2*x - sqrt(3)/abs(c)~(1/3))*abs(c)~(1/3))/abs(c)
~(5/3) + 1/12%(3*sqrt(3)*b*c*d*exabs(c)~(1/3) - 3*bxc*d~2*abs(c)~(2/3) - 2%
bxc*e”2)*log(x~2 + sqrt(3)*x/abs(c)~(1/3) + 1/abs(c)~(2/3))/c"2 - 1/12x(3*s
qrt (3) *¥bxcxd*e*xabs(c) ~(1/3) + 3%bkxcxd~2*abs(c)~(2/3) + 2*b*c*xe”2)*log(x"2 -
sqrt(3)*x/abs(c)~(1/3) + 1/abs(c)~(2/3))/c”2 + 1/6%(3*bxcxd~2*abs(c)~(2/3)
- bxcxe”2)*xlog(x~2 + 1/abs(c)~(2/3))/c"2
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Mupad [B] (verification not implemented)

Time = 0.59 (sec) , antiderivative size = 988, normalized size of antiderivative = 3.14

/(d + ex)? (a + barctan (cz®)) dz

2,3 6
:atan(cw3) (bd2w+bdew2+ be3:c ) + (Zln (a: (6b507d268 - 162b5cgd862)
k=1

+root (46656 a® c®+46656 a° b c® € +19440 a* b* ¢* €* +4320 a® b° ¢* € — 11664 a® b° ¢° d°+ 20412 0 b* ¢* &'
—2436° P d’ e + 9% " d® €") root (46656 a° c® + 46656 a® b’ e® + 19440 a” b ¢* €*

+4320a° b ® €® — 11664 a® b° ¢ d° + 204120 b* ¢* d® € + 540 b* * €® — 972a b’ P d® e*

ae’x3

+ad’z+adex®

%—36ab5cem-—54b602d6664—729b604dm—+b6eu,a,k))-+

[In] int((a + b*atan(c*x~3))*(d + e*x)~2,x)

[Out] atan(c*x~3)*((b*e~2%x~3)/3 + b*d~2*x + b*d*exx~2) + symsum(log(x*(6*b~5xc~7
*d"2%e"8 - 162*%b~5*c”9*d"8*e~2) + root (46656*a~6*%c"6 + 46656*a~5xbxc 5xe”2
+ 19440%a~4*xb"2xc"4*e"4 + 4320*%a"3*%b"3*%c"3*xe”6 - 11664*a”3*b~3*c~5xd"6 + 20
412%a"2%b"4*c"4*d"6*%e”"2 + 540*a”"2*¥b"4xc"2*%e"8 - 972*%axb"5*xc”3*xd"6*e”4 + 36%
a*b~b*xcke”10 - 54*xb~6xc"2*%d"6*e”6 + 729*%b”"6kc"4*d"12 + b~6*e”12, a, k)*(x*(
486*b~4xc~10%d"8 + 90%b~4*c~8*d"2xe”6) - root(46656*a~6*c”6 + 46656*a~5*bxc
“bxe”2 + 19440*a”4*xb"2*%c"4xe"4 + 4320*%a"3*xb"3*c”"3*%e”6 - 11664*a~3*xb"3*c”5*xd
“6 + 20412*%a"2xb"4*c"4*d"6*%e”2 + 540%a"2xb"4*c"2%e”8 — 972*%xaxb"5*xc”3*d"6*e”
4 + 36%axb~bxckxe"10 — H54*b"6*cT2xd"6*%e”6 + 729*b"6*%c"4*xd"12 + b"6*e"12, a,
k) * (root (46656*a~6*c~6 + 46656*a~5*xb*c~5xe~2 + 19440*a”~4*b~2*c~4*xe~4 + 4320
*a"3*b"3*%c"3%e"6 - 11664*a~3*b"3*%c"5xd"6 + 20412*a”~2*b~4*c~4*xd"6*e”2 + 540%
a"2xb"4*xc"2x%e”8 - 972*axb~bkc"3*d"6*xe"4 + 36*a*b”"bxcxe”10 - 54*xbT6kc”2*d"6*
e”"6 + 729*%b~6*xc~4*xd"12 + b~ 6*e”12, a, k)*(3888*xb~2xc~10*%d"3*e + 3888*root (4
6656*xa"6xc”6 + 46656*a " 5*xbkxc~bxe”2 + 19440*%a”4*b"2*xc"4*xe"4 + 4320*%a"3*xb"3*c
“3%e"6 - 11664*a”"3*b"3*%c"5xd"6 + 20412*%a”2*¥b"4*c"4*xd"6*e”2 + 540%a"2xb"4*c”
2%e~8 - 972*a*xb~5xc~3*d"6*e"4 + 36*a*b~5xcxe”10 - 54*xb"6*xc”2+%d"6*xe”6 + 729%
b~6xc~4*%d"12 + b"6*e”12, a, k)*bxc~11*%d"2*x + 648*b~2%c”~10*d"2*xe"2xx) + 972
*b"3*%c"9*%d"3*%e”3 - 324*xb"3xc”9*xd"2*e"4*x)) - 243*%b"5xc”9*xd"9*e + 9*xb"H*kc”T*
d~3*%e”7)*root (46656*a~6*%c”6 + 46656*%a~5xbxc~5xe~2 + 19440%a"4%b~2*%c"4*xe~4 +
4320*%¥a"3*%b"3*%c"3*%e"6 - 11664*a~3*xb"3*c " 5*d"6 + 20412%a”"2*%b"4*c"4*xd"6*e”2 +
540*a”~2*b~4*c"2xe"8 - 972*axb~5*xc”~3*d"6*e”"4 + 36*axb~5*c*e”~10 - 54*b~6%c”2
*d~6*e”"6 + 729*b"6%c”4*%d"12 + b~"6*e"12, a, k), k, 1, 6) + (a*xe"2*x"3)/3 + a
*d"2%x + akxdxexx”"2
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3.29 [(d + ex) (a + barctan (cz?)) dx

Optimal result . . . . . . . . . . . . e 271
Rubi [A] (verified) . . . . . . . . 275
Mathematica [A] (verified) . . . . . . . . . .. 278
Maple [A] (verified) . . . . . . . .. 279
Fricas [F(-2)] . . . . . o 280
Sympy [A] (verification not implemented) . . . . .. ... ... ... .. ... ... 2801
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 280
Giac [A] (verification not implemented) . . . . . . . .. ... L 2871
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 283

Optimal result

Integrand size = 16, antiderivative size = 285

bearctan (v/cz)  bd?arctan (cz®)
3 __ _
/(d + ez) (a + barctan (cz’)) dz = 50273 9%

N (d + ex)? (a + barctan (cz?))

2e
bearctan (v/3 — 2¢/cz)  bearctan (V3 + 2/cz)
+ 4c2/3 o 4¢2/3
v/3bd arctan (%) bdlog (1 + c*/3z?)
27e YT
V/3belog (1 — v/3/cx + */32?)
8¢2/3
V/3belog (1 + v/3/cz + */32?)
+ 8¢c2/3
bdlog (1 — 32?4 ¢*/3z%)
4/c

[Out] -1/2*b*exarctan(c”(1/3)*x)/c”(2/3)-1/2xbxd~2*arctan(c*x~3) /e+1/2* (exx+d) ~2*
(at+b*arctan(c*x~3))/e-1/4xb*xe*arctan(2xc”(1/3)*x-37(1/2))/c~(2/3)-1/4*b*xex*a
rctan(2*xc”(1/3) *x+37(1/2)) /c~(2/3)+1/2xb*d*1n(1+c”~(2/3)*x~2) /c~(1/3) -1/4%bx*
d*1n(1-c~(2/3)*x"2+c~(4/3) *x~4) /c~(1/3) +1/2*b*d*arctan (1/3* (1-2*c~ (2/3) *x~2
)*x37(1/2))*37(1/2)/c~(1/3)-1/8*b*xex1n(1+c~(2/3) *x~2-c~ (1/3) *x*3~(1/2))*3~ (1
/2)/c”(2/3)+1/8%bxex1n(1+c~(2/3) *x~2+c~ (1/3) *x*3~(1/2))*3~(1/2) /c~(2/3)

_+_
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Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 285, normalized size of antiderivative = 1.00,

number of steps used = 22, number of rules used = 12, Bumber of rules _ 0.750, Rules
integrand size

used = {4980, 1845, 281, 209, 298, 31, 648, 631, 210, 642, 301, 632}

_9c2/32
(d + ex)? (a + barctan (cx?)) v/3bd arctan <%>

2e * 2/c
be arctan (V/cz) N bearctan (v/3 — 2¢/cz)
92c2/3 4c2/3
bearctan (2¢/cz ++v/3)  bd?arctan (cz?)
B 4¢2/3 B 2e
bdlog (c*322 +1)  bdlog (c*/3z* — 3z% +1)
2/c B 4/c
V/3belog (c*3z? — /3+/cx + 1)
8¢c2/3
/3be log (02/3m2 +/3¥cx + 1)
+ 8c2/3

/(d+ex) (a+barctan (cz®)) dz =

[In] Int[(d + e*x)*(a + bxArcTan[c*x~3]),x]

[Out] -1/2%(bxe*ArcTan[c”~(1/3)*x])/c~(2/3) - (b*d~2*ArcTan[c*x~3])/(2%e) + ((d +
exx) 2% (a + bxArcTan[c*x"3]))/(2xe) + (b*exArcTan[Sqrt([3] - 2*c~(1/3)*x])/(
4xc~(2/3)) - (b*exArcTan[Sqrt[3] + 2xc~(1/3)*x])/(4*c~(2/3)) + (Sqrt[3]*b*xd
*ArcTan[(1 - 2%c~(2/3)*x72)/Sqrt[3]1]1)/(2%c~(1/3)) + (b*dxLogl[l + c~(2/3)*x~
21)/(2xc~(1/3)) - (Sqrt[3]*b*exLog[l - Sqrt[3]*c~(1/3)*x + c~(2/3)*x~2]1)/(8
xc~(2/3)) + (Sqrt[3]*bxexLogl[l + Sqrt[3]*c~(1/3)*x + c~(2/3)*x~2])/(8*c~(2/

3)) - (bxdxLogl[l - c~(2/3)*x72 + c~(4/3)*x"4])/(4*%c~(1/3))

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 210

Int[((a_) + (b_.)*(x_)"2)~(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)
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Rule 281

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(0))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, n]}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*(a + b*x~(n/k))"p, x], X, X
“k], x] /; k !'= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 298

Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> Dist[-(3*Rt[a, 3]*Rt[b, 3])~ (-
1), Int[1/(Rtl[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 3]*x)/(Rt[a, 3]°2 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3] 2*x
~2), x], x] /; FreeQ[{a, b}, x]

Rule 301

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Module[{r = Numerator
[Rt[a/b, nl]], s = Denominator[Rt[a/b, n]], k, u}, Simp[u = Int[(r*Cos[(2xk

- 1)*mx(Pi/n)] - s*Cos[(2*¥k - 1)*(m + 1)*(Pi/n)]*x)/(r"2 - 2*r*xs*xCos[(2*k -
1)*(Pi/n)]*x + 872%x"2), x] + Int[(r*Cos[(2*k - 1)*m*x(Pi/n)] + s*Cos[(2*k

- D*x(m + 1)*x(Pi/n)]*x)/(xr"2 + 2*r*s*Cos[(2xk - 1)*(Pi/n)]*x + s”2*x"2), x]
; 2%(-1)"(m/2)*(r"(m + 2)/(a*n*s”m))*Int[1/(r"2 + s™2%x"2), x] + Dist[2*(r~
(m + 1)/(a*n*s"m)), Sum([u, {k, 1, (n - 2)/4}], x], x]] /; FreeQ[{a, b}, x]

&& IGtQ[(n - 2)/4, 0] && IGtQ[m, O] && LtQ[m, n - 1] && PosQ[a/bl

Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[ax(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xa*c])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 642

Int[((d) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*e)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2%c), In
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t[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, 4, e}, x] && NeQ
[2%cxd - b*e, 0] && NeQ[b~2 - 4*axc, 0] && !NiceSqrtQ[b~2 - 4xaxc]

Rule 1845

Int [((Pq_)*((c_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[(c*x)"(m + ii)*((Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + ii]*x~(n/2)
)/(c”ii*(a + b*x"n))), {ii, 0, n/2 - 131}, Int[v, x] /; SumQ[v]] /; FreeQ[{
a, b, c, m}, x] && PolyQ[Pq, x] && IGtQ[n/2, 0] && Expon[Pq, x] < n

Rule 4980

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)1*(b_.))*((d_) + (e_.)*(x_))"(m_.), x_Sy
mbol] :> Simp[(d + e*x)~(m + 1)*((a + bxArcTan[c*x"n])/(ex(m + 1))), x] - D
ist[bxcx(n/(ex(m + 1))), Int[x"(n - 1)*((d + exx)"(m + 1)/(1 + c™2*xx~(2*n))
), x1, x] /; FreeQ[{a, b, ¢, d, e, m, n}, x] && NeQ[m, -1]

Rubi steps

(d + ex)* (a + barctan (cz®)) (3bc) [ xjf;i”?z dz

integral =
integra 76 96

dex e2zt
_ (d+ex)®(a+barctan (cz®)) (3bc) | <1+c2z6 + 12+c2z6 + 1+02x6> dz

2e 2e
_ (d+ ex)?(a+ barctan (cz?)) / z3
- 26 (3bed) R
3de2 f 1-|—c2x6
— 5 - = 3bce) /
2
_ (d+ex)* (a + barctan (cw ) —(3bcd)Subst /L dz, 7, 7
2e 1+ 223
(bcd2 ) Subst ( [ {225z d, z, 2%) B (be) [ gz dx
2e 2/c
~1+3va¥/en -3-3vaies
(be) f l—ﬁ%m+52/3m2 dz _ (be) f 1+f\/6x+62/3x2
2v/c 2v/c
bearctan (v/cz)  bd*arctan (cz®)  (d + ex)? (a + barctan (cz?))
—_ - +
2¢%/3 2e 2e
1 1 9
—\/?:%+202/393 _V
1., S 1+ 3z 2 (vabe) | 1-v3Y/Co+c2/3a2 dz (V3be) | 14+
-5 (b+/cd) Subst [ 25y & cifig? de,z,z* | — 8273 + g
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bearctan (¥/cz)  bd?arctan (cz®)  (d + ex)? (a + barctan (cz?))
= +

2c2/3 2e

bdlog (1 + 02/3x2) \/_be log (1 — v/3/cz + */32?)
2/c 8c2/3
_C2/3 64/3£E
\/_belog(1+\/_\/6x+02/3 2) (bd Subst(fmdx T iL')
8c2/3 4/c

(be)Subst <f ﬁdm,x, 1— 23;@&) (be)

+
4\/502/3
bearctan (v/cz)  bd?arctan (cz®)  (d + ex)? (a + barctan (cz?))
- +
2c%/3 2e 2e

be arctan (\/3 — 2\3/533) be arctan (\/3 + Q%r) bd log (1 + 02/39:2)
" 17 - 1c7 T

V/3belog (1 — v/3/cz + 02/3x2) V/3belog (1 + v/3/cz + ¢*/3z?)
o ]¢2/3 802/3

bdlog (1 — ¢*3z? + 04/3:(:4) (3bd Subst( [ =1 dz, z,1 — 2¢*/32?)

4/c 2\3/5
bearctan (v/cz)  bd?arctan (cz®)  (d + ex)? (a + barctan (cz®))
- - +
2c2/3 2e 2e
c2/3 52
be arctan (v3 —2V/cx)  bearctan (v3 + 2v/cz) v/3bd arctan <1 2o >
4c2/3 4c2/3 + 2%
bdlog (14 c*32%)  /3belog (1 — v/3/cx + */32?)
2/c 8¢2/3
\/_be log (1 +3/cz +*32%)  bdlog (1 — *32% + ¢*/3z*)
8c2/3 4c

Mathematica [A] (verified)

_%1(3b\‘“’/5d) Subst (/ T L dz, z,x2) —

23y + A/3x2

Time = 0.08 (sec) , antiderivative size = 310, normalized size of antiderivative = 1.09

3
/ (d+ ex) (a+ barctan (cz®)) dz = adz + %aeax2 _be arci;i;l/:g\/ax) + bdz arctan (cz®)
be arctan (\/_ 2\/53:) be arctan (\/g + 2v/cz)
462/3 402/3
/3be log (1- V3ex + Pz 2) /3be log (1+\/_\/Ex+c2/3 %)
8c2/3 8¢2/3
bd(—2+v/3arctan (v/3 — 2¢/cz) — 2\/§arctan (V3+2v/cx) — 2log (1 + ¢*z?) +log (1 — v/3+/cx + 2

4v/c

+ %be:c2 arctan (cw3)

[In] Integrate[(d + exx)*(a + b*ArcTan[c*x~3]),x]
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[Out] axd*x + (a*xe*x"2)/2 - (bxexArcTan[c”(1/3)*x])/(2*xc~(2/3)) + b*d*x*ArcTan[c*
x73] + (b*exx~2xArcTan[c*x73])/2 + (b*e*ArcTan[Sqrt[3] - 2*xc~(1/3)*x])/(4*c
~(2/3)) - (b*exArcTan[Sqrt[3] + 2xc~(1/3)*x])/(4xc”(2/3)) - (Sqrt[3]*b*exLo

gll - Sqrt[3]*c™(1/3)*x + c~(2/3)*x~2])/(8%c~(2/3)) + (Sqrt[3]*bxexLogl[l +
Sqrt[31*c~(1/3)*x + c~(2/3)*x72])/(8*c~(2/3)) - (b*d*(-2*Sqrt[3]*ArcTan[Sqr

t[3] - 2xc~(1/3)*x] - 2xSqrt[3]*ArcTan[Sqrt[3] + 2xc~(1/3)*x] - 2xLog[l + ¢
~(2/3)*x~2] + Logl[1l - Sqrt[3]*c~(1/3)*x + c~(2/3)*x~2] + Logl[l + Sqrt[3]*c~
(1/3)*x + ¢~ (2/3)*x72]))/(4%xc~(1/3))

Maple [A] (verified)

Time = 0.70 (sec) , antiderivative size = 305, normalized size of antiderivative = 1.07

method | result

default | a(iez®+dz) +b gﬁfigflff4—an¢an(cw3)dx-—

parts | a(iez?+dz)+b fﬂﬂi;flﬁf4—anman(cx3)dx-—

[In] int((exx+d)*(a+b*arctan(c*x~3)),x,method=_RETURNVERBOSE)

[Out] ax(1/2%e*xx~2+d*x)+b*(1/2*xarctan(c*x~3)*x"2*e+arctan(c*x~3)*d*x-3/2*c*x(-1/12
*1n(x~2+37(1/2)*(1/c2) " (1/6) *x+(1/c~2)~(1/3))*37(1/2)*(1/c~2) " (5/6) xe+1/6%
In(x"2+3"(1/2)*(1/c”2)~(1/6) *x+(1/c~2)~(1/3))*(1/c~2)~(2/3)*d+1/6/c~2/(1/c”
2)~(1/6)*arctan(2*x/(1/c~2)~(1/6)+3"(1/2))*xe-1/3%(1/c~2) " (2/3) *arctan (2*x/ (
1/¢72)7(1/6)+37(1/2))*3~(1/2)*d+1/6*c"2*1n(x"2-3"(1/2)*(1/c~2)~(1/6) *x+(1/c
~2)°(1/3))*(1/c~2)~(5/3)*d+1/12*%1n(x"2-3"(1/2)*(1/c~2) " (1/6) *x+(1/c~2)~(1/3
))*3°(1/2)*%(1/c~2) " (5/6) *e+1/3*xc"2x(1/c~2) " (5/3) *arctan(2*x/(1/c~2)~(1/6)-3
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~(1/2))*3~(1/2)*d+1/6/c~2/(1/c~2)~(1/6) *arctan (2*x/(1/c~2) ~(1/6)-3"(1/2)) *xe
-1/3%(1/c”2)~(2/3)*d*1n(x"2+(1/c~2)~(1/3))+1/3/c"2xe/(1/c~2) "~ (1/6) *arctan(x

/(1/c~2)7(1/6))))

Fricas [F(-2)]

Exception generated.

/ (d+ ex) (a + barctan (cz®)) dz = Exception raised: RuntimeError

[In] integrate((e*x+d)*(atb*arctan(c*x~3)),x, algorithm="fricas")

[Out] Exception raised: RuntimeError >> no explicit roots found

Sympy [A] (verification not implemented)

Time = 10.83 (sec) , antiderivative size = 104, normalized size of antiderivative = 0.36

/(d + exz) (a + barctan (cz®)) dz

= adz + % — 3bcd RootSum (216t°c* + 1, (t — tlog (36t*c* + z?)))
_ 3bce RootSum (46656t°c'® + 1, (t = tlog (7776t°c® + 1))
2
bex? atan (cz?)

+ bdx atan (cx3) + 5

[In] integrate((e*x+d)*(at+b*atan(c*x**3)),x)

[Out] a*d*x + axe*x**2/2 - 3xbxc*d*RootSum(216%_t*x3*c*x4 + 1, Lambda(_t, _t*log(
36%_tk*k2kck*2 + xx*2))) - 33xb*ckexRootSum(46656* tx*6xc**x10 + 1, Lambda(_t,
_t*log(7776%_tx*5xc*x8 + x)))/2 + b*d*x*atan(c*x*+*3) + bxekx*k*k2xatan (ckx**

3)/2

Maxima [A] (verification not implemented)

none
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Time = 0.31 (sec) , antiderivative size = 232, normalized size of antiderivative = 0.81

/(d + ez) (a + barctan ( )) == aex2
% \
1 2 \/garcta log (C%ZA _ C%.’L'Q + 1) 9 log <c3w2+1)
- - + - - Pl — 4z arctan (cz®)
4 c3 c3 c3
/
1 v/3log <c§1? +—x/§c%a:+-1> V3log (c%xz-—-\/gc%1:+-1> 4 arctan.(c%
+§ 4 z* arctan (cz®) + ¢ < — - — -
C3 Cc3 c3
+ adx

[In] integrate((exx+d)*(a+b*arctan(c*x~3)),x, algorithm="maxima")

[Out] 1/2*axexx”2 - 1/4x(c*x(2*sqrt(3)*arctan(1/3*sqrt(3)*(2*c~(4/3)*x"2 - c~(2/3)
)/c(2/3))/c"(4/3) + log(c~(4/3)*x"4 - c~(2/3)*x"2 + 1)/c~(4/3) - 2xlog((c”
(2/3)*x"2 + 1)/c~(2/3))/c”(4/3)) - 4xx*xarctan(c*x~3))*b*d + 1/8%(4*x"~2*arct
an(c*x~3) + cx(sqrt(3)*log(c~(2/3)*x"2 + sqrt(3)*c~(1/3)*x + 1)/c~(5/3) - s
qrt(3)*log(c~(2/3)*x~2 - sqrt(3)*c~(1/3)*x + 1)/c~(5/3) - 4xarctan(c”(1/3)*
x)/c~(5/3) - 2*arctan((2*c~(2/3)*x + sqrt(3)*c~(1/3))/c~(1/3))/c~(56/3) - 2%
arctan((2*c~(2/3)*x - sqrt(3)*c~(1/3))/c~(1/3))/c~(5/3)))*bxe + a*xd*x

Giac [A] (verification not implemented)

none
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Time = 0.83 (sec) , antiderivative size = 236, normalized size of antiderivative = 0.83
3 L, o sy, L o 3
(d + ex) (a+ barctan (cz®)) dz = 5 bez” arctan (cz®) + 5 aex” + bdz arctan (cz®)

bed log (x2 + ﬁ) bce arctan <x|0|%>
+ adx + - 3

2el} 2el?
(2 \/3de|0|% — bce> arctan ((236 + ﬁ) |c|§>
+ 5
4lcl?
<2 \/gbcd|c|% + bce) arctan <<2x - ﬁ) |c|é)
4lel’
(\/gbce - 2bcd|c|%> log <w2 + % + ﬁ)
+ 5
8]c|?
(\/gbce +2 bcd|c|%> log (:1:2 — f’f + —|137)
- 5
8 el

[In] integrate((exx+d)*(at+b*arctan(c*x~3)),x, algorithm="giac")

[Out] 1/2*bk*e*x~2xarctan(c*x~3) + 1/2xaxe*x”2 + bxd*x*arctan(cxx~3) + axd*x + 1/2
*xbxcxd*xlog(x~2 + 1/abs(c)~(2/3))/abs(c)~(4/3) - 1/2xbxcxexarctan(x*abs(c)~(
1/3))/abs(c)~(5/3) + 1/4%(2xsqrt(3)*b*xckd*abs(c)~(1/3) - bxcxe)*arctan((2*x

+ sqrt(3)/abs(c)~(1/3))*abs(c)~(1/3))/abs(c)~(5/3) - 1/4%(2xsqrt(3)*bxc*d*
abs(c)~(1/3) + b*cxe)*arctan((2*x - sqrt(3)/abs(c)”~(1/3))*abs(c)~(1/3))/abs
(c)~(5/3) + 1/8*(sqrt(3)*b*cke - 2*b*ckd*abs(c)~(1/3))*log(x~2 + sqrt(3)*x/
abs(c)~(1/3) + 1/abs(c)~(2/3))/abs(c)~(5/3) - 1/8*(sqrt(3)*bxc*e + 2¥bxc*d*
abs(c)~(1/3))*log(x~2 - sqrt(3)*x/abs(c)~(1/3) + 1/abs(c)~(2/3))/abs(c)~(5/

3)
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Mupad [B] (verification not implemented)

Time = 0.48 (sec) , antiderivative size = 485, normalized size of antiderivative = 1.70

be z?

/(d + ex) (a + barctan (cz®)) dr = atan(cz®) ( + bdm)

6
+ <Z In (—root (4096 abct—1024a® 3 S B+576a* b 2 d? e —48ab® cde* +64 b5 > d6+b8 €6, a, k) (r
k=1

243 b° ¢ d* 243b° @ d® e?
— 3 2C °_ 3 C4 © m) root(4096aﬁc4—1024a3b3c3d3-|—576(12b402d2€2
2
—48ab5cde4+64b602d6+b666,a,k)> +adx + aezx

[In] int((a + b*atan(c*x~3))*(d + e*x),x)

[Out] atan(c*x~3)*(b*d*x + (b*e*x~2)/2) + symsum(log(- root(4096*a~6*c”4 - 1024*a
“3%b73%xc"3%d"3 + 576*%a"2%b"4*xc"2%d"2*%e"2 - 48*axb”"b*xcxdxe"4 + 64*b~6*xcT2xd”
6 + b"6%e”6, a, k)*(root(4096*a~6*c”~4 - 1024*a”~3*xb~3*%c~3*d~3 + 576*a”2%b " 4x*
c"2%d"2%e"2 - 48*axb~5xcxd*xe~4 + 64*b"6*%c”2*d"6 + b~6*xe”6, a, k)*(root (4096
*¥a"6*%c”4 - 1024*%a"3*b"3*xc"3%d"3 + 576*%a"2*%b"4*xc"2xd"2*%e"2 — 48xaxb"bkckd*e”
4 + 64*b"6*%c”2*xd"6 + b"6*e”6, a, k)*(1944*xb~2%c"10*d*e - 486*b~2*c~10*e”2*x
+ 3888*root (4096*a~6*xc~4 - 1024*a”3*b~3*c"3*d"3 + 576*a"2*%b"4*c”2*xd"2*e"2
- 48*xaxb”5*c*d*e”4 + 64%b"6xc”2*d"6 + b~6*e”6, a, k)*bkcT11*d*x) - (243%b~3
*Cc"9%e"3)/2) - 486*%b"4xc”10*%d~4*x) - (243*%b"5xc”9kd"4x*xe)/2 - (243*%b"5*xc”9*d
~3*e"2%x) /4) xroot (4096*a~6*xc~4 - 1024*a"3*%b"3*c"3*d"3 + 576%a"2%b"4*c"2%d"2
*e”2 - 48%axb”bxcxd*xe~4 + 64*xb"6*%c”2*%d"6 + b"6*%e”6, a, k), k, 1, 6) + akd*x
+ (axe*x”~2)/2
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Optimal result

Integrand size = 18, antiderivative size = 739

/ a + barctan (cz?) dp — (a + barctan (cz?)) log(d + ex)
d+ex B e
(=)
bclog Y= log(d + ex)
+

2v/ —c?e
e(1+ A —C2x)
——7—~ | log(d + ex)

—C2d—e

2v/—c2e
e( \3/ —].+ 6\/ —Czw) 1 d
— o +ex
V—c2a-3/—1e &l )
2v/—c2e
e((—1)2/3+ ¥ —sz)
vV —c2i—(-1)2/%
2v/—c2e
(—1)2/3e<1+ V-1V —c%)
NV —cdy(-1)2/3¢
2v/—c2e
¥V —1e (1+(—1)2/3 V —C2z)
bclog 5 5
\/—C2d+ —1e
2v/—c?e
bc PolyLog ( e V—Cl(dtea) ) bc PolyLog ( ' (d+ez))

> log(d + ex)

) log(d + ex)

> log(d + ex)

—C2d e —02d+e
2v/—c%e 2v/—c%e
bc PolyLog (2 \/__02(‘”8’” )
* 2 —ch
bc PolyLog ( m(d—}-em) )
- 2 —cze

$/_p2
bc PolyLog (2 C(dter)

’ V—c2d—(—1)2/3e)

2v/—c2e

$/_ 2
be PolyLog <2, _V —C(dten)
—C2d+(-1)2/3¢

2v/—c%e

_|_




286

[Out] (a+b*arctan(c*x~3))*1n(exx+d)/e+1/2xbxc*1ln(ex(1-(-c"2)~(1/6)*x)/((-c~2)~(1/
6)*d+e) ) *1n(exx+d)/e/(-c~2)~(1/2)-1/2*b*c*x1n(—e* (1+(-c~2) " (1/6)*x) / ((-c~2)~
(1/6)*d-e) ) *1n(exx+d) /e/(-c~2) " (1/2)+1/2*%b*c*1n(-e* ((-1)~(1/3)+(-c~2)~(1/6)
*x)/((-c"2)~(1/6)*d-(-1)"(1/3) *e) ) *1n(e*xx+d) /e/ (-c~2) ~(1/2)-1/2*b*c*1n (-ex*(
(-1)~(2/3)+(-c~2)~(1/6) *x) / ((-c~2)~(1/6) *d-(-1) " (2/3) *e) ) *1n(e*x+d) /e/(-c~2
)~ (1/2)+1/2%bxc*1n((-1)~(2/3) *e* (1+(-1)~(1/3)*(-c~2)~(1/6) *x) / ((-c~2)~(1/6)
*xd+(-1)"(2/3)*e) )*1n(e*x+d) /e/(-c~2)~(1/2)-1/2xb*c*x1n((-1) ~(1/3) *ex (1+(-1)~
(2/3)*(-c~2)~(1/6)*x) / ((-c~2)~(1/6) *d+(-1) " (1/3) *e) ) ¥1n(exx+d) /e/(-c~2) " (1/
2)-1/2*%bxcxpolylog(2, (-c~2)~(1/6)*(e*xx+d) /((-c~2)~(1/6)*d-e))/e/(-c~2)~(1/2
)+1/2*%bxcxpolylog(2, (-c~2)~(1/6) *(e*x+d) /((-c~2)~(1/6)*d+e)) /e/ (-c~2)~(1/2)
+1/2*%bxcxpolylog(2, (-c~2)~(1/6)*(e*x+d) /((-c~2)~(1/6)*d-(-1)~(1/3)*e)) /e/ (-
c”~2)~(1/2)-1/2*b*c*polylog(2, (-c~2)~(1/6) *(exx+d) / ((-c~2)~(1/6) *d+(-1)~(1/3
)*xe))/e/(-c~2)~(1/2)-1/2xb*c*polylog(2, (-c~2)~(1/6) *(exx+d) /((-c~2)~(1/6) *d
-(-1)"(2/3)*e))/e/(-c~2)~(1/2)+1/2*xb*c*polylog(2, (-c~2) ~(1/6) * (e*xx+d) / ((-c~
2)°(1/6)*d+(-1)"(2/3)*e)) /e/(-c~2)~(1/2)

Rubi [A] (verified)

Time = 0.92 (sec) , antiderivative size = 739, normalized size of antiderivative = 1.00,

_ _ o number of rules _
number of steps used = 25, number of rules used = 8§, integrand size 0.444, Rules used




287

= {4976, 281, 209, 2463, 266, 2441, 2440, 2438}

6V - 2 exr
bc PolyLog (2, #)

/ a + barctan (cz?) i — log(d + ex) (a + barctan (cz®)) —C%d—e

d+ ez e 2v/—c?e

6\/ —C2(dtex
bc PolyLog (2, #)

—C2d+e
2v/ —c2e
2
be PolyLog (2 V—Cld+er) )

_|_

2d_3

2v/—c?e
V —c2 (d+ex)

d+

+

bcPolyLog( 5

2 —c2e

bc PolyLog (2, - V—Caren) )

—C2d—(-1)2/3¢

2v/—c%e
$/_2
bc PolyLog ( C"(d+e)

NV —c2dt(~1)2/3¢
2v/—ce
(V=)
bclog(d + ex) log
—Czd+e
2v/—c%e
bclog(d + ex) log <—

2v/—c?e
( e( 6\/ —Cza:—}- \3/ —1) )
bclog(d + ex)log | —

+

_|_

o(V=chor) )

6
—C%d—e

V—=c2i-3/—1e
2v/—c2e

e( 6\/ —C2z—|—(—1)2/3)
bclog(d + ex)log | —

V—c2d—(-1)2/3¢
o
(—1)2/3¢ (\/ \/—sz+1>
bclog(d + ex) log

—+

V —clir(-1)2/%
2v/—c2e
V=1e((rpe V=)
belog(d + ex) log ( Vo1 )
2v/—c2e

+
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[In] Int[(a + bxArcTan[c*x"3])/(d + e*x),x]

[Out] ((a + bxArcTan[c*x~3])*Logld + exx])/e + (b*c*Log[(ex(1 - (-c~2)~(1/6)#*x))/
((-c™2)~(1/6)*d + e)]*Logld + exx])/(2+Sqrt[-c~2]*e) - (b*cxLog[-((ex(1 + (
-c72)7(1/6)*x))/((-c™2)~(1/6)*d - e))]*Logld + exx])/(2xSqrt[-c~2]*e) + (b*
cxLog[-((ex((-1)"(1/3) + (-c"2)"(1/6)*x))/((-c~2)~(1/6)*d - (-1)~(1/3)*e))]
*Log[d + exx])/(2xSqrt[-c~2]*e) - (b*c*Logl[-((ex((-1)7(2/3) + (-c~2)"(1/6)*
x))/((-c”2)~(1/6)*d - (-1)"(2/3)*e))]*Logld + exx])/(2+Sqrt[-c~2]*e) + (b*c
*Log[((-1)~(2/3)*ex(1 + (1)~ (1/3)*(-c~2)"(1/6)*x))/((-c~2)~(1/6)*d + (-1)~
(2/3)*e)]*Logld + exx])/(2xSqrt[-c”2]*e) - (b*c*Logl[((-1)7(1/3)*ex(1 + (-1)
~(2/3)*(-c”2)"(1/6)*x)) / ((-c"2)~(1/6)*d + (-1)~(1/3)*e)]*Logld + exx])/(2*S
qrt[-c"2]*e) - (bxc*PolyLog[2, ((-c72)~(1/6)*(d + e*x))/((-c"2)"(1/6)*d - e
)1)/(2%Sqrt [-c™2]*e) + (b*c*PolyLogl[2, ((-c™2)7(1/6)*(d + e*x))/((-c~2)~(1/
6)*d + e)])/(2*%Sqrt[-c"2]*e) + (bxc*PolyLogl[2, ((-c~2)~(1/6)*(d + e*x))/((-
c™2)"(1/6)*d - (-1)~(1/3)*e)])/(2xSqrt[-c~2]*e) - (b*c*PolyLog[2, ((-c~2)~(
1/6)*(d + e*x))/((-c"2)~(1/6)*d + (-1)~(1/3)*e)]1)/(2*Sqrt[-c~2]*e) - (b*c*P
olyLogl2, ((-c”2)"(1/6)*(d + e*x))/((-c~2)~(1/6)*d - (-1)~(2/3)*e)])/(2*Sqr
t[-c~2]*e) + (b*c*PolyLogl[2, ((-c~2)~(1/6)*(d + e*x))/((-c"2)~(1/6)*d + (-1
)~ (2/3)*e)]) / (2xSqrt [-c"2] xe)

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 01)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 281

Int[(x_)~(m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*(a + b*x~(n/k))"p, x], x, X
“k1, x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 2438

Int[Log[(c_.)*((d)) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcx*d, 1]

Rule 2440

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_))]*(b_.))/((£f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + cxex(x/g)])/x, x], x, £ + g*x
1, x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[exf - d*g, 0] && EqQlg + c*
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(exf - d*g), 0]

Rule 2441

Int[((a_.) + Logl(c_.)*((d)) + (e_.)*(x))"(m_)1*(b_))/((E_.) + (g_.)*(x_
)), x_Symbol] :> Simp[Loglex((f + g*x)/(exf - d*g))]l*((a + bxLoglcx(d + e*xx
)"nl)/g), x] - Dist[bxex(n/g), Int[Logl(ex(f + g*x))/(exf - d*g)l/(d + exx)
, x1, x1 /; FreeQ[{a, b, c, d, e, f, g, n}, x] & NeQ[exf - dxg, 0]

Rule 2463

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)1*(b_.))"(p_.)*((h_.)*(x_))
“(m_.)*((£f) + (g_.)*(x_)"(r_.))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a
+ bxLoglc*x(d + e*x)~n])~p, (h*x) m*(f + g*x"r)"q, x], x] /; FreeQ[{a, b, c
,d, e, f, g, h, m, n, p, q, r}, x] && IntegerQ[m] && IntegerQ[ql

Rule 4976

Int[((a_.) + ArcTan[(c_.)*(x )~ (n_)1*(b_.))/((d) + (e_.)*(x_)), x_Symboll
:> Simp[Logl[d + exx]*((a + b*ArcTan[c*x"n])/e), x] - Dist[b*xc*(n/e), Int[x~
(n - 1)*(Logld + exx]/(1 + c™2*%x~(2*n))), x], x] /; FreeQ[{a, b, c, d, e, n
}, x] && IntegerQ[n]

Rubi steps

(a + barctan (cz®)) log(d + ex)  (3bc) re log(d-i—em) d

integral =
e e
(3bC) f __ c*az?log(d+ex) N c2z? log(d+ex) -
_ (a+ barctan (cz®)) log(d + ex) 2= (V=—c22?)  2vV=c(V=cT+c2at)
= ; -
z2lo ex z2 lo, ex
(a + barctan (cz®)) log(d + ex) (8bev/'=c?) [ \/lfg;d:; L) dy (350\/_ ) J \/lfg(i:zxs) dz
B e 2e 2e
(a4 barctan (cz®)) log(d + ex)
B e
3bc /_cz log(d+ex) + log(d+ex) + log(d+ez)
( ) f 3(—c2)5/6 (1— V—c%) 3(—c2)5/¢ (— {/—_1— V—c%) 3(—c2)5/6 ((—1)2/3_ %/—c%)
- 2e
(3bev=22) [ log(d+ex) + log(d+ex) " log(d+ex)

3(—c2)5/6<1+V—c2x) 3(—c?) 5”"( \/_+\/—cz> 3(—c2)5/6((—1)2/3+V—c2x)

2e
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(bC)f log(d+ex) dx

_ (a+barctan (cz®))log(d +ex) Y2,
e 2v/ —c2e
bC log(d+ex) dl’ bC log(d+ex) dz b log(d+ex) d
()| e 00 e 0 [ e o
2v/ —c2e 2v/ —c2e 2v/ —c2e
bC log(d+-ex) dx bC log(d+-ex)
U‘f_ch ) e
2v/ —c2e 2v/ —c2e

e(l— 6\/ —CQx)
belog | —5—=— | log(d + ex)

_ (a+ barctan (cz®)) log(d + ex) N —c%dte
N € 2v/—c?%e

bclo —M log(d + ex) bclo _e(i/—_1+(\s/—_02z) log(d + ex
g 5 g(d + ex) g g(d + ex)

—C2d—e V=ci-/—1e
+
—02 2v/—c?e
petog [~ 1>2/3+ =)\ 1ogta
clog T/ e og(d + ex)
2v/—c?e
(- 1)2/3 1+\/ \/—cz)
bclog log(d + ex)
62d~|—( 1)2/3¢
2v/—c2e
hel \/ 16 1+( 1)2/3V—C2z) . p
clog U UL og(d + ex)
2v/—c%e
e(l— 6\/ —02:1:) e(— V—_l— 6\/—_sz>
log| ——F———+% lo
g ‘6/_02d+e s V—C2d— 3 /_1e
be) [ Tre dz (be) J T dzr
2y —c? I/—c2

e(<—1)2/3— %/—_c%) )
d

e (1+ g/__c2z>
Y= P g 7
(be) [ Tren z  (be) [ dz

- 2V i 2\/d—+_;;
e(— i/—_1+ %/—_C2w> e((—1)2/3+ 6\/—_0275)
| -VeE VL B T
(be) [ dz  (be) [ dz

dtex d+ex
+

+
Ve e




291

e(l— \/6 —CQw)
belog | —5—=— | log(d + ex)
(a4 barctan (cz®)) log(d + ex) N —C%dte
- € 2v/—c?%e
e(1+6 —sz> e(i/—_].—f-(\s/—_CQw)
bclog _T log(d +ex) belog | — 2 UL log(d + ex)
_|_
V= e
( 1)2/3+\/—c2 ) loa(d
Y= a1y og(d + ex)
27/~
(- 1)2/3 1+\/ 1V—c% )
bclog

bclog

) log(d + ex)

62d~|—( 1)2/3¢
2v/—c2e

\/_1@ 1+( 1)2/3\/—_0%)
V—c2ir /-1
2v/—c2e

10g<1+§/_ \'_22’”>
f =V =Cdtel dp,x,d + ex

belog ) log(d + ex)

(bc)Subst

+

6 /
log<1—§/;gzm>
i —C i<l dg,x,d + ex

(bc)Subst

log <1+ A 3 )
(bc)Subst | [ V—che V-1 dz,z,d + ex

+

2v/ —c?e
6
10g(1+ 7 \/2—c2ac >
f -V —C%d+(-1)2/3e dz,z,d + ex

(bc)Subst

+

24/ —c%e
6 2
—c2

log(1—6>
i —Clar?e dr,z,d + ex
) )

(bc)Subst

(bc)Subst (f - <1_ 6 _22‘1* i/__l) dz,z,d + ex
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(e(l— V—ck) )
belog | 57—+ | log(d + ex)
_ (a+barctan (cx?)) log(d + ex) N —C%dte
€ 2v/—c2e
b E(H 6 _czm> e(i/—_1+ V—_c%)
- 2\/—_026 + 2\/—_026
, o1+ V=)
clog <_ V=ca—(-1)3 > log(d +ex)
2v/—ce
; (022 (14 Y/ =1/ ~%)
clos ( V=2t (-1)2/3 ) log(d + ez)
" 2v/—ce
) VLo (1-v2o V=)
clog ( Y Yo ) log(d + ex)
2v/—c2e
bc PolyLog (2, @W) be PolyLog (2, %—_02(2d+ex))
_ —C%d—e —C%d+e
2v/—c2e I/—c2e
. bc PolyLog ( ) g/\/?(dgf_x_) ) ) be PolyLog ( , a/‘/__(#f‘i;ﬂe)
2v/ —c?%e 2/—c2e

6 / 6 /
bc PolyLog (2 —C*(dten) ) bc PolyLog (2 —C*(d+en) )

"V —ca—(-1)2/3e "V —=clat(-1)*3e
2v/—c%e 2v/—c

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 11.98 (sec) , antiderivative size = 522, normalized size of antiderivative = 0.71

/ a + barctan (cz®) alog(d + ex)
dp = 208l T )
d+ex e

e(—i+\/§—2 %x) e (i+\/§—2 %z)
b| 2arctan (cz®) log(d + ex) — i | log e (i) log(d + ex) — log m log(d + ea

_|_

[In] Integrate[(a + b*ArcTan[c*x~3])/(d + e*x),x]
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[Out] (axLogld + exx])/e + (b*(2*ArcTan[c*x~3]*Log[d + e*x] - I*(Log[(ex(-I + Sqr
t[3] - 2xc~(1/3)*x))/(2xc~(1/3)*d + (-I + Sqrt[3])*e)]*Logld + e*x] - Logl(
ex(I + Sqrt[3] - 2%c~(1/3)#*x))/(2*xc~(1/3)*d + (I + Sqrt[3])*e)]*Logld + exx
] + Logl[(ex(I - c~(1/3)*x))/(c”(1/3)*d + Ixe)]*Logld + e*x] - Log[-((ex(I +
c~(1/3)*x))/(c”(1/3)*d - I*e))]*Log[d + exx] - Logl(ex(-I + Sqrt[3] + 2xc~
(1/3)*x))/(-2%c~(1/3)*d + (-I + Sqrt[3])*e)]l*Logld + e*xx] + Log[(ex(I + Sqr
t[3] + 2xc~(1/3)*x))/(-2*c~(1/3)*d + (I + Sqrt[3])*e)]*Logld + e*x] - PolyL
ogl2, (c~(1/3)*(d + e*x))/(c”(1/3)*d - Ixe)] + PolyLogl[2, (c~(1/3)*(d + exx
))/(c™(1/3)*d + I*xe)] - PolyLogl[2, (2*c~(1/3)*(d + e*x))/(2*c~(1/3)*d + Ixe
- Sqrt[3]*e)] + PolyLogl[2, (2%c~(1/3)*(d + e*x))/(2%c~(1/3)*d + (-I + Sqrt
[3]1)*e)] + PolyLogl[2, (2*c~(1/3)*(d + e*x))/(2*c~(1/3)*d - (I + Sqrt[3])*e)
1 - PolyLog[2, (2xc™(1/3)*(d + exx))/(2xc~(1/3)*d + (I + Sqrt[3])*e)])))/(2

*e)

Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 1.24 (sec) , antiderivative size = 172, normalized size of antiderivative = 0.23

method | result
be?
1 ( d) bl ( +d) " ( 3) —R1=R00t0f(—zﬁcz_602d_ZS+1502d2_Z4—2062d3_Z3+1502d4_ZZ—662d5_Z+62l
aln(ex+ n(er arctan(cx
default - + . — -
be?
__RI=RootOf(_Z%¢2 —6c2d__ ZP+15c2d2_ Z*—20c2d3_ Z3+15c2d4_ 7% —6c2d5__ Z+c2.
" aln(ex+d) + bln(ez+d) arctan(cz3) .
parts . - -
ib > (ln(em—{—d) In (%}3
. h b ]n(ez+d) ln(_ic m3+1) _R1=Root0f(C_ZS—B_ZECCH-B_ZC d2—cd3+e3 RootOf(_Zz-Q—l,index:l)) —
T1SC. % — B

[In] int((at+b*arctan(c*x~3))/(exx+d),x,method=_RETURNVERBOSE)

[Out] a*1ln(e*x+d)/e+b*1n(e*x+d)/e*arctan(c*x~3)-1/2xb/c*e”~2*sum(1/(_R17°3-3*%_R172%
d+3*_R1*d~2-d"3) *(1ln(e*x+d) *1n((-e*x+_R1-d)/_R1)+dilog((-e*x+_R1-d)/_R1)),_
R1=Root0f (_Z~6*c™2-6% Z~5*xc~2xd+15* Z~4xc~2xd"2-20% Z~3*c~2xd"3+15% Z~2*c~2
*d~4-6%_Z*c~2xd"5+c"2*d"6+e”6))



294

Fricas [F]

a + barctan (cz?) barctan (cz3) + a
dr = dz
d+ezx ex+d

[In] integrate((a+b*arctan(c*x~3))/(e*x+d),x, algorithm="fricas")

[Out] integral((b*arctan(c*x~3) + a)/(e*xx + d), x)

Sympy [F(-1)]

Timed out.

3
/ a + barctan (cz”) dz = Timed out
d+ezx

[In] integrate((a+b*atan(c*x**3))/(exx+d),x)

[Out] Timed out

Maxima [F]

3 3
/a+barctan (cx )dx _ / barctan (cx®) + a s
d+ex ex +d

[In] integrate((atb*arctan(c*x~3))/(e*x+d),x, algorithm="maxima")

[Out] 2*bxintegrate(1/2*arctan(c*x”3)/(e*x + d), x) + axlog(exx + d)/e

Giac [F]

3 3
/a+barctan (cx )dx _ / barctan (cz®) + a i
d+ex ex +d

[In] integrate((atb*arctan(c*x~3))/(e*x+d),x, algorithm="giac")

[Out] integrate((b*arctan(c*x”3) + a)/(e*x + d), x)
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Mupad [F(-1)]

Timed out.

/ a + barctan (cz?) p / a + batan(cz?)

d+ex - d+ex v

[In] int((a + b*atan(c*x~3))/(d + e*x),x)
[Out] int((a + b*atan(c*x~3))/(d + e*x), x)
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3.31 f a+barctan (cz3) da

(d+ex)?
Optimal result . . . . . . . . . . e 297
Rubi [A] (verified) . . . . . . . . 298
Mathematica [A] (verified) . . . . . . ... ... L o
Maple [A] (verified) . . . . . . ...
Fricas [F(-1)] . . . . o o o
Sympy [F(-1)] . . o o
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... .. 308
Giac [F] . . . o o 3091

Mupad [B] (verification not implemented) . . . . . ... ... ... ... ......
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Optimal result

Integrand size = 18, antiderivative size = 906

a + barctan (cz?) bc*/3ded arctan (/cx)  bc*d® arctan (cz?)
/ (d+ ex)? e c2ds + eb + e (c2d® + €5)
a + barctan (cz®) = bc?3d(v/3cd® + €) arctan (v/3 — 2+¢/cx)
~ e(d+en) 2 (c?db + €)
bcz/?’d(\/_cd?’ — €®) arctan (v/3 + 2+¢/cx)
2 (c2d8 + €%)

1+ 6202/3z
V/3bc®/3e(v/—c2d? + €*) arctan (— ‘1/3_02

+
2 (_02)2/3 (c2d6 + €5)

_ec 5/6z
\/§bc5/36(' /Zc2d3 — e3) arctan <%>

92 (_02)2/3 (c2dS + 5)
bc®3e(v/—c2d® + €3) log (\/6 —c2 — c2/3x>
+
2 (—c2)*/3 (c2d6 + €9)
bc*3e(vV/—c2d® — €®) log (\6/—_02 + c2/3x>
- 2 (—c2)*/3 (c2dS + ¢f)
3bcd?e? log(d + ex) ~ bc*3d*log (1 + ¢*/32?)
c2ds + 66 2 (c2d® + €f)
bc?3d(cd® — v/3e3) log (1 — V/3+/cx + */32?)
4 (c2dS + e%)
(

bc2/3d(cd3 + v/3¢€3) log (1+ V3 ex + 02/3x2)
4 (c2dS + eb)
bc*3e(v/—c2d® — €?) log (\?’/—_c2 — 23—z + c4/3x2>
4 (=c2)?3 (2dS + €9)

be?lPe (V=c2d® + ¢%) log (V=2 + V=P + ¢4%22)
- 4(—c2)?3 (2d6 + )
_ bed®e?log (1 + c*z°)

2 (c2dS + €9)

_|_

[Out] -b*c~(2/3)*d*e~3*arctan(c”(1/3)*x)/(c"2*d"6+e"6)+b*c~2*d"5*arctan(c*xx~3)/e/
(c™2*d"6+e”6) +(-a-b*arctan(c*x~3))/e/ (exx+d) +3*b*c*d~2%e~2*1n(exx+d) / (c™2*d
~6+e~6)+1/2xb*c~(5/3)*d"4*1n(1+c”(2/3) *x~2) / (c~2*d"6+e~6) —1/2*b*c*d~2*e 21
n(c”2*x76+1)/(c"2*%d"6+e”~6)+1/2*¥bxc”(2/3) *d*arctan(2*c~ (1/3) *x+3"(1/2) ) x(-e~
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3+c*d"3*37(1/2) )/ (c™2*%d"6+e"6) -1/2*b*c” (2/3) *d*arctan (2*c~(1/3) *x-3"(1/2) ) *
(e~3+c*d"3%37(1/2))/(c”"2*d"6+e”~6)-1/4*b*xc~ (2/3) *d*1n(1+c~(2/3) *x~2-c~(1/3) *
x*¥37(1/2))*(c*d"3-e~3*x37(1/2) )/ (c"2*d"6+e~6)-1/4*b*c~ (2/3) *d*1n(1+c~(2/3) *x
~2+c”(1/3) *x*x37(1/2) ) *(c*xd~3+e"3*%37(1/2) )/ (c"2*d"6+e~6) -1/2*b*xc~ (5/3) *ex1n(
(-c2)"(1/6)+c~(2/3) *x) *(-e~3+d"3*(-c~2)~(1/2)) /(-c~2)~(2/3) / (c"2*%d"6+e~6) +
1/4xbxc™(5/3)*ex1n((-c~2)~(1/3)-c~(2/3)*(-c~2) " (1/6) *x+c~ (4/3) *x~2) * (-~ 3+d
~3%(-c"2)"(1/2))/(-¢c"2)~(2/3) / (c~2%d"6+e~6) -1/2xb*c~(5/3) *e*xarctan (1/3*(c~(
4/3)+2*%(-c~2)~(5/6)*x)/c~(4/3)*37(1/2))*3~(1/2) *(-e~3+d"3*(-c~2)~(1/2)) /(-c
~2)~(2/3)/(c"2*%d"6+e~6)+1/2*b*c”~(5/3) *e*1n((-c~2) " (1/6)-c~(2/3) *x) *(e~3+d"3
*(-c~2)7(1/2))/(-c"2)"(2/3) / (c"2*d"6+e~6) -1/4*b*xc”~(5/3) *ex1n((-c~2) " (1/3) +c
~(2/3)*(-c72) " (1/6) *x+c~(4/3) *x~2) *(e~3+d"3*(-c~2)~(1/2)) /(-c~2)~(2/3) / (c~2
*d~6+e”6)+1/2xbxc” (5/3) *exarctan (1/3* (1+2*c~(2/3)*x/(-c~2)~(1/6))*3~(1/2) ) *
37(1/2)*(e~3+d"3*(-c~2)"(1/2))/(-c~2)~(2/3) / (c"2*d"6+e"6)

Rubi [A] (verified)

Time = 0.91 (sec) , antiderivative size = 906, normalized size of antiderivative = 1.00,

: number of rules _ 0.833, Rules
integrand size

number of steps used = 34, number of rules used = 15
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used = {4980, 6857, 1890, 1430, 649, 209, 266, 648, 631, 210, 642, 1525, 298, 31, 1483}

/ a + barctan (cz?) i — bc? arctan (cz®) d®  bc®3log (*/32? + 1) d*

(d+ ex)? TT e (c*db + €5) 2 (c2db + €5)
3bce?log(d + ex)d®>  bee? log (c2x® + 1) d?
c2ds + €8 B 2 (c2db + €%)

bc?/3e3 arctan (Vcz) d

- c2d6 + b
bc?3(v/3ed?® + €) arctan (v/3 — 2¢/cz) d

* 2 (c?dS + €9)
bc?/?(v/3ed® — €®) arctan (2¢/cz + v/3) d

+ 2 (c*d® + e%)
bc?/3(cd® — /3€®) log (/32 — V/3/cx + 1) d

B 4 (c2dS + eb)

bc3(cd® + /3€®) log (2% + V/3/cx + 1) d
a 4 (c?ds + €5)

a + barctan (cz?®)
- e(d + ex)

262/3
6 +1
V3bc®3e(v/—c2d® + €?) arctan ( v _\FQ )

QJ

+

2 (—c2)?/3 (2dS + €b)
V3bc®3e(v/—c2d? — €®) arctan (%)
- 2 (—c2)*/3 (2dS + )
bc*Pe(vV—2d® + €3) log (\6/—_02 - 02/350)
- 2 (—c2)?/3 (2d6 + €9)
bc*3e(vV/—c2d® — €?) log <02/3x + \6/—_02>
2 (—02)2/3 (c2d6 + €f)
bc*Pe(vV—c2d® — €®) log <c4/3x2 — 2BV - + \?’/—_c2>
4 (=) (2db + €f)
bc*3e(vV/—c2d® + €3) log <c4/3a:2 + 23/ —c2x + \3/—_C2>
4 (—c2)*? (2d6 + )

+

[In] Int[(a + bxArcTan[c*x"3])/(d + e*x)~2,x]

[Out] -((b*xc~(2/3)*d*e~3*ArcTan[c”~(1/3)*x])/(c”2*%d"6 + e76)) + (b*c~2*d"5*ArcTanl[
cxx~3])/(ex(c™2%d"6 + €76)) - (a + bxArcTan[c*x~3])/(ex(d + e*x)) + (b*c~(2
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/3)*d*(Sqrt [3]1*c*xd~3 + e~3)*ArcTan[Sqrt[3] - 2xc~(1/3)*x])/(2*(c"2*d"6 + e~
6)) + (b*c~(2/3)*d*(Sqrt[3]*c*d~3 - e~3)*ArcTan[Sqrt[3] + 2xc~(1/3)*x])/ (2%
(c™2%d"6 + e76)) + (Sqrt[3]*b*c~(5/3)*e*x(Sqrt[-c~2]*d"3 + e~3)*ArcTan[(1 +

(2%c™(2/3)*x)/(-c72)~(1/6)) /Sqrt [311) / (2% (-c~2)~(2/3)*(c"2*%d"6 + e76)) - (S
qrt [3] xbxc~(5/3) xex (Sqrt [-c"2]*d"3 - e~3)*ArcTan[(c~(4/3) + 2%(-c~2)"(5/6)*
x)/(Sqrt[31*c~(4/3))1)/(2%(-c"2)~(2/3)*(c"2*xd"6 + e76)) + (bxc~(5/3)*ex(Sqr
t[-c"2]*d"3 + e~3)*Log[(-c™2)~(1/6) - c~(2/3)*x])/(2%(-c~2)~(2/3)*(c"2*d"6

+ €76)) - (bxc™(5/3)*ex(Sqrt[-c~2]*d"3 - e~3)*Log[(-c"2)~(1/6) + c~(2/3)*x]
)/ (2% (-c~2)"(2/3)*(c"2*%d"6 + e76)) + (3*bxcxd™2xe"2xLogl[d + e*x])/(c”2*d~6

+ e76) + (b*c~(5/3)*d"4*Logl[1l + c~(2/3)*x72])/(2%(c"2%d"6 + e76)) - (bxc~™(2
/3)*d*(cxd~3 - Sqrt[3]*e~3)*Logl[l - Sqrt[3]*c~(1/3)*x + c~(2/3)*x~2])/(4*(c
"2xd”6 + e76)) - (bxc”(2/3)*d*(c*d”3 + Sqrt[3]*e~3)*Logl[l + Sqrt[3]*c~(1/3)
*x + ¢~ (2/3)*x72])/(4*%(c”2+%d"6 + e76)) + (b*c~(5/3)*e*(Sqrt[-c"2]1*d"3 - 73
)*¥Log[(-¢c™2)~(1/3) - ¢~ (2/3)*(-c"2)"(1/6)*x + c~(4/3)*x72])/(4*(-c~2)~(2/3)
*(c”2xd"6 + e76)) - (b*c~(5/3)*e*x(Sqrt[-c~2]1*d"3 + e~3)*Logl[(-c~2)~(1/3) +

c™(2/3)*(-c72)"(1/6)*x + c~(4/3)*x72]) /(4% (-c~2)"(2/3)*(c"2%d"6 + e76)) - (
bxckd~2%e~2xLog[1 + c™2*x76])/(2%(c”2%d"6 + €76))

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, xI

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]1*Rt([b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 0])

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])7(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 0])

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]11/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 298

Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symboll :> Dist[-(3*Rt[a, 3]1*Rt[b, 31)"(-
1), Int[1/(Rt[a, 3] + Rt[b, 3]1*x), x], x] + Dist[1/(3*#Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 3]*x)/(Rt[a, 3]°2 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3] 2*x
~2), x], x] /; FreeQ[{a, b}, x]
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Rule 631

Int[((a) + (b_.)*(x) + (c_.)*(x.)~2)~(-1), x_Symboll :> With[{q = 1 - 4*S
implify[ax(c/bp"2)]1}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*x(x/b)
1, x] /; RationalQ[ql && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*d - bxe)/(2xc), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2%c), In
t[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, 4, e}, x] && NeQ
[2%cxd - b*e, 0] && NeQ[b~2 - 4*axc, 0] && !NiceSqrtQ[b~2 - 4xaxc]

Rule 649

Int[((d) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] & !'NiceSqrtQ[(-a)*c]

Rule 1430

Int[((d)) + (e_.)*(x_)"3)/((a_) + (c_.)*(x_)"6), x_Symbol] :> With[{q = Rt[
c/a, 6]}, Dist[1/(3*a*q~2), Int[(q~2*d - exx)/(1 + q"2*x~2), x], x] + (Dist
[1/(6%a*q~2), Int[(2*%q~2*d - (Sqrt[3]1*q~3*d - e)*x)/(1 - Sqrt[3]*q*x + q~2%
x72), x], x] + Dist[1/(6*%a*q~2), Int[(2*%q~2*d + (Sqrt[3]*q~3*d + e)*x)/(1 +
Sqrt[3]*q*x + q~2*%x~2), x], x]1)] /; FreeQ[{a, c, d, e}, x] && NeQ[cxd~2 +
axe~2, 0] && PosQ[c/al

Rule 1483
Int[(x_ )" (m_.)*((a_) + (c_)*(x_)"(m2_.))"(p_.)*((d) + (e_.)*x(x_)"(n_))"(q
_.), x_Symbol] :> Dist[1/n, Subst[Int[(d + e*x)~g*(a + c*x72)7p, x], x, x"n

1, x] /; FreeQ[{a, c, d, e, m, n, p, q}, x] & EqQ[n2, 2*n] && EqQ[Simplify
[m -n+ 1], 0]

Rule 1525

Int [(CCE_D*(x_))"(m_.)*((d) + (e_.)*x(x_)"(n_)))/((a_) + (c_.)*x(x_)"(m2)))
, x_Symbol] :> With[{q = Rt[(-a)*c, 2]}, Dist[-(e/2 + c*(d/(2%q))), Int[(£fx*
x)°m/(q - c*x"n), x], x] + Dist[e/2 - c*(d/(2%q)), Int[(f*x)"m/(q + c*x"n),
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x], x]] /; FreeQ[{a, c, d, e, f, m}, x] & EqQ[n2, 2*n] && IGtQ[n, O]

Rule 1890

Int[(Pq )/((a_) + (b_.)*(x_)"(n_)), x_Symbol]l :> With[{v = Sum[x~ii*((Coeff
[Pq, x, ii] + Coeff[Pq, x, n/2 + iil*x~(n/2))/(a + b*x"n)), {ii, 0, n/2 - 1
}}, Intlv, x] /; SumQ[vl] /; FreeQ[{a, b}, x] && PolyQ[Pq, x] &% IGtQ[n/2,
0] && Expon[Pq, x] < n

Rule 4980

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)I*(b_.))*((d_) + (e_.)*(x_))"(m_.), x_Sy
mbol] :> Simp[(d + e*x)"(m + 1)*((a + bxArcTan[c*x"n])/(ex(m + 1))), x] - D
ist[b*c*(n/(ex(m + 1))), Int[x"(n - 1)*((d + exx)"(m + 1)/(1 + c”2*x~(2*n))
), x], x] /; FreeQ[{a, b, c, d, e, m, n}, x] && NeQ[m, -1]

Rule 6857

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Int[v, x] /; SumQ[vl] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rubi steps
$2
. a+ barctan (cz?)  (3be) [ (@Fen) (17 2a) 4T
integral = —
e(d + ex) e
d?et (d—ez) (—e*+c2d*z?+c2d?e?z?)
_ a+barctan (cz®) (3bc) J ((c2d6+e6)(d+ex) + (2d81e0) (1+c220) ) dx
B e(d + ex) e
—ex _e4 C2 4$2 02 2621174
_a+barctan (cz®) | 3bcd’e®log(d + ex) N (3bc) [ (d—eo)( Jlr+;xe L) g
e(d + ex) c2ds + €b e (c*db + €5)
__a+barctan (cz®) = 3bed®e®log(d + ex)
e(d + ex) c2ds + eb
T e5 C2 3€2Z3 1.2 02 5—62 2€3E3
n (3bC) f <_def-:§22:f:ex3 + ( :_+cga:6 ) + ( d1+cza;i6 )) dz
e (c2d® + €®)
3 2 9 —de*—c?dtex’
_ a+barctan (cz®) | 3bed?e?log(d +ex) | (3be) [ = 55" dz
e(d + ex) c2db + e e (c2ds + €®)
T e5 02 3621'3 1.2 C2 5_02 2€3x3
N (3be) [ % dz  (3be) [ ( dHCQjG ) de

e (c2d® + €5) e (c2d® + €f)
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a + barctan (cz®) =~ 3bed?e?log(d + ex)

+

e(d + ex) c2db + e

—2c2/3det— (c2d4e—\/§cde4> T
00 | e e

—2c2/3det+ (—02d4e—\/§cde4) x
1+v/3 %x—l—cz/:‘xZ

dz

2e (2d° + €b) + 2e (c2dS + €9)
(00) | =2 itts do| (oSubst(] A5 do2?)
e (c2ds + ) e (c?d® + %)

) <3b036<d3+ \/%)) f \/Tczw_c%ﬁ dx N (3bc€(c2d3—|— —c2e3)) f—\/_—c;:_czxs dx

2 (c?db + €5) 2 (c%db + €5)

a+ barctan (cz®)  3bcd?e?log(d + ex)  (bPd*) [ iz da

e(d + ex) c2ds + €8 c2dS + €b

N (bc3dP) Subst ( [ {72z do, z m3) (bcd?e?) Subst ([ 7%z da, x, z°)

(bede?) [ 1oy dx (bed(v3ed® — €%)) [

_|_

e (c2db + ef) c2db + e

1 d
XL
1+v/3 %x—i—cz/?’xQ

c2ds + eb 4 (c2dS + eb)
by/evV—ce(vV—c2d® — e )) [s———dz

< —C24e2/3g
2 (c2d® + €f)
(b\-?/— —026 1 /—c2d3 — )) f 2 —C?+/3g dr

%/—62—02/3 %/—02934—04/3932

2 (c2d® + €f)

3, .3 1
(bcd(\/gcd +e )) Ik 13 enreia? dx

4 (c*d® + €°)
(bc™Pe(V—c2d® +¢%)) [ m &

2 (—c2)?/3 (2d6 + €f)
7/3 — 2,73 3 V=c?-c/%
(bcBe(vV—c2d® +€?)) [ Y I i AT dx

2 (—c2)?3 (c2dS + €b)

2/3 7( g3 _ 3 —v33/ci2c?/3z
(bc d(cd V3e )) J 133/ Cate2lig?

4 (c?dS + €5)
(bc2/3d(cd3 + \/363)) f V33/cr2c2/3x

X
1+v/3 %x+02/3x2

4 (c2dS + €5)
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bc*3de® arctan (§/cx)  bc2d® arctan (cz®)
c2ds + €8 e (c2d + €5)
_ a+barctan (cx?) N beoPe(v/—c2d® + €°) log <V6 —c? — 02/33”)
e(d + ex) 2 (—c2)*® (c2db + €f)
bV —ce(v'—c2d® — €°) log (V6 -2+ 02/35”) N 3bed?e? log(d + ex)
2v/c(c2d® + €f) c2db + €5

b 3dtlog (1 + c*32%)  bc*3d(cd® — v/3€?) log (1 — V/3+/cx + */3z?)

2 (c2db + €5) 4 (c2dS + e%)
b02/3d(cd3 +v/3€3) log (1 + V3+/cx + 3z 2) bed?e? log (1 + )

4 (c2ds + €5) 2 (c2d® + €9)
8 2 ()23 _ o3 —2/38/ —C? 126432
(b\/ ce(v—c2d® —e )) i Y RS T dx
4+/c (c2ds + 66)

5/30(n/— 23 4 o3 2V ol
(bc e( cd° +e )) f \/ 02 2/3\/ C2q4ct/352 dx
4 (_02)2/3 (c2d6 + €b)
7/3 /2.3 3 1
(3bC 6( c’d” +e )) f Y —C2+c2/3 3 —C2atch/342
4/ —c? (c2dS + 66)
ot (s e+ )
6 (c2d® + 66)
3
(bc2/3d(3cd® + v/3¢?) ) Subst (f T dee 1 -2 w)
6 (c2d® + €f)
273 4 ./ 3 !
(3b\3/Ee(c d’ + v —c%e )) f Y —c2—c2/3 Y/ —C2ptch/3z2
4 (c2db + €f)

+

dz

+

dz
_|_




305

bc*3de® arctan (§/cx)  bc2d® arctan (cz®)

c2ds + €8 e (c2d® + €5)
a + barctan (cz®) = bc?3d(v/3cd® + €®) arctan (v/3 — 2¢/cx)
e(d + ex) 2 (c2db + €®)

N bc*3d(v/3cd® — €3) arctan (V3 + 2/cz)

2 (c2d® + €f)

bc®3e(v/—c2d® + €?) log <\/6 —c2 — (:2/3x>
+

+

2 (_02)2/3 (c2d6 + €f)
bV —c?e(v—c?d® — €°) log <V6 -+ 02/33”) 3bcd?e? log(d + ex)
2+v/c (c2dS + €9) * c2ds + b
b 3d*log (1 + ¢*32%)  bc*3d(cd® — v/3€?) log (1 — V/3+/cx + ¢*/32?)
2 (c2dS + €%) 4 (c2d® + €9)
be¥3d(cd® + v/3€3) log (1 + v/3+/cx + ¢*/32?)

4 (c2db + €9)
bV —c2e(vV—c2d® — €*) log (\/3 —c2 — BV =2z + 04/3x2>
4+/c (c2d® + €b)
b 3e(vV/—c2d® + €?) log (\/3 —c2 4 23/ —ctx + 04/3:B2> _ bed?e?log (1 + ¢%af)
4(—c2)? (c2db + ) 2 (c?dS + €5)
<3bw3/'_c2e(\/—c2d3 _ e3)> Subst (f ——dz,z,1— %;Zf’_c“”z)
2+/c (c2d + €9)

(3bc%/3e(v/—c2d® + €?)) Subst (f 3z o, @, 1+ {2/2%)

2 (—c2)?/3 (2d6 + €f)
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bc*3de® arctan (§/cx)  bc2d® arctan (cz®)

c2ds + €8 e (c2d® + €f)
a + barctan (cz®) N bc*3d(v/3cd® + €%) arctan (v/3 — 2+/cz)
e(d + ex) 2 (c2db + €5)

N bc*3d(v/3cd® — €3) arctan (V3 + 2/cz)
2 (c2d® + €f)

262/3z
14222
V3bc®3e(v/—2d? + €®) arctan (— ”_02)

V3
+

2 (—c2)?3 (c2dS + €b)
4/3 21\5/6
V36V —c?e(v/—c2d® — €3) arctan (M#)

V/3cA/3
2/c (c2d® + €b)

bc*Pe(v/—c2d® + €3) log (\/6 —c? — cz/3x)

2 (—c2)?3 (2dS + €9)
bV —c2e(vV—c2d® — €®) log <\/6 —c2 + 02/3:1:) N 3bed2e? log(d + ex)

2+/c (c2db + €9) c2db + e
b 2d*log (1 + ¢*32%)  bc?d(cd® — v/3€?) log (1 — V/3+/cx + ¢*/32?)
2 (c*d® + e%) 4 (c2dS + e%)
bc2/3d(cd3 + \/563) log (1+ V3Yex + c2/3x2)

+

+

+

4 (c2dS + €b)
bV —c?e(V—c2d® — €*) log <\3/—_02 — AP —c2x + c4/3ac2>
4+Y/c (c2d® + €b)
b*Be(vV—Cd3 + €3) log <\3/__C2 4+ 2B gy 4+ 04/%2) bed?e log (1 4+ <225
4(_02)2/3 (c2dS + €b) 2 (c2dS + €5)

Mathematica [A] (verified)

Time = 10.48 (sec) , antiderivative size = 536, normalized size of antiderivative = 0.59

/ a + barctan (cz®)
(d+ ex)?
_ —da¥/c(PdS + €) — dbed(cPd — PPdPe? + €*) (d + ex) arctan (Vex) — 4bv/c(cPd® + €°) arctan (cz®) —

[In] Integrate[(a + b*ArcTan[c*x~3])/(d + e*x)~2,x]

[Out] (-4*xaxc™(1/3)*(c"2*%d"6 + e76) - 4dxbxcxd*x(c~(4/3)*d"4 - c~(2/3)*d"2*xe"2 + e~
4)x(d + exx)*ArcTan[c~(1/3)*x] - 4xb*xc~(1/3)*(c"2*%d"6 + e~6)*ArcTan[c*x"3]
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- 2xbxc~(2/3)*(2*c~(5/3)*d"5 - Sqrt[3]*c~(4/3)*d"4*e + c*d"3*e”2 - c~(1/3)*
dxe~4 + Sqrt[3]*e~5)*(d + e*x)*ArcTan([Sqrt([3] - 2*c~(1/3)*x] + 2xb*c~(2/3)*
(2%c~(5/3)*d"5 + Sqrt[3]*c~(4/3)*d"4*e + c*d"3*e”2 - c~(1/3)*d*e”4 - Sqrt[3
1xe”B5)*(d + exx)*ArcTan[Sqrt[3] + 2*c~(1/3)*x] + 12%bxc~(4/3)*d"2*e”3*(d +
exx)*Log[d + exx] + 2%b*e*x(c™2*xd"4 + c~(2/3)*e"4)*(d + e*x)*Log[l + c~(2/3)
*x"2] - b*c”(2/3)*ex(c~(4/3)*d"4 - Sqrt[3]*cxd~3%e - Sqrt[3]*c~(1/3)*d*e”3
+ e”4)x(d + exx)*Log[l - Sqrt[3]*c~(1/3)*x + c~(2/3)*x"2] - b*c~(2/3)*ex*(c”
(4/3)*d"4 + Sqrt[3]*c*d~3*e + Sqrt[3]*c~(1/3)*d*e"3 + e~4)*(d + e*x)*Logl[1
+ Sqrt[3]*c™(1/3)*x + ¢~ (2/3)*x"2] - 2xbxc~(4/3)*d"2xe"3*(d + e*x)*Logl[l +
c"2xx76]) /(4*c™(1/3)*e*x(c™2*%d"6 + e"6)*(d + e*x))

Maple [A] (verified)

Time = 1.73 (sec) , antiderivative size = 862, normalized size of antiderivative = 0.95

method | result size
default | Expression too large to display | 862

parts Expression too large to display | 862

[In] int((atb*arctan(c*x~3))/(exx+d) 2,x,method=_RETURNVERBOSE)

[Out] -a/(e*x+d)/e+bx(-1/(e*x+d)/e*arctan(cxx”3)+3*c/ex(d"2*e~3/(c"2*d"6+e~6)*1n(
exx+d)+(-1/12%1n(x"2+37(1/2)*(1/c”2)~(1/6) *x+(1/c~2)~(1/3))*(1/c~2)~(2/3) *c
~2xd~4xe-1/6%(1/c~2) " (7/6)*arctan(2*x/(1/c~2)~(1/6)+37(1/2) ) *c~2xd*e"4-1/12
*1n(x"2-37(1/2)*(1/c”2)~(1/6) *x+(1/c~2)~(1/3))*(1/c~2) " (2/3) *c~2*d"4*e-1/6%
(1/c~2)~(7/6) *arctan(2*x/(1/c~2)~(1/6)-3"(1/2) ) *c~2xd*e~4+1/3*(1/c~2)~(4/3)
xarctan(2*x/(1/c~2)~(1/6)-37(1/2))*3~(1/2) *c~2*xe~5+1/6*1n(x"2+(1/c~2)~(1/3)
Y*x(1/¢c72)7(2/3)*c"2+%d"4*e-1/3%(1/c~2) " (7/6) *arctan(x/(1/c~2) " (1/6) ) *c~2*xd*e
~4+1/3/(1/c~2)~(1/6) *arctan(x/(1/c~2)~(1/6))*d"3*xe~2+1/6/(1/c~2) " (1/6) *arct
an(2xx/(1/¢c~2)~(1/6)+3"(1/2))*d"3*e"2-1/6*(1/c"2)~(1/3) *arctan(2*x/(1/c~2)~
(1/6)+37(1/2))*3~(1/2) *e~5+1/3*(1/c~2) " (1/2) *arctan(2*x/(1/c~2)~(1/6)+3~(1/
2))*c™2xd"5+1/6/(1/c”2)~(1/6) *arctan(2*x/(1/c~2)~(1/6)-3"(1/2) )*d"3*xe~2-1/6
*(1/c~2)~(1/3) *arctan(2*x/(1/c~2)~(1/6)-3"(1/2))*3~(1/2)*e~5+1/3%(1/c"2)~ (1
/2)*arctan(2*x/(1/c~2)~(1/6)-37(1/2) ) *c~2*xd"5-1/3*%(1/c~2) " (1/2) *arctan(x/ (1
/c2)7(1/6))*c~2+%d"5-1/12*%1n(x"2+37(1/2)*(1/c~2) " (1/6) *x+(1/c~2)~(1/3) ) *(1/
c"2)"(1/3)*e~5-1/6*%1n(x"2+37(1/2)*(1/c~2)~(1/6)*x+(1/c~2)~(1/3) ) *d"2*e~3-1/
12%1n(x"2-3"(1/2)*(1/c”2)~(1/6) *x+(1/c~2)~(1/3))*(1/c~2) " (1/3) *e~5-1/6*1n(x
~2-37(1/2)*(1/c~2) " (1/6) *x+(1/c~2)~(1/3) ) *d"2*e~3+1/6*1n(x"2+(1/c~2) " (1/3))
*(1/¢c”2)~(1/3)*e~5-1/6%1n(x"2+(1/c~2)~(1/3)) *d~2*e~3+1/6*(1/c~2) ~(2/3) *arct
an(2*xx/(1/¢c”2)~(1/6)+37(1/2))*3~(1/2) *c~2xd"4*e+1/12*x1n(x"2-3"(1/2)*(1/c"2)
~(1/6)*x+(1/c”2)~(1/3))*37(1/2)*(1/c~2) ~(7/6) *c~2xd*xe~4+1/12*x1n(x"2-3"(1/2)
*(1/c”2)"(1/6)*x+(1/c~2)~(1/3))*37(1/2)*(1/c"2)~(5/6) *c~2*d"3*e"2-1/6*(1/c~
2)~(2/3)*arctan(2*xx/(1/c~2)~(1/6)-3"(1/2))*3~(1/2) *c~2*d"4*e-1/12*1n(x"2+3~
(1/2)*(1/c”2)~(1/6)*x+(1/c”2)~(1/3))*37(1/2) *(1/c~2) ~(7/6) *c~2*d*e~4-1/12*1
n(x"2+37(1/2)*(1/c”2)~(1/6) *x+(1/c~2) " (1/3))*37(1/2)*(1/c~2) " (5/6) *c~2*d " 3*
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e"2)/(c"2*d"6+e"6)))

Fricas [F(-1)]
Timed out.

dz = Timed out

/ a + barctan (cz?)
(d+ ex)?

[In] integrate((at+b*arctan(c*x~3))/(e*x+d)~2,x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)]

Timed out.

/ a + barctan (cz?) dx = Timed out

(d + ex)?

[In] integrate((at+b*atan(c*x**3))/(e*xx+d)**2,x)

[Out] Timed out

Maxima [A] (verification not implemented)

none
Time = 0.31 (sec) , antiderivative size = 464, normalized size of antiderivative = 0.51

3
/ a + barctan (cz°) i
(d+ ex)?

8 7 4 5 E
8 4 1 344 3d5+c3d3e2—+/3c3eP—c3det 2o
4 (c§d5—02d362+c§de4) arctan(c§w> 2 <\/§c die+2c3d5+c3d3e2—+/3c3e5—c3de )arctan(

_ 1| | 12d%?log (ex +d) 3 - 2
4 c2db + eb
a
e2r + de

[In] integrate((at+b*arctan(c*x~3))/(e*x+d)~2,x, algorithm="maxima")

[Out] 1/4*%((12*d"2xe"2*log(exx + d)/(c"2xd"6 + e76) - (4*(c~(8/3)*d"5 - c~2*d"3xe
~2 + c~(4/3)*d*e"4)*arctan(c”(1/3)*x)/c~(5/3) - 2x(sqrt(3)*c~(8/3)*d"4*e +
2xc~3*d"5 + c~(7/3)*d"3*e”2 - sqrt(3)*c~(4/3)*e"5 - c~(5/3)*d*e~4)*arctan((
2%c”™(2/3)*x + sqrt(3)*c™(1/3))/c™(1/3))/c™2 + 2%(sqrt(3)*c~(8/3)*d"4*e - 2%
c™3*d"5 - ¢~ (7/3)*d"3%e”2 - sqrt(3)*c~(4/3)*e”5 + c~(5/3)*d*e~4)*arctan((2*
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c™(2/3)*x - sqrt(3)*c~(1/3))/c~(1/3))/c”2 + (sqrt(3)*c~(7/3)*d"3*xe"2 + c~(8
/3)*d"4xe + sqrt(3)*c”(5/3)*d*e”4 + 2xc~2*%d"2*e"3 + c~(4/3)*e~5)*log(c~(2/3
)*x72 + sqrt(3)*c”(1/3)*x + 1)/c”2 - (sqrt(3)*c~(7/3)*d"3*e"2 - c~(8/3)*d"4
*xe + sqrt(3)*c”(5/3)*d*e”4 - 2%xc™2*d"2*e”3 - c~(4/3)*e”5)*1log(c~(2/3)*x"2 -

sqrt(3)*c~(1/3)*x + 1)/c™2 - 2x(c™(8/3)*d"4*e - c"2%d"2%e"3 + c”(4/3)*e”5)
*xlog(c~(2/3)*x"2 + 1)/c”2)/(c”2*%d"6%e + e~7))*c - 4xarctan(c*x~3)/(e"2*x +
dxe))*b - a/(e”2xx + dxe)

Giac [F]

dz

/ a + barctan (cz?®) - / barctan (cz3) + a
(d + ex)? (ex + d)?

[In] integrate((atb*arctan(c*x~3))/(e*x+d)~2,x, algorithm="giac")
[Out] sageO*x

Mupad [B] (verification not implemented)

Time = 0.84 (sec) , antiderivative size = 2105, normalized size of antiderivative = 2.32

barct 3
/ a+ barctan (cz”) dx = Too large to display

(d+ex)?

[In] int((a + b*atan(c*x~3))/(d + e*x)~2,x)

[Out] symsum(log((729%b~6*c~14*d*e”2 + 54432*root (64*c~2*d"6xe~6%z"6 + 64*e~12%z~
6 + 192%bxc*d"2%e"8%z"5 + 48%b"2%c"2xd"4*e"4%z"4 - 16%b"3*c*ke"6%z"3 + 12%b”
4xc”2xd"2*e"2%z"2 + bT6*c”2, z, k)“6*c"12xe”15%x + 729*xb"6*c”14%e”3xx - 311
04*root (64*c~2*xd"6*%e~6%z"6 + 64*e~12%z"6 + 192%bk*cxd~2%e~8%z~5 + 48%b~2%c”~2
*d"4*xe"4*xz"4 - 16%b"3%c*xe”6%z"3 + 12¥b"4*c"2*d"2*%e"2*%z"2 + b"6*c”2, z, k)“6
*C~14xd"7*e”8 - 243*root(64*c”2*%d"6*%e"6%xz"6 + 64%e”12%z"6 + 192*b*c*d"2xe”8
*z"5 + 48%b72%c"2xd"4*e"4*z"4 — 16%b"3kc*ke"6%z"3 + 12%bT4xcT2%d"2%e"2%xz"2 +
b~6*c~2, z, k)*b"5xc”15%d"5 + 62208*root (64*c~2*d"6*xe”6*z"6 + 64*xe”12*z"6
+ 192%b*c*d"2%e"8%z"5 + 48%b"2%c"2xd"4*e"4*z"4 - 16%b"3*c*ke"6%z"3 + 12¥%b"4x*
Cc72%d"2%e"2%272 + b76*c”2, z, k)“6%c"12xdxe”14 + 5832xroot (64*c”2xd"6xe" 6%z
"6 + 64%e”12%z76 + 192*%bkckd"2*e”"8%z"5 + 48xb~2xc"2xd"4xe"4*z"4 - 16%b"3*c*
e"6%z"3 + 12*%b~4*c”2xd"2%xe"2*z"2 + b~6*c”2, z, k) 2*b~4*c~14xd"3*e"4 - 1944
*root (64*c~2*%d"6*xe”6*z"6 + 64*xe”12*z"6 + 192*bxc*d"2*e”~8*z"5 + 48%b~2xc”2*d
“4*xe~4xz"4 — 16%¥b”3*cxe”6%z"3 + 12%b"4*c"2*xd"2*xe”2%z"2 + b"6*c”2, z, k)“3*b
“3%c"15%d"7*e"2 + 15552%root (64*c”2*xd"6%e~6%x2"6 + 64*e”12xz"6 + 192xbxcxd"2
*e"8%z"5 + 48%b"2%c"2xd"4*e"4*z"4 - 16%b"3*kc*ke"6%z"3 + 12%bT4*cT2*d"2%e" 2%z
2 + b76*c"2, z, k)“4*b"2%c"14*d"5*e"6 - 10692*root (64*c"2*d"6xe”6*z"6 + 64
*e712%z76 + 192%bxc*d"2%e"8*z"5 + 48%b"2%c"2xd"4*e"4*z"4 - 16%b"3*c*e"6%z"3
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+ 12%b"4*xc"2xd"2*%e"2%z"2 + b~"6*c”2, z, k) “3*%b~3*%c~13*d*e”8 + 101088*root (6
4xc™2%d"6*xe"6%z"6 + 64*%xe"12*%z"6 + 192%bxckd"2*%e"8*%z"5 + 48%b"2*kc"2*xd"4*xe 4%
z"4 - 16*b"3*c*e”6xz"3 + 12%b~4*xc”2*%d"2*%e"2*xz"2 + b~6*xc”"2, z, k) 5xbkc~13*d
~3*%e”10 - 3888*root(64*xc”2*xd"6*e"6*%z"6 + 64*e”12*z"6 + 192*b*xcxd~2*xe~8*z"5
+ 48%b"2xc”2*%d"4*e"4*xz"4 - 16*b"3*kc*e”6%z"3 + 12+%b"4xc"2*d"2%e"2xz"2 + b~ 6%
c”2, z, k)“b*xbkc~15%d"9*%e~4 - 12636*root (64*c”~2*xd"6*e"6xz"6 + 64*e”12%z"6 +

192%bxcxd"2%e"8%z"5 + 48%b"2*%c"2*d"4*e"4*xz"4 — 16*xb"3kcxe”6%z"3 + 12%b"4*c
“2xd"2%e"2%z72 + bT6*c”2, z, k) "3*%b"3*xc"13*%e”9*x - 38880*root (64*c”2*d"6xe”
6*xz"6 + 64*%e”12*%z"6 + 192*%bkc*kd"2xe"8*%z"5 + 48%b"2xc 2*d"4*e"4*xz"4 - 16%b~3
xCcx@"6%*z"3 + 12*¥b74*cT2x%d"2*xe”2*%z"2 + b"6*c”2, z, k) “6*%c”14*%d"6*e”9*x + 116
640*root (64*c~2*xd"6*xe~6*%z"6 + 64*e”12*%z"6 + 192xbxcxd~2*xe~8*z"5 + 48*b~2%c”
2%d"4*e"4*xz"4 - 16%b"3*c*e”6*z"3 + 12%b"4*xc"2xd"2*%e"2%z"2 + b~ 6*c”2, z, k)~
5xbxc~13*d"2%xe~11*x - 11664*root (64*c”~2*xd"6*xe~6*xz~6 + 64*e”12%z"6 + 192*bx*c
*d"2%e"8*%z"5 + 48%b"2xc"2xd"4*e"4*xz"4 — 16*%b"3*cxe"6*z"3 + 12¥bT4xcT2*xd"2*e
“2xz"2 + b76*c”2, z, k) “5xbxc”15%d"8*e"5*x + 11664*root (64*c”2*xd"6*e”6%z"6
+ 64%e"12*z"6 + 192*bxc*d"2%e"8*z"5 + 48*b"2xc”2*d"4*e"4*xz"4 - 16*b"3*c*e”6
*z"3 + 12%b"4*xc”2%d"2%xe"2%z"2 + b~6*c"2, z, k) "2*b"4*xc~14xd"2*xe"5xx - 3888%
root (64*xc~2xd"6*xe"6%z"6 + 64%e”12*z"6 + 192xb*c*xd~2%e"8*z"5 + 48*%b~2%xc~2xd~
dxe”4xz"4 - 16%b"3*c*e”6%z"3 + 12*%b~"4*xc"2xd"2*xe"2*%z"2 + b"6*c”2, z, k)" 3*xb”
3*%c~15*xd"6*e~3*x + 38880*root(64*c”2*d"6*xe"6*z"6 + 64*xe”~12*%z"6 + 192*b*c*d”
2%e"8*z"5 + 48%b"2xc”2*%d"4*e"4*xz"4 - 16%b"3*kc*e”6%z"3 + 12*%b"4*c”2xd"2%e” 2%
Z"2 + b76xc”2, z, k)“T4%b"2%c"14*xd"4*e"7*xx - 243*root (64*c”2*d"6*%e”"6*z"6 + 6
4xe”12%z"6 + 192*b*cxd"2*%e"8%z"5 + 48%b"2*%c"2*d"4*e"4*xz"4 - 16*%b"3kxckxe"6%z”
3 + 12¥b"4*c™2*%d"2*xe”2%z"2 + b~6*c”2, z, k)*b"5*xc”15xd"4*e*x)/e~4)*root (64*
CcT2xd"6*%e"6*xz"6 + 64*%e”12*%z"6 + 192*b*ckd"2xe"8*z"5 + 48%bT2xc”"2*d"4xe 4%z~
4 - 16%b"3xcxe”6%z"3 + 12*%b"4*xc”~2%d"2*xe"2*xz"2 + b~ 6*c"2, z, k), k, 1, 6) -
a/(d*e + e”2*x) - (bxatan(c*x~3))/(d*e + e~2%x) + (3xb*xc*d~2*e"2xlog(d + ex
x))/(e”6 + c~2*d"6)



CHAPTER 4

4.1 Listing of Grading functions

APPENDIX

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)

(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)

(*
(*

(* ::Subsection:: *)

Small rewrite of logic in main function to make it*)
match Maple's logic. No change in functionality otherwis

(*GradeAntiderivative[result,optimal]*)

(* ::Text:: *)

(*If result and optimal are mathematical expressions, *)
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(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];
expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complez*)
If [1leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}

, (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
» (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (*ELSE*) (*result does mnot contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}
1;
finalresult

(* ::Text:: *)
(*The following summarizes the type number assigned an *)

Result,leafCor

leaf count i

f optimal. $":

al. Order "<>




(*expression based on the functions it involves*)
(*¥1 = rational function*)

(¥2 = algebraic function*)

(*¥3 = elementary function*)

(%4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(*7 = rootsum function*)

(*¥8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType[expn[[1]]],
If [Head[expn[[2]]]===Rational,
If[IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]1],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType, Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],71]1,
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
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Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
},func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);




#
#
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#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=", ExpnType
fi;

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

if ExpnType_result<=ExpnType_optimal then

if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non s

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",

rsion issues

. optimal);

af count of




convert (leaf_count_optimal,string)," ) = ",con

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
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print("result do not contain complex, this assumes optimal do

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;

return "B",cat("Leaf count of result is larger than twice the lea
convert(leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver

fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal. Or

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

vert (2*leaf_c

not as well")

f count of op

t (2+leaf_coun

der ",
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The following summarizes the type number assigned an expression
based on the functions it involves
= rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

= integrate function

= unknown function

ExpnType := proc(expn)

if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest(expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
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9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriciF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False
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except AttributeError as error:
return False

def expnType(expn):

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)), maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, 1list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:

,ezpn) ), Expn Ty

x')

ist,expn]],7]],
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

grade_annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation
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SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
r" nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth’,'arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question /49179 /what—is—sagemath—equivalent—to—atomic—t;
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1list: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
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return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #mazx(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn.
Add) or isinst

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

>sult is larger th

1. "+str(leaf ¢

xpnType_ resul



	Introduction
	Listing of CAS systems tested
	Results
	Time and leaf size Performance
	Performance based on number of rules Rubi used
	Performance based on number of steps Rubi used
	Solved integrals histogram based on leaf size of result
	Solved integrals histogram based on CPU time used
	Leaf size vs. CPU time used
	list of integrals with no known antiderivative
	List of integrals solved by CAS but has no known antiderivative
	list of integrals solved by CAS but failed verification
	Timing
	Verification
	Important notes about some of the results
	Important note about Maxima results
	Important note about FriCAS result
	Important note about finding leaf size of antiderivative
	Important note about Mupad results

	Design of the test system

	detailed summary tables of results
	List of integrals sorted by grade for each CAS
	Rubi
	Mma
	Maple
	Fricas
	Maxima
	Giac
	Mupad
	Sympy

	Detailed conclusion table per each integral for all CAS systems
	Detailed conclusion table specific for Rubi results

	Listing of integrals
	 (d+e x)^4 (a+b (c x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)

	 (d+e x)^3 (a+b (c x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)

	 (d+e x)^2 (a+b (c x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)

	 (d+e x) (a+b (c x))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)

	 a+b (c x)  d+e x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a+b (c x)  (d+e x)^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [C] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)

	 a+b (c x)  (d+e x)^3  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [C] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)

	 a+b (c x)  (d+e x)^4  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [C] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 (d+e x)^3 (a+b (c x))^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (d+e x)^2 (a+b (c x))^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [B] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (d+e x) (a+b (c x))^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (a+b (c x))^2  d+e x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [F] 
	Maple [C] (warning: unable to verify)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (a+b (c x))^2  (d+e x)^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (a+b (c x))^2  (d+e x)^3  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F(-1)] 
	Giac [F] 
	Mupad [F(-1)] 

	 (d+e x)^3 (a+b (c x))^3  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [C] (warning: unable to verify)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (d+e x)^2 (a+b (c x))^3  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [C] (warning: unable to verify)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (d+e x) (a+b (c x))^3  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [C] (warning: unable to verify)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (a+b (c x))^3  d+e x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [F(-1)] 
	Maple [C] (warning: unable to verify)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F(-1)] 
	Mupad [F(-1)] 

	 (a+b (c x))^3  (d+e x)^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [F] 
	Maple [C] (warning: unable to verify)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F(-1)] 
	Mupad [F(-1)] 

	 (a+b (c x))^3  (d+e x)^3  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [F] 
	Maple [C] (warning: unable to verify)
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F(-1)] 
	Giac [F(-1)] 
	Mupad [F(-1)] 

	 (d+e x)^2 (a+b (c x^2))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (d+e x) (a+b (c x^2))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [C] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 a+b (c x^2)  d+e x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [C] (verified)
	Maple [C] (verified)
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a+b (c x^2)  (d+e x)^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)

	 (d+e x) (a+b (c x^2))^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [B] (warning: unable to verify)
	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (a+b (c x^2))^2  d+e x  dx
	Optimal result
	Rubi [N/A] 
	Mathematica [N/A] 
	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [F(-1)] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (a+b (c x^2))^2  (d+e x)^2  dx
	Optimal result
	Rubi [N/A] 
	Mathematica [N/A] 
	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [F(-1)] 
	Maxima [F(-2)] 
	Giac [N/A] 
	Mupad [N/A] 

	 (d+e x)^2 (a+b (c x^3))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [B] (verified)
	Fricas [F(-2)] 
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (d+e x) (a+b (c x^3))  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [F(-2)] 
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 a+b (c x^3)  d+e x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [C] (verified)
	Maple [C] (verified)
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a+b (c x^3)  (d+e x)^2  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [A] (verified)
	Fricas [F(-1)] 
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)
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